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ABSTRACT. The purpose of the present article is to study and characterize sev-
eral types of symmetries of generalized Robertson-Walker spacetimes. Confor-
mal vector fields, curvature and Ricci collineations are studied. Many implica-
tions for existence of these symmetries on generalized Robertson-Walker space-
times are obtained. Finally, Ricci solitons on generalized Robertson-Walker

spacetimes admitting conformal vector fields are investigated.
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1. AN INTRODUCTION

Robertson-Walker spacetimes have been extensively studied in both mathemat-

ics and physics for a long time[6, 12, 14, 21, 22]. This family of spacetimes is a
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very important family of cosmological models in general relativity[8]. A general-
ized (n + 1) —dimensional Robertson-Walker (GRW) spacetime is a warped product
manifold I x y M where M is an n—dimensional Riemannian manifold without any
additional assumptions on its fiber. The family of generalized Robertson-Walker
spacetimes widely extends the classical Robertson-Walker spacetimes I X s S,, where
S, is a 3—dimensional Riemannian manifold with constant curvature k.

The study of spacetime symmetries is of great interest in both mathematics
and physics. The existence of some symmetries in a spacetime is helpful in solv-
ing Einstein field equation and in providing further insight to conservative laws of
dynamical systems(see [13] one of the best references for 4—dimensional spacetime
symmetries). Although considerable research has been devoted to the study of sym-
metries of classical 4—dimensional spacetimes[13, 17, 19, 25], rather less attention
has been paid to the study of symmetries of generalized n—dimensional spacetimes.

The increasing interest in generalized Robertson-Walker spacetimes has height-
ened the need for the study of their symmetries. However, as far as we know, there
is no study on generalized Robertson-Walker spacetimes investigating neither con-
formal vector fields nor different types of collineations up to this paper in which we
intend to fill this gab by providing many answers of the following questions: Under
what conditions is a vector field on I xy M a conformal vector field or a certain
collineation? What does the fiber M inherit from a generalized Robertson-Walker
spacetime I Xy M admitting a conformal vector field or a collineation? The main
purpose of the current article is to study and explore both conformal vector fields
and collineations on generalized Robertson-Walker spacetimes. In 2006, Grigori
Perelman used Ricci soliton to solve the long standing Poincaré conjecture posed in
1904. Since then an enormous amount of works has continued to study Ricci soliton.
Accordingly, we study Ricci solitons on generalized Robertson-Walker spacetimes
admitting a potential conformal vector field. We get some partial answers of the
question: How the geometry of generalized Robertson-Walker spacetimes admitting
Ricci soliton structure is affected?

This paper is structured as follows. The next section presents some connec-

tion and curvature related formulas of generalized Robertson-Walker spacetimes
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that are needed. Section 3 presents a study of conformal vector fields on gen-
eralized Robertson-Walker spacetimes. Ricci solitons on generalized Robertson-
Walker spacetimes admitting a potential conformal vector field are considered. Fi-
nally, in Section 4, we investigated curvature and Ricci collineations on generalized

Robertson-Walker spacetimes.

2. PRELIMINARIES

First, we want to fix some definitions and concepts. The warped product M; X ¢
My of two Riemannian manifolds (M, g;) and (Ma, g2) is the product manifold
My x M equipped with the metric tensor

(2.1) 9= (91) @ (fom)* 3 (g2)

with a smooth function f : My — (0, 00) where m; : My Xy My — M; is the natural
projection map of the Cartesian product M; x My onto M;, i = 1,2 and * denotes
the pull-back operator on tensors. The factors (M, g1) and (Ma, g2) are usually
called the base manifold and fiber manifold respectively while f is called as the
warping function[7, 20]. In particular, if f = 1, then My x3 My = My x Ms is
the usual Cartesian product manifold. It is clear that the submanifold M7 x {¢}
is isometric to M; for every ¢ € M. Moreover, {p} x My is homothetic to My
for every p € M;. Throughout this article we refer to these factor submanifolds as
My and M. The lift of a vector field X; € X (M;) to X (M; x Mz) is the unique
vector field in X (M x Ms) that is m;—related to X; in X (M;) and 7;—related to
zero vector field in X (M;), i # j. Thus a vector field X; in X (M;) is identified
with the horizontal or the vertical vector field on M; x My that is m;—related to
X; and m;—related to zero vector field in X (M;). We use the same notation for a
vector field and for its lift to the product manifold. Also, a function w; on M; will
be identified with w; o m;. Note that we use the same notation for the vector field
Viw; and for its lift to X (My x My).

