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ABSTRACT. In this paper we introduce the SEIR epidemic model with latent
and infectious time delays, which are denoted by w and 7 respectively. As
follows we consider two different cases, w = 0 and w # 0 #7. Stability near

disease-free and endemic equilibrium points in different cases are investigated.
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1. INTRODUCTION

The mathematical modeling for epidemic disease has been started since 1927,
when Kermak and Mckendrick constructed a system of ODE. Their model was a
”compartment model” [4, 13] (For more details see, [8, 3, 16, 7]). The most basic
and important questions to ask for epidemic disease models are global asymptotic
behaviors [21, 19].

After infectious individuals lived through an infection period, he/she recovers com-
pletely or dies because of disease and transfer to the removed class, so in the math-

ematical model the number of the removed of the infectious should be considered.
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Hence we have a "time delay ” parameter which is ”the length of infection period”.
And it is important to consider it in the mode.

Time delay is introduced into epidemic disease models, which greatly enriches bio-
logic background. The global asymptotic stability of the well-known SIR epidemic
model with a time delay was investigated in [1, 2, 18]. In [14, 9], SIR and SEIR mod-
els with discrete delays were analyzed. They proved the global stability of disease-
free equilibrium point. Mc Cluskey in [15] gave proofs for the global stability of
the endemic equilibrium for SIR and SEIR epidemic models with both finite and
infinite time delay. The authors of [20] have been considered a disease transmission
model of SEIR type with exponential demographic structure.In it the latent period
is assumed to be constant. They are considered the global attractiveness of the
disease-free equilibrium and existence of endemic equilibrium.

On the other hand, for some diseases (for example, tuberculosis, influenza, measles
and AIDS) on sufficient contact with an infective, a susceptible individual becomes
exposed, that is, infected but not yet infective. This individuals remains in the
exposed class a certain latent period before becoming infective.

For many infectious diseases, it is important to consider influences of delays that
represents, latent period. This is because not only the lengthes of delays may long.
For example, the latent period for HIV could reach 10 years, but also different dy-
namic behavior of mathematical models can be induced by time delays. Thus, it is
realistic to introduce a latent delay into the system.

Now most of the research literature on SEIR epidemic models are established by
ODE [8, 5, 6] delayed ODE [19, 10, 17].

Therefore, in present paper we consider SEIR epidemic model with two time delays,
the length of infection period and latent period. As fallow, we study their dynamic
behaviors.

The organization of this paper is as follows. In the next section, we introduce the
SEIR epidemic model with time delays. In section 3, the dynamic behavior of the
SEIR epidemic model with a time delay is investigated and the sufficient condi-
tions of asymptotically stability at equilibrium points are obtained. The stability
of disease-free equilibrium point with two time delay is investigated in section 4.

Lastly, we investigate the dynamic behavior near the endemic equilibrium point.
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2. MATHEMATICAL MODEL

Suppose the population size is the constant, K. The population is divided into
four compartments. The first is susceptible individuals, who are not infected but if
they have sufficient contact with infected people, they will be infective. The second
compartment is the exposed class, which is the class of infected individuals who are
not infective yet. The third group is the infective class and the last compartment
is the removed class which is the class of removed individuals because of disease.
This compartments show with S, E, I and R respectively [12, 11].

In this model, an individual who enters to the class I at time ¢ should have been
infected at time ¢ —w and who removes at time ¢ should have been infective at time
t —w — 7 where two constants w and 7 are time delays.

The birth rate in population is B = K and the natural death rate is p. 8 is the
transmission rate of infection and « is the recovery rate. All parameters are positive

and between zero and one. The mathematical model is [13]

a5 - K- S-S
% = BS)I(t) — BS(t — w)I(t —w)e ™™ — uB(t);
4 _ 55t — )Tt — ) — BS(t—w—7)T(—w — 7)e M= (o) (1)

)
d—lf =pS(t—w—7)I(t—w-— T)ef”(‘*””)e*‘” — pR(t);

R does not appear in the other equations and it has not an important role in
epidemic so, the fourth equation is omitted in dynamics. The phase space is
To={(S,E,I) : 0<S+E+I<K}

The model has two equilibrium points. Q¢ = (K,0,0) is disease free equilibrium
point and endemic equilibrium point is Q* = (S*, E*, I*) where

5% = BRI = B it 0) and B = (1= R O

and A = e " (1—e~7(#+)) The endemic equilibrium point exists if KA > (u+a)?
and 7 > 0.

