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negative integers by N.

Chaotic maps f on a cantor-like set, preferably with some arithmetic structure, and

with f given by a simple formula, are considered as a source of randomness suited for

machine computation. In [2] Woodcock and Smart discuss some discrete dynamical

systems based on p-adic numbers. In [4], measurable dynamics of some p-adic

functions including translation and multiplication in Qp, the field of p-adic numbers

are studied. Our aim is to extend the addition operation on Zp, the ring of p-adic

integers, that is addition mod p with a carry, to AZ, where A = {0, 1, 2 · · · , p−1},
to get new chaotic dynamical systems.

2. The field of p-adic numbers

Consider the field Q of rational numbers. For any fixed prime p, let pα be the

highest power of p that divides an integer a not equal to zero. Then ‖a‖p is p−α. For

a rational number a
b , ‖ab ‖p is

‖a‖p
‖b‖p and ‖0‖p is defined to be zero. With respect to

this norm, Q is a normed field, but not complete. Its completion is denoted by Qp [7].

The p-adic metric takes only discrete values, namely integer powers of p. Every p-

adic number x can be canonically represented as
∑i=m
i=−∞ dip

−i, where m is in Z and

di ∈ {0, 1, 2, 3, · · · , p− 1}, and dm 6= 0. This can be viewed as a doubly infinite

series in powers of p, where the “digits” di are all zero for i > m. The p-adic norm

of this number is pm. It is also written as x = · · · d−2 d−1

0th︷︸︸︷
d0 . d1 d2 · · · dm︸︷︷︸

(6=0)

0 0 · · ·

The numbers for which m ≤ 0 are called p-adic integers. The set of p-adic integers

is denoted by Zp. Note that this contains all the positive integers, represented

by a finite sum, which is same as the base-p expansion of a positive integer. It

contains negative integers also, but the sum is infinite. Indeed, we can check that

−
∑i=m
i=−∞ dip

−i =
∑i=m−1
i=−∞ (p − 1 − di)p−i + (p − dm)p−m, where dm is the last

nonzero digit. Therefore for any x ∈ Qp, either x or −x must have infinitely

many nonzero digits ( towards left) in the canonical p-adic expansion. It is easy to

see that a number x in Qp is a rational number if and only if its canonical p-adic

expansion is eventually periodic [7].

The arithmetic operations in Qp are similar to arithmetic operations on natural

numbers written in base p. Algorithms of addition and subtraction are pursued

from right to left indefinitely, after aligning the “point” after the digit in the zeroth
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place. Multiplication also proceeds from right to left indefinitely, in the usual way.

“Long division” proceeds from right to left, unlike the usual long division of natural

numbers [7]. We use this representaion of the p-adic numbers and these arithmetic

operations to get new chaotic functions on AZ.

3. Two types of Chaos

There are many definitions of chaos and entropy. According to the definition

given by R. L. Devaney [6], an infinite system is chaotic if it is transitive, has a

dense set of periodic points and is sensitive to initial conditions.

The above basic concepts are discussed in [5], for a Cantor space. It is a metric

space which is compact, totally disconnected and perfect. Any two Cantor spaces

are homeomorphic. A symbolic space is a closed subset of a Cantor space. It is

compact and totally disconnected. A symbolic dynamical system, denoted by

SDS, is an ordered pair (X, f), where X is a symbolic space and f : X → X is

a continuous function.

Let A be a finite set with m elements, where m ≥ 2.

Let A have discrete topology and AZ have the product topology. It is induced by

the metric

d(x, y) = 2−n where n = min{i ≥ 0, xi 6= yi, or x−i 6= y−i}. The shift map

σ : AZ → AZ given by σ(x)i = xi+1 is continuous in this topology. AZ is a

Cantor space. The system (AZ, σ) is called the full shift. A two sided subshift

is the dynamical system (
∑
, σ|∑) , where

∑
is a closed subspace of AZ such that

σ(
∑

) =
∑

. The full shift is chaotic according to the definition by Devaney.

4. Entropy

We define topological entropy using open covers as follows :

Let U be an open covering of X. Let N(U ) be the minimum number of elements

of U that are needed to cover X. Since X is compact, this number exists. If U

and V are finite open covers of X, their joint open cover, denoted by U ∨ V is

{U ∩ V |U ∈ U , V ∈ V , U ∩ V 6= ø}. If f is a continuous function from X to itself,

Nn(U ) = N(U ∨ f−1(U ) ∨ f−2(U ) · · · ∨ f−(n−1)(U )). The topological

entropy of the open cover U of X is
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h(U , f) = lim
n→+∞

logNn(U )

n

The topological entropy of (X, f), denoted by h(X, f) is defined to be

sup{h(U , f)|U finite open cover of X}.
If the topological entropy of (X, f) is positive, (X, f) is said to be chaotic.

To find estimates for topological entropy, some concepts of fractal dimensions are

used. We make use of the upper box counting dimension. For a compact metric

space (X, d), the upper box counting dimension is

(1) Dd(X) = lim
ε→ 0

log b(ε)

|log ε|

where b(ε) is the number of ε-balls required to cover X.