Generalized Robertson-Walker spacetimes are well-known examples of warped
product spaces. A generalized Robertson-Walker spacetime is often pictured in
the form of warped product M = I x5 M with fiber (M,g) any n—dimensional

Riemannian manifold and base an open connected subinterval (I, —d¢?) of the real
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line R endowed with the metric
(2.2) g=—dt’* & f%g,

where dt? is the Euclidean metric on I.

The family of generalized Robertson-Walker spacetimes M = I x ¢+ M widely
extends the classical Robertson-Walker spacetimes I x; S, where M = S is a
3—dimensional Riemannian manifold of constant sectional curvature k. The warp-
ing function f (¢) is sometimes called the scale factor. This factor tells us how big
is the space-like slice at sometime ¢.

For example the (n + 1) —dimensional spherically symmetric Friedmann—Robertson—

Walker metric is given by

ds* = —dt* + f (t) dr +72d0?
1— kr? n=l )

where the spherical sector is given by dQ2 | = df? +sin? 6,d63 + ... +sin? 0,,_odf,,_,

n—1 —

[15]. The Einstein field equation for (n + 1) —dimensional spacetime is given by
Ric — % g = k,T,

where k,, is the multidimensional gravitational constant[15].

The following results are special cases of similar results on warped product
manifolds[7, 20, 23, 24]. Let M = I x; M be a generalized Robertson-Walker
spacetime equipped with the metric tensor § = —dt?> @ f2g. Then the Levi-Civita

connection D on M is

Dy, 0, =0 DatX:Dxat:§X

(2.3) - .
DxY =DxY + ffg(X,Y) 0,

for any vector fields X, Y € X(M) where D is the Levi-Civita connection on M and
dots indicate differentiation with respect to t. The curvature tensor R of M is given
by

R (9, 0) 0, =R (8:,0:) X = R(X,Y) 8 = 0
(X,0)0: = —4X R, X)Y = ffg(X,Y)0
(X.Y)Z=R(X,Y)Z+ [*[9(X,2)Y - g(Y,2) X],

™o
=
j=o] =]l



ON SYMMETRIES OF GENERALIZED ... — JDSGT VOL. 15, NUMBER 1 (2017) 55

where R is curvature tensor of M. Finally, the Ricci curvature tensor Ric on M

Ric (0;,0;) =~ Ric (X,8;) =0

(2.5) )
Ric (X,Y) = Ric(X,Y) — fog(X,Y),

where f© = —ff — (n — 1) f2. M is Einstein with Ric = (njl
is Einstein with Ric = ( ) g and the [ satisfies

r
n

) g if and only if M

(2.6a) f= mf

(2.6b) “=m-1(ff-F).

3. CONFORMAL VECTOR FIELDS ON GRW SPACETIMES AND APPLICATIONS

In this section, we investigate several types of symmetries of generalized Robertson-
Walker spacetimes. Necessary and sufficient conditions are derived for a generalized
Robertson-Walker spacetime to admit a conformal vector field. Then Ricci soliton
on GRW admitting a conformal vector field is considered.

Now, we will recall the definitions of conformal vector fields on an arbitrary
pseudo-Riemannian manifold. Let (M, g, D) be a pseudo-Riemannian manifold with
metric g where D is the Levi-Civita connection on M. A vector field ¢ € X (M)
is called a Killing vector field if £,g = 0. By using symmetry of (L.g) (X,Y), it
is easy to show that ¢ is a Killing vector field if and only if g(Dx¢, X) = 0 for
any vector field X € X (M). A pseudo-Riemannian n—dimensional manifold has
at most n(n+ 1) /2 independent Killing vector fields. The symmetry generated
by Killing vector fields is called isometry. A pseudo-Riemannian manifold which
admits a maximum such symmetry has a constant sectional curvature. A vector
field ¢ is called a conformal vector field if L;g = pg for some smooth function
p: M — R. (is called homothetic if p is constant and Killing if p = 0. Also, ¢
is called a concircular vector field if Dx( = pX for any vector field X € X (M)[9].
Let ¢ € X (M) be a concircular vector field on M, then L:g(X,Y) = 2pg(X,Y)
i.e. ¢ is a conformal vector field with conformal factor 2p. A concircular vector
field is a parallel vector field if p = 0. Moreover, for a constant factor p, we have
R(X,Y)(=0.
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3.1. Conformal vector fields. Let M = I x ¢ M be a generalized Robertson-
Walker spacetime equipped with the metric tensor § = —dt? @ f%g. Suppose that
h@t, xat,yat S X(I) and C,X, Y € X(M), then