3. DYNAMICAL BEHAVIOR OF THE MODEL WITH A TIME DELAY

In this section, dynamical behavior of the model when w = 0 is investigated.

By these assumptions, the model is reduced to the following model

48 — UK — S(t)] — BSH)I(1);
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4= BSHI(t) — BS(t—7)I(t —7)e TWH) — (u 4 a)I(t);
AR — BS(t — 1) I(t — T)e~ ") — uR(1);

The basic reproduction number is

BK(1— e—T(u+a))
1t a '
The third equation is omitted in calculations, because removed individuals does

Ry =

not have an effective relationship in epidemic and R doesn’t appear in the other
equations. The disease- free equilibrium point is Qg = (So, Ip), where Sy = K and
Iy =0.

The characteristic matrix at Qg is

3.1) w+A BK
' 0 BKCHp+a+A

where C' = e~ 7(#te+A) _ 1 The characteristic equation is

(L+NBKC+p+a+X)=0.

One of eigenvalues is —p and the others satisfy the following equation
(3.2) Aare ™ +a3=0

where

a; = ﬂKe*T(qua)

and

as = p+a—pK

Let A = A1 +iAo. Separating the real and imaginary parts of characteristic equation,
we obtain

A+ as +are" ™ coshaT =0

Ao —are” "M sinAoT =0

Without loss of generality, consider Ay > 0, so the following theorem is established.
Theorem 3.1. If u+ o > BK (1 + e 71+ then Qq is asymptotically stable.

Proof. By the above relations, since Ay > 0, then sinAy7 > 0. Therefore 2km <
AT < 2km + w for all k € Z.

If 2km < Aom < 2km + 5, cosAaT > 0 and since az > 0 then Ay < 0 for all 7 > 0.
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Hence @ is asymptotically stable.

In the other case, if 2km + § < Xo7 < (2k + 1)7 and A; > 0, then by the theorem
assumption p + a > BK (1 + e THt®)) > BK (1 + e TwtatA)),

Hence, u + o — BK > BKe "Wtatd) and ay > aje”™ > —aje” "McosaT.

Therefore, as + aje~ " cosAam > 0. ,and this is a contradiction. [l

Remark 3.2. If Qg is asymptotically stable, then Ry < 1.

The endemic equilibrium point is Q* = (S*,I*), where S* = ";—If and I* =

‘:fiﬁ — p(p 4 @) which A = 1 — e~ 7+ The equilibrium point exists if KA >
(1 + ).

The characteristic equation at the endemic equilibrium point Q* is

(3.3) N rad+ay+e Mash+ay) =0

where

ap =2u+ o+ p(I* —5%);

ag = 2SI (1 — e7 7)) 4 (u+ BI7) (p + o« — BS™);

as = BS*e Tnta).

ay = BS*e W) (4 BI7);

If the real part of an eigenvalue be zero then A\ = iy and the characteristic equation
is —y2 +ia1y + as + e Y (aziy + aq) = 0.

Separating the real and imaginary parts of the characteristic equation, we obtain
y? — ag — agcosTy + azysinty = 0

a1y + azycosty + agsinty =0

y(as(as—y*)—aia4) . Set

Hence, there is 7y such that sintyy = aZTaly?
4 3¢

y(as(az —y*) — ara4)
a3 + ay?

1
T = —(Arcsin + 7).
Y

Therefore, sinTy > 0.
Lemma 3.3. Let S(pn+ ) < 3 and p(KBA — 1 — a) > “""TO‘, then a1 > as.