Topological entropy can be defined using the capacity function as follows. Let (X, d)

be a compact metric space and let f be a continuous self map of X.

For any two points x and y of X, and any n ≥ 1, let

dfn(x, y) = max
0≤i≤n−1

{d(f i(x), f i(y))}

We denote the open ball {y ∈ X| dfn(x, y) < r} by Bf (x, r, n).

A set E ⊆ X is r-dense with respect to dnf , or (n,r)-dense, ifX ⊆
⋃
x∈E Bf (x, r, n).

The r- capacity of dnf , denoted by Sd(f, r, n) is the minimal cardinality of an

(n,r)-dense set.

Consider the exponential growth rate

(2) hd(f, r) := lim
n→∞

1

n
log Sd(f, r, n)

We define

(3) hd(f) := lim
r→0

hd(f, r)

For equivalent metrics d and d′, hd(f) = hd′(f), and both may be denoted by

h(X, f), which is the topological entropy.

The topological entropy of the the full-shift (AZ, σ) is log p, and so for (AZ, σk) it

is k log p.
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5. Topological Conjugacy

In order to identify dynamical systems with similar behaviour, the concept of

topological conjugacy is used. A system (X, f) is said to be topologically conju-

gate to (Y, g) if there exists a homeomorphism h : X → Y such that h−1gh = f .

Theorem 1. Let (X, f) and (Y, g) be dynamical systems and h be a homeomorphism

from X to Y such that h−1gh = f . Let x be any point of X. Then

(i) h ( Orbit of x under f ) = Orbit of (h(x)) under g.

(ii) If x is a periodic point of f with period k, then h(x) is a periodic point of g

with period k.

(iii) If the periodic points of f are dense in X, then the periodic points of g are

dense in Y .

(iv) If f is transitive, so is g.

(v) If f is chaotic, so is g.

Sometimes, if a function f is difficult to analyze, we can try to study some simple

conjugate of f . At one end we have equicontinuous functions, and at the other end

we have chaotic functions. Between these extreme classes there are many other

distinct types of dynamical behaviour.

6. A Devaney-chaotic Dynamical system using p-adic addition with a

carry

Consider the sets Zp ⊂ Qp ⊂ AZ where A = {0, 1, 2, 3, 4 · · · , p − 1} and p is a

prime number. The first question is whether we can extend the non-Archimedean

topology of Qp to AZ. The norm cannot be extended because ‖x‖p is pm where m

is the largest integer such that mth coordinate of x in the canonical representation

of x is nonzero. There is no such m for elements outside Qp. For the same reason,

the metric also cannot be extended in a natural way.

We can at most extend the topology to AZ, by defining open balls centred at x

in a similar fashion. Let xi denote the ith coordinate of x, for any element of AZ.

Define Bpr (x) = { y ∈ AZ | xi = yi ∀ i > r}. Then Qp is an open subset of AZ

in this topology. In fact, Qp =
⋃i=+∞
i=−∞Bpi(0). Qp is complete implies that it is

closed in AZ. Thus Qp is both open and closed. Hence any element outside Qp is

in a different component, and any continuous function on Qp cannot be extended
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naturally and uniquely to AZ.

Next consider Qp as a subset of AZ. We denote the non-Archimedean topology of

Qp by T1. Let A have discrete topology. Let T2 denote the product topology on

AZ and its restrictions to Zp and Qp.
We know that T2 is induced by the metric d(x, y) = 2−r where r = min{i ≥ 0 |
xi 6= yi or x−i 6= y−i}. We can as well replace 2 by p, and define the distance as

p−r. Note that it will induce the same topology.

Proposition 6.1. (i) T1 = T2 on Zp.

(ii) T1 is finer than T2 on Qp.

(iii) Qp is dense in AZ ( with respect to T2 )

(iv) Zp is a closed subset of AZ in T2

Proof. (i) If x = · · ·x−2 x−1
0th︷︸︸︷
x0 0 0 · · · then Bp−r (x), that is the ball of

radius p−r, for a positive integer r, centered at x is the same in both the

topologies of Zp. It consists of elements of the type

x = · · · ∗ ∗ ∗ x−r · · ·x−2 x−1
0th︷︸︸︷
x0 0 0 · · · .

(ii) Consider open balls of radius p−r in both topologies. It is enough to consider

r > 1. Let B1
p−r (x) be the ball of radius p−r centered at x in T1, and

B2
p−r (x) the corresponding one in T2 for Qp.

Let x = · · ·x−2 x−1
0th︷︸︸︷
x0 x1 x2 · · ·xm 0 0 · · · be an element of Qp. Then

B1
p−r (x) consists of elements of the type

· · · ∗ ∗ ∗ x−r x−r+1 · · ·x−2 x−1
0th︷︸︸︷
x0 x1 x2 · · ·xm 0 0 · · · , whereas B2

p−r (x)

consists of elements of the type

· · · ∗ ∗ x−r x−r+1 · · ·x−2 x−1
0th︷︸︸︷
x0 x1 x2 · · ·xr ∗ ∗ · · · .