(3.7) (Lz9) (X,Y) = —2hay + 2 (Leg) (X,Y) +2hf fg (X,Y),

where ( = hdy + ¢, X = 20, + X and Y = 49, + Y. An important consequence of

this proposition is the following.

Theorem 1. A wvector field ( = hd, + ¢ on M =1 X ¢ M is conformal if and only
if ¢ is a conformal vector field on M with factor p = 2 (h - %) Moreover, the

conformal factor of C is 2h.

Proof. Let ¢ = ho, + ¢ be a conformal vector field on M =T x ¢ M with factor p,
then

—pry + pf’g (X,Y) = —2hay + f* (Lcg) (X,Y) +2hf fg (X,Y)

for any vector fields X = 28, + X and Y = yd, + Y. This equation yields p = 2k
and hence
2hf

i.e. ¢ is a conformal vector field on M with conformal factor p = 2h — % The

converse is direct. O

Corollary 1. Let M = I Xy M be a generalized Robertson-Walker spacetime
equipped with the metric tensor § = —dt> ® f%g. Then, ( = ad; +( € X(M) is a
Matter collineation on M if ¢ € X(M) is a Killing vector field on M.

It is well-known that if X and Y are conformal vector fields on M with X = Y
for some smooth function p, then p is constant. Thus the above theorem represents
a good characterization to both time-like and space-like conformal vector fields on
M. This result reveals that the dimension of the conformal algebra C (]\_4 ) of M
is at least 7 + 1 where r is the dimension of C' (M). Suppose that M is maximally

symmetric, then

. - (n+2)(n+3)
< dlmC(M) < —

n>+3n+4
2
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Let ¢ = ho; + ¢ be a Killing vector field on a generalized Robertson-Walker
spacetime M and let r = (1/2)g (C_, C_) Then

g(Vr,X) = ~3(DeC. X)
for any vector field X € X (M) ie. Vr= —fo. Thus the Hessian definition with

some computations yield

H (X,X) =-R((,X,(,X) +7(Dx¢ Dx(),

¢
where R ()_(, Y, X, 57) =g (R (X', }7) X, _). Taking the trace of both sides imply
)

Assume that f = h = 0. Then
Ar = —Ric (¢, ¢) + f?g (D¢, DC) -

Theorem 2. Let ( = hd; + ¢ be a Killing vector field on a generalized Robertson-
Walker spacetime M and let r = %g (5, f) Then

Ar = —Ric (¢,¢) + g (D¢, D) -
Moreover, if f = h =0, then
Ar = —Ric (¢, ) + 29 (D¢, D).

The metric § = —dt? @ f2g on M can be expressed as a conformal metric to a

product one on I x M. The metric g may be rewritten as follows

g=/ (—1dt2 4 g) - 1

12
where § = —d7? + g and d7? = #dtQ. Now, we consider the consequences of re-
placing § on M by § = —d72 + ¢. Similar discussions on 4—dimensional spacetimes

and on doubly warped spacetimes are provided in [13, Chapter 11] and [10] respec-
tively. It is clear that a conformal vector field ¢ on (M, g) with conformal factor
p is a conformal vector field on (M, ) where conformal factor p = p + 2¢ (In f).
Likewise, a conformal vector field { = hd; + ¢ on (M , g) with conformal factor p is
a conformal vector field on (J\Z/,g) with factor p = p+2¢ (In f). Using Theorem 1

in [1] together with this discussion we get the following.

Theorem 3. Let M =1 x ¢ M be a generalized Robertson-Walker spacetime (]\71, g)
and let G = —d72 + § and d72 = f%dt2, Then,
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(1) a Killing vector field { on (M, g) is a Killing vector field on (M,g),

(2) (]\7[, g) admits a homothetic vector field if (M, g) admits a homothetic vector
field,

(3) each conformal vector field on (M, g) is a conformal vector field on (M, g).