Proof. By theorem assumptions, we have 2S*I*A = puB(K — S*)A = u(KBA —
p— a) > 222 On the other hand, B(p + ) < 3, then
B A+ (n+a)(§ —1) < B2S T A+ (u+ )L <2828 TF A < LKA,

ptao
Therefore, a; — ag > 2u+a+ B(I* — S*) — B2S* I*A = u(1 — B(p+ ) + pu+a+
WK A o * T
Ol e 257" A > 0. O
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Theorem 3.4. If B(u+ a) < %; WKBA—p—a) > MTQ and

y(as(az—y*)—aia4)
aZ+a2y?

characteristic, then Q* is asymptotically stable.

T = %(Arcsin + m) where y is imaginary part of eigenvalue of

Proof. Let A = x + iy be an eigenvalue of the characteristic equation 3.3. Without
loss of generality we consider y > 0. Separating real and imaginary parts of char-
acteristic equation. We obtain

22 —y? +a1x + ag + e 7% ((azw + aq)cosTy — azysinTy) = 0;

2zy — a1y + e " (agycosTy + (asz + aq)sinTy) = 0;
We have

1 (asz+a4) \2) o _ 22—y’ +aiztas  (asztas)(2zytary)
(14 ((eambon 2 gy — 't eeyen)

Since sinTy > 0, so

r2a3y — y3as + ayazry + azazy — (asw + aq)(2zy — ary) > 0.

By some calculation, we have

asx? + 2xay + y2a3 —asgaz + arjag < 0.

Clearly a4 > ag. If ag < 0, there is no nonnegative  which satisfies above equation.
Hence, the proof is complete.

If ay > 0, using lemma and the theorem assumptions we have a; > as. Therefore,

x < 0 and Q* is asymptotically stable. O

4. The stability of disease-free equilibrium point with two time delays

In this section, is investigated the stability of disease-free equilibrium point in
different conditions where 7 # 0 and w # 0. The basic reproduction number is
BE(L—e0er) | BK(1—e )

B+ I
The linearizing system at ) yields the following characteristic equation

(4.1) Ro =

—pn—A 0 —BK
det 0 —p—A BK (1 — e wO+n) =0
0 0 BKe O+ — BKC — (u+a) — A

where C = e~ (Wt +we=aT Ty of roots are —u and about the other eigen-

values the following theorems is established.

Theorem 4.1. If Ry <1 and 7 < w(eT(”Jra) — 1), the characteristic equation has

no any positive real solution.
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Proof. h(\) = BKe @AW (1 — e 7A+1ta)) — (1 4+ a) — X is the characteristic
equation.

Then h(0) = BKe “H*(1 — e 7W+®)) — (44 a) and Ry < 1, then h(0) < (u +
a)(e ™ —1) < 0 and

h(A) = —BwKe *Otm)(1 — emmOtuta)) 4 78wt g=m(Auta) _q

= fKe Ot ((1 4 w)e TArte) _ ) 1,

Since 7 < w(e™ W) —1) then w(1—e "W +)) > re=7+a) and (w7)e TAHHTA) <
(w+ 7)e ") < o Hence, h'(A) < 0 and h()\) < 0 for all A > 0. Thus, if h()\)

has a real root it is negative, so all real eigenvalues are negative. Il

Theorem 4.2. If Ry <1 and w > %, h(X) has no complex eigenvalue with zero

real part.

Proof. Tf h(\) has a complex root with zero real part, so h(A) = 0 and A = +iy where
y is a positive real number, h(iy) = fKe @) (1 -7 +rte)) (44 a)—iy = 0.

Separating the real and imaginary parts of h(iy), we obtain

Reh(iy) = BKe " (coswy — e~ )7 cos(w + 1)y) — (n+a) =0

Imh(iy) = BKe " (sinwy — e~ )7 sin(w + 7)y) —y =0

Solving the equation system, the following equation is established

B2R2e 2 (1 4 e 2te)T _ 96— ()T cosry) = 92 4 (u 4 ).