Therefore B1
p−r (x) ⊂ B2

p−r (x), and so T1 is finer than T2 on Qp.
(iii) Let

a = · · · x−r−1 x−r x−r+1 · · ·x−2 x−1
0th︷︸︸︷
x0 x1 x2 · · ·xr · · · be an element

of AZ.

Define

(4) an = · · · x−r−1 x−r x−r+1 · · ·x−2 x−1
0th︷︸︸︷
x0 x1 x2 · · · xn 0 0 0 · · ·
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series in powers of p, where the “digits” di are all zero for i > m. The p-adic norm

of this number is pm. It is also written as x = · · · d−2 d−1

0th︷︸︸︷
d0 . d1 d2 · · · dm︸︷︷︸

(�=0)

0 0 · · ·

The numbers for which m ≤ 0 are called p-adic integers. The set of p-adic integers

is denoted by Zp. Note that this contains all the positive integers, represented

by a finite sum, which is same as the base-p expansion of a positive integer. It

contains negative integers also, but the sum is infinite. Indeed, we can check that

−
∑i=m

i=−∞ dip
−i =

∑i=m−1
i=−∞ (p − 1 − di)p

−i + (p − dm)p−m, where dm is the last

nonzero digit. Therefore for any x ∈ Qp, either x or −x must have infinitely

many nonzero digits ( towards left) in the canonical p-adic expansion. It is easy to

see that a number x in Qp is a rational number if and only if its canonical p-adic

expansion is eventually periodic [7].

The arithmetic operations in Qp are similar to arithmetic operations on natural

numbers written in base p. Algorithms of addition and subtraction are pursued

from right to left indefinitely, after aligning the “point” after the digit in the zeroth

AND
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Then d(am, an) ≤ p−k where k is min {m,n}, hence {an} is a Cauchy

sequence in T2, which clearly converges to a in T2. It is not Cauchy in

T1, unless a ∈ Qp.
(iv) We prove that the complement of Zp is open. Take any element

x = · · · x−2 x−1
0th︷︸︸︷
x0 x1 x2 · · · xm︸︷︷︸

6=0

xm+1 ∗ ∗ · · ·

of AZ \Zp, where xm 6= 0 for some m > 0. Take δ = p−m . Then B2
δ(x) ⊂

AZ \ Zp, because for all y in B2
δ(x), the mth coordinate ym = xm 6= 0, and

so y 6∈ Zp.
�

Our aim is to find what functions Zp → Zp and Qp → Qp can be extended to

functions AZ → AZ, to give rise to new dynamical systems, particulary chaotic.

In order to extend a function f on Qp to a continuous function on AZ, f should

be uniformly continuous in T2, as AZ is compact. We can see that any of the

algebraic functions like polynomials, or even multiplication by a constant is not

uniformly continuous. It is because when x and c are multiplied, whose norms are

say, pm and pj , the product has norm pm+j , and the digits upto m + j depend

both on x and c. The“carry”travels from right to left; so even if x and y agree on

a large range of coordinates around the 0th postion, say −j to j, xc and yc need

not agree around the 0th position. In other words, we cannot choose a j such that

d(x, y) < p−j implies d(xc, yc) < ε, for small ε.

Consider adding a constant to any element of Qp. This gives a uniformly contin-

uous function on Qp.

Proposition 6.2. Let

c = · · · c−1
0th︷︸︸︷
c0 c1 · · · cn−1 cn 0 0 0 · · · be any fixed element of Qp. Let

ϕ : Qp → Qp be given by ϕ(x) = x+ c. This can be extended to a function on AZ

that is continuous in the product topology.

Proof. For any

x = · · · x−2x−1
0th︷︸︸︷
x0 x1 x2 · · · xm 0 0 0 · · · , take j > |n|. Adding the constant

c affects only the nth coordinates and the coordinates to the left. If x and y agree

from −jth to jth coordinate, so do ϕ(x) and ϕ(y). This n depends only on the
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constant c and not on x. If d(x, y) < p−j , then d(ϕ(x), ϕ(y)) < p−j . Therefore

adding a constant gives a uniformly continuous function on Qp. Therefore, if {an}
is a sequence in Qp converging to x in AZ, then ϕ(an) converges to a unique point

ϕ(x) in AZ. Therefore ϕ : x 7→ x+ a extends to a continuous function on AZ. �

Note that (AZ, ϕ) is similar to the adding machine in [5]. Combining ϕ with

powers σk of the shift map, we get maps that are chaotic in the sense of Devaney.

We denote σk(x) also by pkx. Fix an element a of Qp and define a function f on

Qp by

(5) f : x 7→ a+ pkx

This is chaotic according to the definition by Devaney, as we can see that it is

conjugate to a power of the shift map.

Proposition 6.3. Let k be any nonzero integer, and let a be a p-adic number. Let

f be the function AZ → AZ given by f : x 7→ a+ pkx. Then f is conjugate to σk.

Proof. let b = a
1−pk . Define ϕ : AZ → AZ by ϕ(x) = x− b Then

(6)

ϕ ◦ f ◦ ϕ−1(x) = ϕ ◦ f(x+ b)

= ϕ(pkx+ pkb+ a) = pkx+ pkb+ a− b

= pkx+ b(pk − 1) + a = pk(x) = σk(x).