Theorem 4. Let ( = afd; + ¢ be a vector field on a generalized Robertson- Walker
spacetime (M,g). Assume that ¢ is a Killing vector field on (M, g). Then C is a
conformal vector field on (J\Zf,g),

Theorem 5. Let ( € X (M) be homothetic vector fields on (M, g) with factor c.
Assume that ¢ (f) = 0. Then ¢ = c¢(at +b) 0; + 2a( is a homothetic vector field on
(M,g) with factor 2ac.

The study of Killling vector fields of constant length is remarkable in that they
correspond to isometries of constant displacement. Consequently, these vector fields
are in relation with Clifford-Wolf translation in Riemannian manifolds[4]. In the
following, Killling vector fields of constant length on a standard static spacetime

M = I; x M are considered. The following result is an analogue of a similar result

in Riemannian manifolds.

Theorem 6. A Killing vector field { = hd; + ¢ on a generalized Robertson- Walker
spacetime M = T x ¢ M equipped with the metric tensor g = —dt*> & f?g has a
constant length if and only if  satisfies

(3.8) DeC + @g =0 and hh + ffg(¢,¢) = 0.

Proof. Suppose that ¢ is a Killing vector field. Then
9(DeC,Y) = ~g (¢, Dy() -
But Equations (2.3) and (3.8) yield Dz¢ = 0 and so
(¢, DyC) =0,
ie. g (5 ,C ) is constant and so ¢ has a constant length. Conversely, if ¢ has constant
length, then
7(¢,DyC) =g (Del,Y) =0

for any vector field Y € X (]\7[) ie. Dgf = 0. Now, we can use Equation (2.3) to
get the result. O
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Corollary 2. Let ( = hd; + ¢ be a Killing vector field of constant length on a
generalized Robertson-Walker spacetime M = I x t M equipped with the metric
tensor § = —dt?> @ f2g. Then the flow lines of ( are geodesics on M if and only if

f is constant or h = 0.

Theorem 7. Let ¢ = hd; + ¢ be a Killing vector field on a generalized Robertson-
Walker spacetime M = I X ¢ M equipped with the metric tensor g = —dt* & f?g
and a(s), s € R, be a geodesic on (M,g) with tangent vector field X = x0; + X.
Assume thatf = 0. Then h is constant and ¢ € X (M) is a Jacobi vector field along

the integral curves of X.

Theorem 8. Let ( = hd; + ¢ be a conformal vector field along a curve a(s) with
unit tangent vector V.= vd; + V on a generalized Robertson-Walker spacetime
M=1I X ¢ M equipped with the metric tensor g = —dt?> ® f?g. Then the conformal
factor p of € is given by

p=2 {402}.1 +hff VI + f2g (Dv, V)} :
Proof. Let ¢ be a conformal vector field with conformal factor p. Then the conformal
factor p is given by
p=23(DyC, V).
Thus
p = 2§(DyCV)
2[=?h+ hfFIVIP + f29 (DvC, V)]

O

In the sequential, we study the structure of concircular vector fields on generalized

Robertson-Walker spacetimes.

Theorem 9. Let ( = hd; + ¢ be a vector field on a generalized Robertson- Walker

spacetime M = I Xy M equipped with the metric tensor g = —dt®> ® f2g. Then ( is

a concircular vector field on M if and only if one of the following conditions holds:
(1) h=af and ( =0, or

(2) € is a concircular vector field on M with factor p = h and f is constant.



60 H.K. EL-SAYIED, SAMEH SHENAWY, AND NOHA SYIED

Proof. Let X = x0; + X be any vector field on M. Then for any scalar function p
we get that

_ _ . . xf hf
Dyl — pX = (ah+ ffg(X.C) ) at+7fc+7fX+Dxc—px.

Suppose that ¢ is concircular on M, then

sh+ ffg(X,)—ap = 0
%f+éfX+L&g—@X — 0.

If f does not vanish, then g (X,¢) =0 for all X i.e. ¢ =0. Thus
x (h — p) = 0

(7o)

and therefore h = af for some constant a. However, if f = 0, then we get that

x(h—p) - 0

Dx¢—pX 0,

Il
o

i.e. ¢ is a concircular vector field on M with factor p = h.

