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1. INTRODUCTION

Flows of particles is an important active research field in the differential geometry
studies and it is heavily studied for a long time and it is still under consideration.
Also, it introduces the miniature, architect, simulation of kinematic motion or design
of highways and mechanic tools. Uzunoglu et. al. have discussed a new frame called
it as a alternative moving frame, [17].

The flow of a curve is said to be inextensible if the arclength is preserved. Phys-
ically, inextensible curve flows give rise to motions in which no strain energy is
induced. The swinging motion of a cord of fixed length, for example can be de-
scribed by inextensible curve flows. Such motions arise quite naturally in a wide

range of physical applications. There are many approaches to the elastica. For
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example, Kérpinar have constructed a new method for inextensible flows of time-
like curves in a conformally flat, quasi conformally flat and conformally symmetric
4-dimensional LPSasakian manifold. With this new representation it has been de-
rived the necessary and sufficient condition for the given curve to be the inextensible
flow. By using curvature tensor field, he gave some characterizations for curvatures
of a timelike curve in a conformally flat, quasi conformally flat and conformally
symmetric 4-dimensional LP-Sasakian manifold, [8].

On the other hand, The study of flow theory has received considerable attention
in mathematical physics. For example, Korpinar et al have have been extensively
discussed time-evolution equations that the intrinsic quantities of curves to con-
struct binormal spherical curves as surfaces in terms of inextensible flows in E3.
They gave necessary and sufficient condition for a binormal spherical curves as
surfaces to be a Bonnet surface, [9].

In this paper, we investigate inextensible flows of curves according to alternative
moving frame in Euclidean space E3. Using the Frenet frame of the given curve, we
present partial differential equations. The concepts with the inextensible flows are

analyzed by using alternative moving frame.

2. PRELIMINARIES

Let « : I — E3 be an arbitrary curve in E3. Recall that the curve « is said a unit
speed curve (or parameterized by arclength functions) if (o/(s),a’(s)) = 1,where

{,) denotes the standard inner product of R? given by

(,) = da? + da3 + da?,

where (z1, T2, 23) is a rectangular coordinate system of E3. In particular, the norm
of an arbitrary vector a € R" is given by |la|® = (a,a).

In Euclidean 3-space, we know that each unit speed curve has at least four
continuous derivatives, one can associate three orthogonal unit vector fields T, N, B

are the tangent, the principal normal and the binormal vector fields, respectively.
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Firstly, assume that {T,N,B} be the Frenet frame field along a. Then, the

Frenet frame satisfies the following Frenet-Serret equations:

T'(s) = r(s)N(s),
N'(s) = —x(s)T(s)+7(s)B(s), (2.1)
B'(s) = —7(s)N(s),

where k is the curvature of o and 7 its torsion.
Secondly, denote by {N, C,N x C = W} the alternative moving frame along the

curve « in Euclidean 3-space. Putting

N’ 7T + kB
N,C = LW =
Y SV

are the unit principal normal vector, the derivative of principal normal vector and

the Darboux vector, respectively. For the derivatives of the alternative moving

frame, we have

N'(s) = f(s)C(s),
C'(s) = —f(s)N(s)+g(s)W(s), (2.1)
Wi(s) = —g(s)Cl(s),

where f = kyv/1+ H? and g = of are curvatures of the curve « in terms of alter-

native moving frame, [17].

3. INEXTENSIBLE FLOWS ACCORDING TO ALTERNATIVE MOVING FRAME

Let a (u,t) is a one parameter family of smooth curves in E3.

Any flow of o can be represented according to alternative moving frame as

0
(3.1) 5 = BN+ BC + AW,

where (31, 82, 83 € C*(E3).
Letting the arclength variation be

u

s(u,t) = /vdu.

0
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Also, inextensible flow of curve can be expressed by the condition

9 T o
as(u,t) = Edu =0.
0
. Oa 4 ‘ . o
Definition 3.1. The flow e in E° are said to be inextensible if
0 |oa| _
ot |ou|

O
Lemma 3.2. Let 5 be a smooth flow of the curve a according to the alternative

moving frame. The flow is inextensible if and only if
ov T ,003 0B

(3.2) T ;(%+529U)—g(%+51fv—ﬁ3gv)

where w = k2 + 12 and f31, B2, B3 € C(E?).