Also by the theorem assumptions, e ~2H% < i and BK < p+a. Hence, y?+(u+a)? <
432 K272 < 4(pu+a)?e 21 so y? < (u+ a)?(4e~ 2 — 1) < 0 and this is a con-
tradiction. Hence all the complex roots of the characteristic equation have nonzero

real parts. (I

Theorem 4.3. Ifw > % and K < p+ «, then the real part of complex eigen-
values of characteristic equation are negative.

Proof. Let A = x + iy be a complex eigenvalue and z > 0 . Without loss of gener-
ality, we assume that y > 0. Then the characteristic equation is

h(\) = BKe *e=w"(coswy—isinwy)(1—e~ " WHats) (cosTy—isinTy))—p—a—x—iy.
The real and imaginary parts of h(\) are

Reh()\) = BKe™*WH2) (coswy — e~ THHet2) coswycosty) — pp— a —  +

BEK e~ wnta) o=T(utata) sinwysinTy

= fKe “+2) (coswy — e THTH D) cos(w + T)y) —p—a —x =0
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Imh()\) = fKe @Wt2) (e=m(wtets) cosysinty — sinwy

+e~ Tt et D) sinwycosty) —y = BK e WD) (—sinwy4-e~THEOF) gin(w4-T)y) —y =
0.

And

Re2h(\) + Im2h(\) = B2K2e2wita) (1 4 e=27(ntata) _ ge=7(utata) cosry)

= (p+a+tz)®+y>

Using the theorem assumptions,

Y2+ (pta+r)? < 4p2K2e20Wta) < 4(pu+a)e 20 Ha) < d(pu+a+x)2e”20mtae),
Thus,

y? < (u+ o+ x)?(4e2@+) _ 1) < 0. This is a contradiction. O

Corollary 4.4. If Ry < 1, w > ng, BK < p+a and 7 < wle™ W) — 1), the

equilibrium point Qg is asymptotically stable.

5. STABILITY AT Q*

The linearization of system at the equilibrium point Q* is

G = —ua(t) = BS*(t) — BI"a(t);
W =BG 2(t) + BI*x(t) — e MBS 2 (t — w) — BI*T(t — T)e M — uy(t);

2(
92 = BS*2(t —w)e M + Ba(t — 1)[*e M — BS*z(t — w — T)e MWt emoT

— Bt —w — 1) [Fe MWt Te=aT _ (1 4 a)2(t).

where z(t — 7) = e 2(t) and z(t — w) = e 2(t).

The characteristic matrix is

= A—BI* 0 —Bs*
BI*(1 —e Me ™) —p— X BS*(1 — e~ @ tm)
BI* (e He~™ — D) 0 BS*(em“P ) — D) — (n+a) — A

where D = e~ (#tM)(@wtm)e=am  The characteristic equation is

(5.1) (=1 — AN)(A* + (a1 + b1)X + az + by) = 0.
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Where
a1 =2p+ BI* + o

az = (p+a)(p+ BI7);
bl — ﬁs*(e—wAe—T)\e—u(w—&-T)e—aT _ e—w(A+u))

and

by = (—pu — BI*)BS*e A1) 4 D + B28*I*D + B2S*I*e Hwe T

— B2§*[*e~MutT)gmp(wtT)g—aT

It is obvious that, one of the eigenvalues is —u. To find others, set H()\) = A% +
ai A+ as + b1\ + by. We have

H(O) = (5 + ) (1 + BI*) + (—pu — BI*)BS*e (1 — e~like)) 4 G28% [e b (1 —
e~ Tt = (1 + a)(pu + BI*) 4+ pfS*erve Tt > 0,

Hence, there is no zero eigenvalue. In the next theorem, we find conditions, which

real eigenvalues are negative.

Ln2 BuKA
Theorem 5.1. Ifw > 71 > e and T

> % + B(p + «), then real eigenvalues

are negative.