Conversely, we have

DyC = |zh+ ffg(X, C)} Oy + Dx( + <:c:];> ¢+ <h;> X

Finally, any one of the above conditions implies that D¢ = hX and consequently

¢ is concircular on M. O

Theorem 10. Let ( = hd; + ¢ be a concircular vector field on a generalized
Robertson- Walker spacetime M = I X ¢ M equipped with the metric tensor g =
—dt®> @ f2g. Then

Ric(¢,{) =0 and k(X,{)=0

for any vector field X € X(M), where k (X, () is the sectional curvature of the plane
spanned by X and (.
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Proof. Using the above theorem we get that ( is zero or concircular with factor h.
If { =0, then Ric(¢,¢) =0 and & (X, () = 0. Now suppose that ¢ is concircular on
M ie.

Dx(=hX

for any vector field X € X(M). Let e € X(M) be a unit vector field, then

R(¢e,¢e) = g(—=D¢DeC + DeDeC + D o€, €)
= hg(=Dce+ DG+ [C €] e)
= 0.
Thus Ric(¢,¢) =0 and « (X, () =0. O

3.2. Ricci Soliton with a potential conformal vector field. A smooth vector
field ¢ on a Riemannian manifold (M, g) is said to define a Ricci soliton (M, g, ¢, \)

if it satisfies the soliton equation
1
(3.9) §£¢g + Ric = Ag,

where L¢ is the Lie-derivative with respect to ¢, Ric is the Ricci tensor and A
is a constant. If ( = gradu, for a smooth function v on M, the Ricci soliton
(M, g,(,A) = (M, g,u,\) is called a gradient Ricci soliton and the function w is
called the potential function. The study of Ricci solitons was first introduced by
Hamilton as fixed or stationary points of the Ricci flow in the space of the metrics
on M modulo diffeomorphism and scaling. Gradient Ricci solitons are natural
generalizations of Einstein manifolds[2, 3, 5, 11, 16, 18]. For n > 3, ¢ is Killing
if and only if (M,g) is Einstein. Let us take the Lie derivative of both sides of

Equation (3.9) in direction of ¢, then we have
1
iﬁcﬁgg + L¢Ric = ALeg.

A vector field ( is called 2—Killing if £.L.g = 0[23]. Every Killing vector field is
2—Killing and the converse is not generally true. Assume that (M, g, ¢, ) is a Ricci
soliton and ( is a 2—Killing vector field. Then ( is a Killing vector field if it is a
Ricci collineation.

Now, we consider a Ricci soliton structure on a generalized Robertson-Walker

spacetime.
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Theorem 11. Let (M@], ¢, )\) be a Ricci soliton where M = IxyM is a generalized
Robertson- Walker spacetime and { = ho, +( € ¥ (M) Then

(1) nfz—(h—A)f, and
(2) (M,g,fQ(,)\fQJrj"<> fhff) is a Ricci soliton whenever \f2+ fo — hff is

constant.
Proof. Let ( VI, 3,C, /\) be a Ricci soliton, then
1 N e o _ e
5 (Lzg) (X,Y) +Ric(X,Y) = \g (X,Y),
where X = 20, + X and Y = y0, + Y are vector fields on M. Let X =Y = 0, then

<h + ff> 91(x0¢,y0r) = Agr (20, yoy) .
Thus, nf = — (h— )\) f- Now, let z =y =0, then

% (f2 (Lcg) (X,Y) +2hf fg(X, Y)) +Ric(X,Y) - f°g(X,Y) = Af?g (X,Y)
where f© = —ff — (n—1) f2. Simply, we may rewrite it as follows,
%fQ (£cg) (X,Y) + Rie(X,Y) = (f° = hff+Af?) g (X, V).
Thus (M, g, f2¢, p) is a Ricci soliton, where yo = Af2 + f© — hf f. O

Theorem 12. Let (M, a,¢, )\) be a Ricci soliton where M = I x y M is a generalized
Robertson-Walker spacetime and { = hdy +¢ € X (]\_4) be a conformal vector field
on M. Then (M, g) is an Einstein manifold with factor

p=(n-1) (ff'—f'g).
Moreover, the conformal factor is X — "—ff

Proof. Let (M,g,f, )\) be a Ricci soliton where M = I Xy M is a generalized
Robertson-Walker spacetime and ¢ = hd, + ¢ € X (M ) be a conformal vector field
on M. Then

Ric (X,Y)=(\-p)g(X,Y).
Let X =Y =0, then by using Equations (2.5), we get that

(3.10) A—p=—.
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Now, we let x = y = 0, then

RiC(X’Y> = (A-pgX)Y)
Ric (X,)Y) = [()\—p)]&—‘rfo]g(X,Y).