Proof. By using Definition 3.1, we obtain

0 0a  0p 0ps dBs3
Er T (% — B2fv)N + (% + Brfv — Bagv)C + (% + B2gv)W.
From the alternative moving frame, we have
B = “w+'c,
w w
T = “w-"c,
w w
where @ = /K2 —57’2.
Suppose that 8—? be a smooth flow of the curve « . Using definition of a;, we have
v T K 0B 082 0B3
5 < oW ;C, (% — B2 fv)N+ (% + B1fv—B3gv)C+ (% + B2gv)W >.
Therefore, by using (3.1), an algebraic calculus gives that
ov - T 8ﬁ3 K 862
% ;(% + Bagv) ;(% + B1fv — Bsgv)

Making necessary calculations from above equation, we have (3.2), which proves
the lemma.
0
Lemma 3.3. Let a—? be a smooth flow of the curve a according to the alternative

moving frame. The flow is inextensible if and only if

0 0
(3.3) (25 4 pag) = w22 4 ufo — Bagn),

where B, Ba, B3 € C*(E3).

Proof. Using lemma 3.2, we easily have (3.3).
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0
Theorem 3.4. Let 8—? be a smooth inextensible flow of the curve « according

to alternative moving frame. Then, the flow of N is given by

ON 1.0 ,0p 0P Ok

i ;[&(g —Baf) — (g +B1f —B39)f — E]N
1.0 ,0 0 0

+E[%(% + B1f — B39) + (% —Bof)f — (% + B29)9]C

P (T8 4 ag) + (U2 4 Buf — o)W,

0
Theorem 3.5. Let 6—? be a smooth inextensible flow of the curve « according to

alternative moving frame. Then, the flow of C is given by

oC 1.0.1.0 0p 0B Ok
i f[%[g[%(g — Baf) — (E +B1f — B39)f — a]]

0 0 0 003
Ll (2 4 1~ Bs0) + (B2~ o)~ (2 + Bag)glIN
1. 9f 0.1,.0 ,008; 001 0ps
+?[*a + %[;[%(g +B1f — Bag) + (g — Bof)f — (g + B29)9g]]

1.0 0 0 0 1.0 ,0
O )~ (2 4 5uf s — D (B o)
002 1.0 1.0 , 083 0f2

+(g + B1f — B39)9]]9]1C + }[&[ﬂ@(g + f2g) + (g + B1f — B39)9]
B3

1,0 006 B

+[E[$(E + B1f — B3g) + (a —Baf)f — (E + B29)g]lgIW.

0
Theorem 3.6. Let —? be a smooth inextensible flow of the curve « according to

alternative moving frame. Then, the flow of W is given by

o = CUC =)+ 1 E I s (ot = Baf) = (G2 4 Buf — Bao)f
SO 2O - s+ (O - maps - (OB 4 sl
2GR+ S — Bag) 4 =+ Ll (G2 4 Buf — Bag)

T B IR e R L B L R Y
TN = Lo (2 4 o) + (2 + 61 f — Bgdallel + [ l)C

$ZUGR 4 a0) + 3 S (L5524 Bag) + (52 + 6uf = Bag)a]
L 1 s - s0) + (2 a)s — (B2 4 gl - S
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Theorem3.7.

0.1.0.1,0 ,08 064 oK 1.0 ,082
[%[?[g[g[g(g = Baf) — (g +B1f — Bsg)f — EH - f[;[%(g

0 0 0 0 0,0

48f = o) + (G = Ba)f = (2 + Beall] - £l + 5[ (2
1S = Bag) + (ot~ 5ol — (52 + Bag)al] + [ (L = Baf)

0 0 0,0
(%2 45~ 5s)f ~ TN ~ Lo (P2 + frg)
(22 4 017 Bao)alloll =
=5+ UG - ma) 4 g G~ ) = (2 + Buf = Bag)]

0 0 .0 0 0
O SR 4 g~ a0y + (O~ o) s — (OE - Baghall]
[0 0B 9p2

0
[&(E —Baf) — (E +Bif — B39)f — £]]

K
Proof. Let a be a unit speed curve with the alternative moving frame. From the
definition of this frame, we know that

2 Bl -y~ (P24 61f - o)y -
LI (B2 4 515~ Bsg) + (0 = B2)f — (2 + B2l
TG+ S (G0 + B = fag) +

(0%~ 52)f ~ (22 + 29)a]]