Proof. Let A be a positive real eigenvalue and H(A) = t(A) + f(A). Where t(\) =
(2u+ a+ BI* — BS* e~ P\ + BS*DA

and

FO) = (i + )+ BI?) — (u + BI*)BS e~ O) 4 uBS*D 4 28* [T,
By theorem assumptions,

2utat+BI* —BS e M) > 2t ot BI* = BS e = 2pta+ A — B (puta)—
% > 2u+a+%+ﬁ(ﬂ+a)(1—u)— % > 2u+a+%—2(u+a) > 0.
Thus t(A) > 0 for all A > 0.

As follow f(0) = (u+ ) (u+ BI*) — pBS*e (1 — e~ 7(#+®)), On the other hand,

by the theorem assumption, ﬂ;‘faA >0+ B(p+ «), and I* = ’;Iis — p(p+ ), we
have p+ B8I* = p(1 + ffiﬁ — B+ a)) >p+ o> p(p+ o). Hence f(0) > 0.
Since 7 > % and w > 7, then e 7+ < L and w > 2we WY > (w4

T)e THte) 5 (w4 1) THtatA),

As a result

P = (4 BI)BS we O — pfS*(w +7)D — f25°[*e e ™ =
B2S* e 1 (we™ ™ — e + uBS*we™ A (W — (w4 T)e TN > (. There-
fore H(\) > 0, for all A > 0 and the proof is complete. O



198 TAYEBEH WAEZIZADEH

Theorem 5.2. If % <T< lfﬁi and p < Be e TN then Q* is asymptoti-

cally stable.

Proof. The following map is considered

S-S —Lng +1-1I* (S,I) €Ty

LS.I) = S*—S+ILng +1-1I* (S,I) €Ty

S —S+Ing +1*—1 (S,I)€T;

S-S —Lng +1I* -1 (S,I)eTy

Where,

Oy ={(S,1) : S>8* I>1*};
Fg_{(SI) D S<SH, I>T
={(S,I) : S<S* I<I*};

F4:{(S,I) D S>S I<I
We prove that this map is a Lyapunov function when L(S*,1*) = 0 and L(S,I) >0
for all (S,1) € UL Ty — {(S*,I*)}. Also L = S(1 — )+ I onTy. Since S > S*,
then S < 0. Also by theorem assumptions
L < S+1=puK-S®t)—BSHIt)+ BS(t — w)(t —we — BS(t —
Tt —w—7)e e — (u+ ) I(t) < p(K —S(t)) — Be™"(S()I(t) — S(t —
w)I(t— )) BS(t—w—T)I(t —w—T)e HF e _ (4 a)I(t) = p(K — S(t
BeHe jt v LS (u)du — BS(t—w—7)I(t —w—T)e He=0T — (4 + a)
Using mean value theorem, there is t* € (¢t — w, t) such that
L < (K — S(t) — Bwe M SH*)I(t*) — BS(t —w — 7)(t —w — 7)e M@tT)gmaT _
(p+a)I(t) < p(K — 8*) — Ke MeTHte) _ (1 4+ a)I* < 0.
Thus, L < 0 on I'y. If (S,I) € T'y Since S < S*, clearly S > 0. By theorem
assumptions7 I < 0. Therefore, L = S(% -1+ I<0onT,.
If (S,1) € Fg, since S < S*, clearly § > puK — puS* — 8S*I* = 0. By theorem

Ln2

assumption £ 7 <7< we have

[ > BerweTlnte) d j_;_T S(u)I(u)du — (u+ )I(t).
Using mean value theorem, there is t* € (t — w — 7,t — w) which

I > Be e Tt r ST (1) — (u+ @) I(t)

> BeH (1 — e TN T ST (1) — (p + )T (1)

= BATS(E)I(t*) — (b + a)I(t) > BAT — (u+ @)I(t) > BAT — (b + ) [* > 0.
Thus, L < 0 on T's.

Clearly L is positive on I'y and L <0onTly.
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CONCLUSION

In this paper, a mathematical model with two time delays is considered. The
model is worked for infectious disease with long latent and infectious periods. As
follow, the conditions of asymptotically stability for disease- free equilibrium point

and endemic equilibrium point in two different cases are investigated.
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