By using equation (3.10), we get that
Ric(X,Y) = (n—1) (/f - f*) g(x.7).
Then (M, g) is an Einstein manifold with factor u = (n — 1) (ff - f2) O

Let (M, 7,¢, /\) be a Ricci soliton where M = I X ¢ M is a generalized Robertson-
Walker spacetime and ¢ = hd,+( € X (]\7[ ) be a conformal vector field on M. Then
(M, g) is Ricci flat if f is constant. If { = hd; +( € X (M) is a Killing vector field

on M, then \ = %

Theorem 13. Let (M, 3,C, /\) be a Ricci soliton where M = I x ;M is a generalized
Robertson- Walker spacetime and ( = ho, +( € X (M) Assume that Hf = 0 and
(M, g) is Einstein with factor — (n — 1) f2. Then  is conformal with factor 2.

Proof. Let (M,g,é, )\) be a Ricci soliton where M = I Xy M is a generalized
Robertson-Walker spacetime and = hd; + ¢ € ¥ (M ) Then

(L) (X,¥) + Ric (X,¥) = Ag (X, V)

N | =

for any vector fields X,Y € X (M) Equation (2.5) implies that

Ric (X,Y) Ric(X,Y) — f°¢(X,Y)

= Ric(X,Y)+(n—1)f%g(X,Y)=0.

Thus
(Lzg) (X,Y) =2X5(X,Y)

i.e. ¢ is a conformal vector field with factor 2. O

Theorem 14. Let (]\_47 ,¢, )\) be a Ricci soliton where M = I x ; M is a generalized
Robertson-Walker spacetime and ¢ = hd; +( € X (]\7[) be a concircular vector field
on M with factor one. Then (M, g) is Ricci flat if ff— f2 is constant.
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Proof. A concircular vector field is conformal, and so the above theorem implies

that

(3.11) Ric (X,Y) = (n — 1) (ff'— f'2) g(X,Y)

for any vector fields X,Y € X (M). Since ( is concircular, Theorems (9) and (10)
yield

Ric (¢, ¢) = 0.
Therefore, for a constant factor = (n+ 1) ff — (n — 1) f? we have
Ric(X,Y) = pg(X,Y)
Ric(¢,¢) = 0
p =0
i.e. (M,g) is Ricci flat. O

Theorem 15. Let ( = h0,+( € X (M) be a vector field on a generalized Robertson-
Walker spacetime M = I x¢ M Then (M,g, ¢, /\) is a Ricci soliton if

(1) ¢ is a conformal vector field with conformal factor 2p,

(2) (M,g) is Einstein with factor u, and
(3) (h=p) f2=p+hff—(n=1)ff+@n-1) 2
Moreover, A = h + %
Proof. Let ( = hd; + ¢ € X (M), then

(£29) (X,¥) = ~hay + 5 £ (£cg) (X,Y) + hffg (X,Y)

N |

and )
Ric (X,Y) =Ric(X,Y) — xy”Tf — fP9(X,Y).

Since ( is a conformal vector field with conformal factor 2p,

S (£63) (X.7) =~y + (o + 11 F) 9(X,¥)
and )
Ric (X,Y) = *xy% + (=g (X,Y),

where ¢ = —ff — (n— 1) f2. Thus
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h+—=p+—+ =\
f f f?
Thus
1 o o o
3 (L:gg) (X,Y) + Ric (X,Y) = Ag (X,Y)
and the proof is complete. O

4. CURVATURE AND RICCI COLLINEATIONS ON GRW

A Riemannian manifold M is said to admit a curvature collineation if the Lie
derivative of the curvature tensor R vanishes in the direction of a vector field ¢ €
X (M), that is LR = 0 where R is the Riemann curvature tensor. Likewise, M is
said to admit a Ricci curvature collineation if there is a vector field ¢ € X (M) such
that £¢Ric = 0 where Ric is the Ricci curvature tensor. It is clear that every Killing
vector field is a curvature collineation and every curvature collineation is a Ricci
curvature collineation. The converse is not generally true. Finally, a spacetime M
is said to admit a matter collineation if there is a vector field { € X (M) such that
LT = 0 where T is the energy-momentum tensor. The Einstein’s field equation