Oy~ 22 s = 3s) — g~ (OB 4 g
G2+ 601 = Bag)alllIN + (5[5 5 + 5[l (G2 + af = Pag)
HOE = 31)f ~ (D2 + 529)all + L [- (DL = 5a) = (2 + B1f — o) f
-GS = 2 G + e + (52 + a1 = Bag)alal) + Tl g L (2
~Baf) — (G2 Buf = o) = Gl = ST (52 + Buf = Bag) + (-
511 = (52 + 5a0)gll) = ol [gr L5 (52 + Bag) + (52 + 60
o)l + (Lo (O2 4~ Bs9) + (02— 5a)f — (2 + BaghallallC
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0.1.0.1.0 ,008s 084 1.0 ,082
H%[?[%[E[%(E + Bag) + (E + B1f — Bsg)gl] + [;[%(g
0 0 0 0 g ,0
4017 = ag) + (O = ) — (B2 + Bag)glgl + 91315 + 121252
617 Bs0) + (O )~ (22 4 gyl + o (20— gy - (T2
Ok 1.0 0Bs B2

+B1f = Bsg)f — 11 = |

- —[5, (G, +820) + (5 + 81 = Bag)gllgl|W.

Then using the following equality:

0 00=- TNy Bw pIN oW
we have
550 = FR+ (R )4 LB L (G - ) - (G2
017~ Bag)f — Sl = F L (B2 4 Buf — Bsg) + (2~ faf)f (G2
1000)all]) = L ) — (02 4 g - o) s — TN (2
40T = Bag) + 3 -4 S (B2 + S~ Ba) + (G - Ba)f
25 4 ol + (P o)~ (22 g~ o)t~ 20
125 4 )
HO2 4 81f — Boodllal + gyl o)l = L2 (B2 4 o = g) + (o
~B2) = (G2 + 52g)allC + (22 + L2 (T2 + g)
el (G + )
HOZ2 45— Bs0)all + L Lo (02 4 B1F — fog) + (o — o) — (G2
+20)alle) — 12 = L1225 gy (D2 4 pur — Bag)aW.

By using above mixed differentiation and coefficient of N, we have corollary. This

completes the proof.
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Corollary 3.8.

0.1, 0f 0 .1.0 ,0p 0p1 93
[%[?[*E + %[E[%(E + Bif — Bag) + (E —Bf)f - (E + B29)9]]
0,0 0 0 0,0 0
ol (O = af) ~ (2 4 Buf = s) — Gollf = L5 (02 + ag) + (52
48] = Baglol + 1515 25 (G = 5ad) = (2 + 6uf = o] = )
Sl (2 4 i~ g+ O~ o)~ (2 1 Baghall
0 0,0 0 g ,0
0l g L g (2 + Bag) + (52 4 5uf = Baghall + (2
98, 96
+B1f — B3g) + (a —Bf)f - (g + B29)9]l91]]
7] 0 0 0,0
— (G2 4 Brf — Pag) + 3 E =G + S (B E 4 Buf — Bag)
elsit B3 1.0 0p 9p2
+(g = B2f)f — (E + B29)9]] + [;[%(g = Paf) — (g + B1f
0 0,0 9] 0.k
~659)f ~ PN ~ Lo (2 + Bag) + (2 4+ 1 — Bsg)ale] + o (]
0,0 0 0
—g[%(% + B1f — Bsg) + (% = B2f)f — (% + B29)9]].
Proof. It is obvious by using Theorem 3.7.
Corollary 3.9.
0.1.0.1.0 008 08 1.0 ,082
[&[}[&[;[&(a + B29) + (E +B1f — Bsg)gl] + [E[%(E
0 7] 0 0 0,0
4011 = ag) + (2 = Baf)f = (2 + Bag)alal] + 915 1= 5 + £ (Ll (52
us B0+ (28— g~ (22 4 g + LD gy - (02
01T = Bs0)f — T~ Lo (B2 4 g) + (2 4 6 f — Pag)ollal
0] w,, 0 0 0,0 0
— (50 R 4 ag) + 3 Sl g (B 4 Pag) + (52 + Buf — Bag)]
1,0 0 0 0 0
(2 4 = o)+ O = o))~ (2 4 Baghollg) — o)
L2 o)+ (22 4 s~ el

Proof. It is obvious by using Theorem 3.7.
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Theorem 3.10.

o ZIGR - )+ T2 (B - )
(2% 4 g~ o)t - )
Sl (2 4 i~ Bg) + (2~ )~ (2 4 Bag)all] -
HEUE 1 1~ o)
S 2 G2 1S — o)+ G~ al)S
e R e S N B e Y s
1205 4 )+ (2 4 ot Bagdallal + 212

— Ll (G - B — (G2 4 S — Bea)f - G~ fLl (2
607~ Bs9) + (8 = 52111 — (%2 4 Bag)el]).