�

As 0 is the only fixed point of σk, it follows that b is the only fixed point of f .

For f resitricted to Qp and positive k it is an attractive fixed point. For negative k

it is a repelling fixed point.

Proposition 6.4. Let f : Qp → Qp be defined by f(x) = pkx+a, for a constant

a in Qp, and positive k. For all x in Qp, fn(x) converges to b = a
1−pk .

Proof. For any positive integer n, and any x in Qp,

(7)

fn(x) = xpnk + a(1 + pk + p2k + · · · + p(n−1)k)

= xpnk + a
1− pnk

(1− pk)

= (x − b)pnk + b
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Chaotic maps f on a cantor-like set, preferably with some arithmetic structure, and

with f given by a simple formula, are considered as a source of randomness suited for

machine computation. In [2] Woodcock and Smart discuss some discrete dynamical

systems based on p-adic numbers. In [4], measurable dynamics of some p-adic

functions including translation and multiplication in Qp, the field of p-adic numbers

are studied. Our aim is to extend the addition operation on Zp, the ring of p-adic

integers, that is addition mod p with a carry, to AZ, where A = {0, 1, 2 · · · , p−1},
to get new chaotic dynamical systems.

2. The field of p-adic numbers

Consider the field Q of rational numbers. For any fixed prime p, let pα be the

highest power of p that divides an integer a not equal to zero. Then ‖a‖p is p−α. For

a rational number a
b , ‖a

b ‖p is
‖a‖p

‖b‖p
and ‖0‖p is defined to be zero. With respect to

this norm, Q is a normed field, but not complete. Its completion is denoted byQp [7].

The p-adic metric takes only discrete values, namely integer powers of p. Every p-

adic number x can be canonically represented as
∑i=m

i=−∞ dip
−i, where m is in Z and

di ∈ {0, 1, 2, 3, · · · , p− 1}, and dm �= 0. This can be viewed as a doubly infinite

series in powers of p, where the “digits” di are all zero for i > m. The p-adic norm

of this number is pm. It is also written as x = · · · d−2 d−1

0th︷︸︸︷
d0 . d1 d2 · · · dm︸︷︷︸

(�=0)

0 0 · · ·

The numbers for which m ≤ 0 are called p-adic integers. The set of p-adic integers

is denoted by Zp. Note that this contains all the positive integers, represented

by a finite sum, which is same as the base-p expansion of a positive integer. It

contains negative integers also, but the sum is infinite. Indeed, we can check that

−
∑i=m

i=−∞ dip
−i =

∑i=m−1
i=−∞ (p − 1 − di)p

−i + (p − dm)p−m, where dm is the last

nonzero digit. Therefore for any x ∈ Qp, either x or −x must have infinitely

many nonzero digits ( towards left) in the canonical p-adic expansion. It is easy to

see that a number x in Qp is a rational number if and only if its canonical p-adic

expansion is eventually periodic [7].

The arithmetic operations in Qp are similar to arithmetic operations on natural

numbers written in base p. Algorithms of addition and subtraction are pursued

from right to left indefinitely, after aligning the “point” after the digit in the zeroth
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For positive k, pnk tends to zero as n tends to infinity, in the topology T1 of Qp
and so in the coarser topology T2 too. For any x in Qp, xpnk also tends to zero in

this topology, and so in the coarser topology T2 too. Therefore fn(x) tends to b

for any x in Qp. �

( Note : For negative k, pnk does not tend to zero when n tends to infinity, and

so fn(x) cannot tend to b for x 6= b.)

The periodic points of f are w+ b, where w is a word of length |nk| in AZ. For any

transitive point y of σk, y + b is a transitive point of f .

7. An expansive map with positive entropy

When the above function f is applied to x, the coordinates at the far right are

affected only by the shift map. We look for a function that affects all the coordi-

nates. For computational purposes, it is good if we can start calculating the digits

of f(x) at the centre, that is around the 0th coordinate and proceed iteratively in

both directions. We extend the above addition to an addition in AZ. It would be

better if can add two elements of AZ, in a way different from the usual coordinate-

wise addition mod p, i.e., making use of the the “carry ”.

Let a = · · · a−2 a−1
0th︷︸︸︷
a0 a1 a2 · · · and b = · · · b−2 b−1

0th︷︸︸︷
b0 b1 b2 · · · be any

two elements of AZ. We define a new kind of “addition ”as follows.

a + b = c = . . . c−2 c−1

0th︷︸︸︷
c0 c1 c2 · · · where

· · · c−2 c−1 c0 is the usual sum of the p-adic integers · · · a−2 a−1 a0 and · · · b−2 b−1 b0,

with carries transferred to the left, and · · · c2 c1 is the usual sum of the p-adic

integers · · · a2 a1 and · · · b2 b1 . In other words, the given elements are split

after the 0th position, the two parts are considered as separate p-adic integers and

added in the usual way. For the left part, addition proceeds from right to left, and

for the right part it proceeds from left to right. Actually this operation makes AZ

into a topological group. The additive identity of the group is the zero sequence.