(with cosmological constant) is given by
T
Ric — ig =krT — Ay,

where r is the scalar curvature and A is the cosmological constant[15]. Suppose that
¢ is a Killing vector field, then £:1 = 0 i.e. is a matter collineation field. Note
that a matter collineation need not be a Killing vector field. Now, let us turn to

curvature collineations. First, we present the following important proposition.
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Proposition 1. Let ¢ = hd;+( be a vector field on a generalized Robertson- Walker
spacetime M = I X ¢ M equipped with the metric tensor § = —dt?> ® f?g. Then

(ZhatR) (8tuat;ataat) = (EhatR) (X7 atvahat) = 0
('Ehatf{) (Xvifaataat) = (EhatR) (X7Y7 Zv 8t) =0
(Lro,R) (XY, Z,W) =

(ChoR) (Y00, 00, W) = = [nfF +hf T+ 20 F| g (v. W)

(ECR) (8taataataat) = (‘ZCR) (X7 at7at78t) =0
(LR) (X,Y,0,,0,) = (LR)(X,Y,Z,0,)=0

(LeR) (Y, 04,00, W) = —ff (Leg) (Y. W)

(‘C_CR)(X7Y527W) = f2<‘CCR)(XaKZ>W)
+2f2[(Le9) (X, 2) g (Y, W) + g (X, Z) (Leg) (Y, W)
— 22 (Leg) (Y, 2) g (X, W) + g (Y, Z) (Lcg) (X, W)],

where X, Y, Z, W € X(M).

The following theorem represents a characterization of curvature collineations on

generalized Robertson-Walker spacetimes.

Theorem 16. Let M = I Xy M be a generalized Robertson-Walker spacetime
equipped with the metric tensor § = —dt?> & f2g. Then,
(1) ¢ = hdy is a curvature collineation on M if and only if hff+hff+2hff=
0.
(2) ¢ =C is a curvature collineation on M if ¢ is a Killing vector field on M.

Theorem 17. Let ( = h0;+C be a curvature collineation on a generalized Robertson-
Walker spacetime M = I X ¢ M equipped with the metric tensor g = —dt® @ f2g.
Assume that Af #0. Then ( is a Killing vector field on M.

Now we will do the same job for Ricci collineations on generalized Robertson-

Walker spacetimes
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Proposition 2. Let ( = hd, +( € ¥ (]\7[), then
(LcRic) (X,7) = -2 (hf'f’ —hff+ 2hff') —h (f'f'+ (2n — 1)ff') g(X,Y)
+(L¢Ric) (X,Y) = 9 (Leg) (X,Y)
for any XY € X(M).
The following results are immediate consequences of the above proposition.

Theorem 18. Let ( = hd, € X (M) be a vector field on a generalized Robertson-
Walker spacetime M = I xg M. Assume that Hf = 0. Then, C is a Ricci

collineation on M.
Now, we consider the converse of the above result.

Theorem 19. Let { = hd, € %(]\_4) be a Ricci collineation on a generalized
Robertson- Walker spacetime M = I Xy M. Then one of the following conditions
holds

(1) H =0, or

(2) h=af™ for some constant a.

Proof. Suppose that ( is a Ricci collineation on M. Then

(EcRic) wdod) = ~"2 (hrF = hif+ 205 F) =0

~h (fT+@n=1) ff) g (X,7) =0.

(L¢Ric) (X,Y)

The second equation yields

ff=-@n-1)ff

and so the first equation implies

2 f [nhf - hf} —0,
which proves the result. O

Theorem 20. Let ( = ( € ¥ (]\_4) be a wvector field on a generalized Robertson-
Walker spacetime M = IxyM. Assume that f¢ = 0. Then, C is a Ricci collineation

on M if and only if ¢ is a Ricci collineation on M.
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A vector field ¢ € X (M) is called a conformal Ricci collineation if

(’CCRiC) (Xv Y) =Py (Xa Y)

for some smooth function p on M.

Theorem 21. Let { = hd; +( € X (M) be a Ricci collineation on a generalized

Robertson- Walker spacetime M = I x M. Then, ¢ is a conformal Ricci collineation

on M if and only if  is a conformal vector field on M.
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