Proof. Let o be a unit speed curve with the alternative moving frame. Differenti-

. OW |
ating —— with respect to s, we have

ot

0 OW 0w, 0B 1.0 1.0 00 dPBs
9 ot = [&[7[(@—52f)+};[£[g[$(§—52f)—(g

0 a,0 0
1S~ Bs9)f — Sl = Lo (2 4 51 f — sg) + (T
93 @, 0P 1 k. Of

—Bof)f — (E + B2g9)gll]l] — f[7[(g + B1f — B39) + ?;[*a

0 g ,0 0 0
ST (22 1 51f — Bag) + (52 = 6] — (52 + o))
1.0 ,0p6: 0B ok 1,0 ,083
+[E[%(¥ —Bof) — (g +B1f — Bsg)f — aﬂf - [E[%(g
+629) + (02 4 o — Bsgallel + o [SIIN + (22 1y

1k, Of 0 .1.0 ,08 0p1
—Bs9) + ?a[—g + g[;[@(g + B1f — Bag) + (g —Baf)f
0 1.9 ,0 0
(2 4 gl + L (P~ o) — (22
_[1 0 8,33 852 0 ﬁ w %

(552 + Bag) + (52 + uf — Bagdallal + o[+ AIZ (L

FBT — Bs9)f — el

K
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)+ T O~ af) — (G2 4 1S — o) - S
ST 4 g = g+ O o))~ (22 4 Bagholl]
g2 + Bag) + (55 (2 + Bag) + (2 + o]
o)l + [ (B2 4+ S = Bs9) + (ot~ 5o — (52 + Bag)all
— O+ [ IZ IR + o) + 7ol (G + fag) + (52
1S~ Bs0)all + [ o (B2 + Buf — Bsg)
O a)f — (D2 + Bag)gle
~ g S+ Z U2 + 51— fag) + 12 (-
B L )
HOE =52 0)1 ~ (52 + Bag)al
ol (O o)~ (P2 4 Buf — fsg)S

oK 1.0 ,008s 02 0 E]]]]W

_E]]f - [E[%(E + Bag) + (g + B1f — B39)gllg] + a[w

oW
On the other hand, differentiating D5 with respect to t, gives
s

Since
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99
Ot Os

g, 0 .10 06 02 Ok
?[a[*[*(g — Baof) — (g +B1f — B39)f — a“

K 0s
1.0 ,0B b1 0ps

—f[g[&(g + B1f — B3g) + (E — Baf)f — (E + B29)g]]IN

- 2 LR (G2 4 1S o)
HOE = 3)f (22 + 529)d)
(O gy~ 22 4 s — o)~ Sl
L (P 4 o) + (2 + 15 ~ Bao)allallC
Ll (G + 62 + (52 + 6] — o]
T (2 4 1~ o) + (B2~ 20~ (2 4 Bag)allg]W.
This completes the proof.
Corollary 3.11.
o IO + 617 o)+ 3 S-S+ S 2 4 s - g
HOE = 31)f ~ (D2 + 62903l + [ (PE — 2) ~ (B2 4 ]
s~ 27~ 2 4 gy + (22 4 g~ pagdalle) + O]
UL - B+ 3 2o o ot = Baf) = (G2 + 0] = Pag) = 57
S i o)+ 2 apyf — (OE 1 gyl - i D12
+a9) + 3 T (L (O 4 ag) + (G2 + 60 — gl + [ - (G
00~ Bs0) + (20— oy f — (28 4 ghallal ~ 21 L)
- P2 PR G s - o)
O 5117~ (%2 4 ag)al
A0y~ (22 s = a0~ g~ (OB 4 g

H2 451 f ~ Brg)alol)
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Proof. It is obvious by using Theorem 3.10.
Corollary 3.12.

0 w. 0ps 1k,0 .1 0,083 B

[83[7[( + B2g) + ?;[%[;[%( + B29) + ( 2+51f Bs9)9]]
Oy g )+ (P~ o) - %wg)m—%[;m
12122 4 s~ o) + %[—%+§3[i[§5(%+ﬁlf 539) + (G
Y G R L R N R Y Y B
25 4 g+ (2 4 ot~ Bagdallal + 212

— LR (G o+ ag) + (2 + B0 = ag)al] + [ 5 (2 + 61 = fag)
2 o)1~ (2 1 ag)allgl

Proof. It is obvious by using Theorem 3.10.
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