The additive inverse of an element a is defined in a similar fashion as that of p-adic

integers.

Let a−m be the first non-zero digit of a on the left side (starting at the 0th posi-

tion), and let an be the first non-zero digit of a on the right side (starting at the

1st position).
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and σnk, and it keeps moving to the left with successive applications of f

and σk. Therefore

(8) d(fn(x), fn(y)) = d(σnk(x), σnk(y)) for all n ≥ 0.

Moreover, this distance decreases as n increases.

Case(ii) Let xi = yi for 0 ≤ i < mk + l and xmk+l 6= ymk+l for some m ≥ 0 and

some l with 0 ≤ l < k. Clearly j ≤ mk + l. Then for n ≤ m,

(fn(x))i = (fn(y))i and (σnk(x))i = (σnk(y))i for 0 ≤ i < (m−n)k+ l and

(fn(x))(m−n)k+l 6= (fn(y))(m−n)k+l and (σnk(x))(m−n)k+l 6= (σnk(y))(m−n)k+l.

Now (m − n)k + l ≥ 0, and upto this n, any difference in the coordinates

of x and y from the right side of 0th position is not yet transferred to the

left. At the left side, if at all there is a difference in the coordinates of x

and y, it moves further to the left with successive applications of f and σk.

Therefore we can say that

(9) d(fn(x), fn(y)) = d(σnk(x), σnk(y)) for 0 ≤ n ≤ m.

For n = m+1, (σnk(x))−k+l 6= (σnk(y))−k+l. Therefore d(σnk(x), σnk(y)) ≥
pl−k. For fn(x) and fn(y) there may be a difference in the coordinates at

any of the positions l − k, l − k + 1, · · · ,−1, 0, or to the right side of 0th

position. In any case we can say that

(10) d(fn(x), fn(y)) ≥ p−k and d(σnk(x), σnk(y)) ≥ p−k.

We will prove that f is expansive, using the fact that σk is expansive. Take

ε = p−k. For x 6= y, we have to find n ∈ Z such that d(fn(x), fn(y)) ≥ ε. If

d(x, y) ≥ ε, we are through.

Let d(x, y) < ε. Suppose that there is some positive j such that d(σjk(x), σjk(y)) ≥
ε. It means that there was a difference in the coordinates of x and y at a position

after k, which was brought to a position ≤ k, after j applications of σk. So we are

in Case(ii). We can find a positive n satisfying (10).

Next suppose that d(σjk(x), σjk(y)) < ε for all positive j. Then we are in Case(i),

and xi = yi for all i ≥ 0. We have to find a positive n such that d(f−n(x), f−n(y)) ≥
ε.

f−1(x) = σ−k(x− a). Let j = mk + l, with m ≥ 1, and 0 ≤ l < k, be the smallest



142 U.V. CHETANA U V, B R SHANKAR

positive integer such that x−j 6= y−j . It follows that (x−a)i = (y−a)i for all i > −j,
and (x−a)−j 6= (y−a)−j . Therefore (σ−k(x−a))i = (σ−k(y−a))i for −j+k < i and

(σ−k(x−a))−j+k 6= (σ−k(y−a))−j+k. Therefore d(σ−k(x−a), σ−k(y−a)) = p−j+k.

Thus by one application of f−1 the distance is increased by a factor of pk. Successive

applications of f−1, m times, gives d(f−m(x), f−m(y) ≥ ε. Thus f is expansive,

hence is conjugate to a subshift.

Now we find the topological entropy of f . We prove that Bf (x, r, n) = Bσk(x, r, n)

(see (4)), for sufficiently large n and sufficiently small r. Let r < p−2k and n > 2.

Suppose that y ∈ Bf (x, r, n) for some x. Then d(f i(x), f i(y)) ≤ r < p−2k, for

0 ≤ i ≤ n − 1. If x and y are as in Case(i), clearly d(σik(x), σik(y)) ≤ r for

0 ≤ i ≤ n− 1, and y ∈ Bσk(x, r, n).

If x and y are not as in Case(i), then take m and l as in Case(ii). Then n −
1 ≤ m, because of (10 ), and from (9) it follows that y ∈ Bσk(x, r, n). Therefore

Bf (x, r, n) ⊆ Bσk(x, r, n). By a similar argument Bσk(x, r, n) ⊆ Bf (x, r, n). It

follows that Sd(f, r, n) = Sd(σ
k, r, n), and from (2) and (3) of section (3) both f

and σk have same topological entropy, that is k log p. �

8. A positively expansive map

Definition 8.1. A dynamical system (X, f) is positively expansive if ∃ ε > 0,

∀ x 6= y ∈ X, ∃ n ≥ 0 such that d(fn(x), fn(y)) ≥ ε.

We try to modify the above map f to get a positively expansive map, with

positive topological entropy.

For any x = · · · x−2 x−1
0th︷︸︸︷
x0 x1 x2 · · · in AZ, define the “reflection”about 0th

coordinate, r(x), as · · ·x2 x1
0th︷︸︸︷
x0 x−1 x−2 · · · . That is r(x)i = x−i for all i ∈ Z.

Let x and y be two distinct points in AZ, separated by a distance p−j . To get a

positively expansive function f , we have to increase the distance between them at

each application of f . If there is a difference in the jth coordinates, for j > k > 0,

application of σk brings the difference to (j − k)th position, and so the distance

increases by a factor of pk. But if there is no difference in the positively numbered

coordinates, application of σk will not increase the distances. So we use the function

r to transfer the difference in coordinates at the left side to the right side. We use

132 U.V. CHETANA U V, B R SHANKAR

negative integers by N.
Chaotic maps f on a cantor-like set, preferably with some arithmetic structure, and

with f given by a simple formula, are considered as a source of randomness suited for

machine computation. In [2] Woodcock and Smart discuss some discrete dynamical

systems based on p-adic numbers. In [4], measurable dynamics of some p-adic

functions including translation and multiplication in Qp, the field of p-adic numbers

are studied. Our aim is to extend the addition operation on Zp, the ring of p-adic

integers, that is addition mod p with a carry, to AZ, where A = {0, 1, 2 · · · , p−1},
to get new chaotic dynamical systems.

2. The field of p-adic numbers

Consider the field Q of rational numbers. For any fixed prime p, let pα be the

highest power of p that divides an integer a not equal to zero. Then ‖a‖p is p−α. For

a rational number a
b , ‖a

b ‖p is
‖a‖p

‖b‖p
and ‖0‖p is defined to be zero. With respect to

this norm, Q is a normed field, but not complete. Its completion is denoted byQp [7].

The p-adic metric takes only discrete values, namely integer powers of p. Every p-

adic number x can be canonically represented as
∑i=m

i=−∞ dip
−i, where m is in Z and

di ∈ {0, 1, 2, 3, · · · , p− 1}, and dm �= 0. This can be viewed as a doubly infinite

series in powers of p, where the “digits” di are all zero for i > m. The p-adic norm

of this number is pm. It is also written as x = · · · d−2 d−1

0th︷︸︸︷
d0 . d1 d2 · · · dm︸︷︷︸

(�=0)

0 0 · · ·

The numbers for which m ≤ 0 are called p-adic integers. The set of p-adic integers

is denoted by Zp. Note that this contains all the positive integers, represented

by a finite sum, which is same as the base-p expansion of a positive integer. It

contains negative integers also, but the sum is infinite. Indeed, we can check that

−
∑i=m

i=−∞ dip
−i =

∑i=m−1
i=−∞ (p − 1 − di)p

−i + (p − dm)p−m, where dm is the last

nonzero digit. Therefore for any x ∈ Qp, either x or −x must have infinitely

many nonzero digits ( towards left) in the canonical p-adic expansion. It is easy to

see that a number x in Qp is a rational number if and only if its canonical p-adic

expansion is eventually periodic [7].

The arithmetic operations in Qp are similar to arithmetic operations on natural

numbers written in base p. Algorithms of addition and subtraction are pursued

from right to left indefinitely, after aligning the “point” after the digit in the zeroth
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a combination of σ, r and the addition. Now define

f(x) = r(σk(x) + x). It is enough to consider positive values of k.

Proposition 8.2. The function f : AZ → AZ given by f(x) = r(σk(x) + x),

where k is a positive integer, is continuous and positively expansive.

Proof. Obviously, σk is a homeomorphism and r is an isometry. Therefore it is

enough to verify that the addition map given by (x, y) 7→ x+ y is continuous from

AZ ×AZ to AZ. Then the function f is (uniformly) continuous on AZ.

For any(x, y) in AZ×AZ, consider the p−j neighbourhood of x+ y in AZ. Consider

any x′ in AZ with d(x, x′) < p−j , and any y′ in AZ with d(y, y′) < p−j . The

coordinates of x are same as those of x′ for −j, −j+1 , −j+2, · · · 0, · · · , j−1, j.

The same is true for y and y′. Therefore clearly the coordinates of x+ y and x′+ y′

agree from −j to j.

So, d(x, x′) < p−j and d(y, y′) < p−j ⇒ d(x+y, x′+y′) < p−j . Thus the operation

+ is continuous.

Next, we verify that f is positively expansive.

Let x = · · · x−j x−j+1 · · · x−2 x−1
0th︷︸︸︷
x0 x1 x2 · · ·xj−1 xj · · ·

σk(x) = · · · xk−j xk−j+1 · · · xk−2 xk−1
0th︷︸︸︷
xk xk+1 xk+2 · · ·xk+j−1 xk+j · · ·

Choose an ε < p−k. If x 6= y, let d(x, y) = p−j . If j ≤ k, take n = 0.

Let d(x, y) = p−j , with j > k.

Then xi = yi for −j + 1 ≤ i ≤ j − 1, and either xj 6= yj or x−j 6= y−j . We denote

σk(x) + x by x′ and σk(y) + y by y′.

Case(i) Suppose that xj 6= yj . Then σk(x)j−k 6= σk(y)j−k and σk(x)i = σk(y)i

for 0 ≤ i < j − k, on the right side. On the left side, σk(x)i = σk(y)i

for (−j + 1) ≤ i ≤ 0. Therefore, x′i = y′i for −j + 1 ≤ i < j − k, and

x′j−k 6= y′j−k. When r is applied, (r(x′))i = (r(y′))i for −j+ k < i ≤ j− 1

and (r(x′))−j+k 6= (r(y′))−j+k. Therefore d(f(x), f(y)) is p(−j+k).

Case (ii) If xj = yj , then x−j 6= y−j . Then σk(x)i = σk(y)i for 0 ≤ i ≤ j − k,

on the right side. On the left side, σk(x)i = σk(y)i for −j ≤ i ≤ 0, and

x−j 6= y−j . Therefore x′i = y′i for (−j + 1) ≤ i ≤ (j − k) and x′−j 6= y′−j .

When r is applied, (r(x′))i = (r(y′))i for (−j + k) ≤ i ≤ (j − 1) and

(r(x′))j 6= (r(y′))j . For i < (−j + k) we cannot conclude anything

about (r(x′))i and (r(y′))i. Therefore d(f(x), f(y)) is either > p(−j), or



144 U.V. CHETANA U V, B R SHANKAR

d(f(x), f(y)) = p(−j) and we are back in case(i). Another application of f

will increase the distance.

It follows that application of f once or twice increases the distances by a factor of

at least pk. Repeating this process, we can bring the distance to a value ≥ p−k > ε.

Thus the function is positively expansive. �

We use the following result from [3](p. 40, Proposition 21)

Proposition 8.3. For a positively expansive system (X, f), topological entropy

h(X, f) > sup{pnn }, where pn is the number of points with period n.

It follows that h(X, f) is greater than one, because there is a fixed point 0.

9. A map that increases small distances

Let X be a metrizable space. We say that a self map f of X increases small

distances if there is a compatible metric d, and there exists an ε > 0 such that

0 < d(x, y) < ε implies d(f(x), f(y)) > d(x, y). We can further modify the above

map to a map that increases small distances, and give both upper and lower bounds

for entropy. We make use of the following result from [1](p. 627, Proposition 5.1).

Proposition 9.1. Let f : X → X be a map of a compactum X with metric

d. Suppose there exist positive numbers ε > 0 and 1 < λ2 ≤ λ1 such that if

x, y ∈ X and 0 < d(x, y) ≤ ε, then λ2d(x, y) ≤ d(f(x), f(y)) ≤ λ1d(x, y).

Then the following inequalities hold.

(11) Dd(X)logλ2 ≤ h(f) ≤ Dd(X)logλ1

In the above map f given by f(x) = r(σk(x) + x), to increase small distances,

one or two applications of f are needed. If we replace the “reflection ” r by r1, which

reflects x about the (−1)th position, rather than the 0th position, we get a map that

not only increases small distances, but satisfies the conditions of Proposition 9.1.

If x = · · · x−3 x−2 x−1
0th︷︸︸︷
x0 x1 x2 x3 · · ·

r1(x) = · · · x2 x1 x0 x−1
0th︷︸︸︷
x−2 x−3 x−4 x−5 · · ·

As r1(x) = σ2(r(x)), r1 is a homeomorphism.
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machine computation. In [2] Woodcock and Smart discuss some discrete dynamical

systems based on p-adic numbers. In [4], measurable dynamics of some p-adic

functions including translation and multiplication in Qp, the field of p-adic numbers

are studied. Our aim is to extend the addition operation on Zp, the ring of p-adic

integers, that is addition mod p with a carry, to AZ, where A = {0, 1, 2 · · · , p−1},
to get new chaotic dynamical systems.

2. The field of p-adic numbers

Consider the field Q of rational numbers. For any fixed prime p, let pα be the

highest power of p that divides an integer a not equal to zero. Then ‖a‖p is p−α. For

a rational number a
b , ‖a

b ‖p is
‖a‖p

‖b‖p
and ‖0‖p is defined to be zero. With respect to

this norm, Q is a normed field, but not complete. Its completion is denoted byQp [7].

The p-adic metric takes only discrete values, namely integer powers of p. Every p-

adic number x can be canonically represented as
∑i=m

i=−∞ dip
−i, where m is in Z and

di ∈ {0, 1, 2, 3, · · · , p− 1}, and dm �= 0. This can be viewed as a doubly infinite

series in powers of p, where the “digits” di are all zero for i > m. The p-adic norm

of this number is pm. It is also written as x = · · · d−2 d−1

0th︷︸︸︷
d0 . d1 d2 · · · dm︸︷︷︸

(�=0)

0 0 · · ·

The numbers for which m ≤ 0 are called p-adic integers. The set of p-adic integers

is denoted by Zp. Note that this contains all the positive integers, represented

by a finite sum, which is same as the base-p expansion of a positive integer. It

contains negative integers also, but the sum is infinite. Indeed, we can check that

−
∑i=m

i=−∞ dip
−i =

∑i=m−1
i=−∞ (p − 1 − di)p

−i + (p − dm)p−m, where dm is the last

nonzero digit. Therefore for any x ∈ Qp, either x or −x must have infinitely

many nonzero digits ( towards left) in the canonical p-adic expansion. It is easy to

see that a number x in Qp is a rational number if and only if its canonical p-adic

expansion is eventually periodic [7].

The arithmetic operations in Qp are similar to arithmetic operations on natural

numbers written in base p. Algorithms of addition and subtraction are pursued

from right to left indefinitely, after aligning the “point” after the digit in the zeroth
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Proposition 9.2. Let r1 : AZ → AZ be given by (r1(x))i = x−i−2. For

k > 2, define f(x) = r1(σk(x) + x). Then for x and y with 0 < d(x, y) < p−k,

pd(x, y) ≤ d(f(x), (y)) ≤ pkd(x, y).

Proof. If x = · · · x−j x−j+1 · · · x−2 x−1
0th︷︸︸︷
x0 x1 x2 · · ·xj−1 xj · · ·

σk(x) = · · · xk−j xk−j+1 · · · xk−2 xk−1
0th︷︸︸︷
xk xk+1 xk+2 · · ·xk+j−1 xk+j · · ·

Let d(x, y) = p−j , with j > k.

Then xi = yi for −j + 1 ≤ i ≤ j − 1, and either xj 6= yj or x−j 6= y−j . We denote

σk(x) + x by x′ and σk(y) + y by y′.

Case(i) Suppose that xj 6= yj . Then σk(x)j−k 6= σk(y)j−k and σk(x)i = σk(y)i

for 0 ≤ i < j − k, on the right side. On the left side, σk(x)i = σk(y)i for

(−j+1) ≤ i ≤ 0. Therefore, x′i = y′i for−j+1 ≤ i < j−k, and x′j−k 6= y′j−k.

When r1 is applied, (r1(x′))i = (r1(y′))i for −j + k − 2 < i ≤ j − 3

and (r1(x′))−j+k−2 6= (r1(y′))−j+k−2. Therefore d(f(x), f(y)) is at least

p(−j+k−2).

Case(ii) If xj = yj , then x−j 6= y−j . So σk(x)i = σk(y)i for 0 ≤ i ≤ (j − k), on

the right side. On the left side, σk(x)i = σk(y)i for (−j + 1) ≤ i ≤ 0, and

x−j 6= y−j . Therefore x′i = y′i for (−j + 1) ≤ i ≤ (j − k) and x′−j 6= y′−j .

When r1 is applied, (r1(x′))i = (r1(y′))i for (−j + k − 2) ≤ i ≤ (j − 3)

and (r1(x′))j−2 6= (r1(y′))j−2. Therefore d(f(x), f(y)) is at least p(−j+2).

In any case, we can conclude that d(f(x), f(y)) ≥ pld(x, y), where l = min{(k −
2), 2} ≥ 1.

In both cases, we see that d(f(x), f(y)) cannot be more than p(−j+k). Hence

d(f(x), f(y)) ≤ pkd(x, y). �

For X = AZ, B(x, p−m) = {y ∈ X|yi = xi for −m ≤ i ≤ m}. There are

exactly p2m+1 balls of radius p−m, and all of them are needed to cover AZ. Therefore

Dd(A
Z) = lim

m→∞

log(p2m+1)

|log(p−m)|
= lim

m→∞

(2m+ 1)log p

mlog p
= 2

Now applying Proposition 9.1, with λ2 = p and λ1 = pk, we get

2 log p ≤ h(X, f) ≤ 2k log p.
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Remarks

• Only in section (6) we need p to be prime, to get a field Qp, so that b = a
1−pk

makes sense.

• When p is prime, every rational number has a unique p-adic expansion,

whose digits can be got by iterative algorithms.
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this norm, Q is a normed field, but not complete. Its completion is denoted byQp [7].
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adic number x can be canonically represented as
∑i=m

i=−∞ dip
−i, where m is in Z and

di ∈ {0, 1, 2, 3, · · · , p− 1}, and dm �= 0. This can be viewed as a doubly infinite

series in powers of p, where the “digits” di are all zero for i > m. The p-adic norm

of this number is pm. It is also written as x = · · · d−2 d−1

0th︷︸︸︷
d0 . d1 d2 · · · dm︸︷︷︸

(�=0)

0 0 · · ·

The numbers for which m ≤ 0 are called p-adic integers. The set of p-adic integers
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The numbers for which m ≤ 0 are called p-adic integers. The set of p-adic integers

is denoted by Zp. Note that this contains all the positive integers, represented

by a finite sum, which is same as the base-p expansion of a positive integer. It

contains negative integers also, but the sum is infinite. Indeed, we can check that

−
∑i=m

i=−∞ dip
−i =

∑i=m−1
i=−∞ (p − 1 − di)p

−i + (p − dm)p−m, where dm is the last

nonzero digit. Therefore for any x ∈ Qp, either x or −x must have infinitely

many nonzero digits ( towards left) in the canonical p-adic expansion. It is easy to

see that a number x in Qp is a rational number if and only if its canonical p-adic

expansion is eventually periodic [7].

The arithmetic operations in Qp are similar to arithmetic operations on natural

numbers written in base p. Algorithms of addition and subtraction are pursued

from right to left indefinitely, after aligning the “point” after the digit in the zeroth

AND




