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Hence we have a ”time delay ” parameter which is ”the length of infection period”.

And it is important to consider it in the mode.

Time delay is introduced into epidemic disease models, which greatly enriches bio-

logic background. The global asymptotic stability of the well-known SIR epidemic

model with a time delay was investigated in [1, 2, 18]. In [14, 9], SIR and SEIR mod-

els with discrete delays were analyzed. They proved the global stability of disease-

free equilibrium point. Mc Cluskey in [15] gave proofs for the global stability of

the endemic equilibrium for SIR and SEIR epidemic models with both finite and

infinite time delay. The authors of [20] have been considered a disease transmission

model of SEIR type with exponential demographic structure.In it the latent period

is assumed to be constant. They are considered the global attractiveness of the

disease-free equilibrium and existence of endemic equilibrium.

On the other hand, for some diseases (for example, tuberculosis, influenza, measles

and AIDS) on sufficient contact with an infective, a susceptible individual becomes

exposed, that is, infected but not yet infective. This individuals remains in the

exposed class a certain latent period before becoming infective.

For many infectious diseases, it is important to consider influences of delays that

represents, latent period. This is because not only the lengthes of delays may long.

For example, the latent period for HIV could reach 10 years, but also different dy-

namic behavior of mathematical models can be induced by time delays. Thus, it is

realistic to introduce a latent delay into the system.

Now most of the research literature on SEIR epidemic models are established by

ODE [8, 5, 6] delayed ODE [19, 10, 17].

Therefore, in present paper we consider SEIR epidemic model with two time delays,

the length of infection period and latent period. As fallow, we study their dynamic

behaviors.

The organization of this paper is as follows. In the next section, we introduce the

SEIR epidemic model with time delays. In section 3, the dynamic behavior of the

SEIR epidemic model with a time delay is investigated and the sufficient condi-

tions of asymptotically stability at equilibrium points are obtained. The stability

of disease-free equilibrium point with two time delay is investigated in section 4.

Lastly, we investigate the dynamic behavior near the endemic equilibrium point.



SEIR EPIDEMIC MODEL ... — JDSGT VOL. 14, NUMBER 2 (2016) 191

2. Mathematical Model

Suppose the population size is the constant, K. The population is divided into

four compartments. The first is susceptible individuals, who are not infected but if

they have sufficient contact with infected people, they will be infective. The second

compartment is the exposed class, which is the class of infected individuals who are

not infective yet. The third group is the infective class and the last compartment

is the removed class which is the class of removed individuals because of disease.

This compartments show with S, E, I and R respectively [12, 11].

In this model, an individual who enters to the class I at time t should have been

infected at time t−ω and who removes at time t should have been infective at time

t− ω − τ where two constants ω and τ are time delays.

The birth rate in population is B = µK and the natural death rate is µ. β is the

transmission rate of infection and α is the recovery rate. All parameters are positive

and between zero and one. The mathematical model is [13]

dS
dt = µ[K − S(t)]− βS(t)I(t);
dE
dt = βS(t)I(t)− βS(t− ω)I(t− ω)e−µω − µE(t);
dI
dt = βS(t−ω)I(t−ω)e−µω−βS(t−ω− τ)I(t−ω− τ)e−µ(ω+τ)e−ατ − (µ+α)I(t);
dR
dt = βS(t− ω − τ)I(t− ω − τ)e−µ(ω+τ)e−ατ − µR(t);

R does not appear in the other equations and it has not an important role in

epidemic so, the fourth equation is omitted in dynamics. The phase space is

T0 = {(S,E, I) : 0 ≤ S + E + I ≤ K}.
The model has two equilibrium points. Q0 = (K, 0, 0) is disease free equilibrium

point and endemic equilibrium point is Q∗ = (S∗, E∗, I∗) where

S∗ = µ+α
βA , I∗ = µKA

µ+α − µ(µ+ α) and E∗ = 1
µ (1− e−µω)βI∗ K(µ+α)

µ+α−β(µ+α)2+βKA

and A = e−µω(1−e−τ(µ+α)). The endemic equilibrium point exists if KA ≥ (µ+α)2

and τ > 0.

3. Dynamical behavior of the model with a time delay

In this section, dynamical behavior of the model when ω = 0 is investigated.

By these assumptions, the model is reduced to the following model
dS
dt = µ[K − S(t)]− βS(t)I(t);
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dI
dt = βS(t)I(t)− βS(t− τ)I(t− τ)e−τ(µ+α) − (µ+ α)I(t);
dR
dt = βS(t− τ)I(t− τ)e−τ(µ+α) − µR(t);

The basic reproduction number is

R0 =
βK(1− e−τ(µ+α))

µ+ α
.

The third equation is omitted in calculations, because removed individuals does

not have an effective relationship in epidemic and R doesn’t appear in the other

equations. The disease- free equilibrium point is Q0 = (S0, I0), where S0 = K and

I0 = 0.

The characteristic matrix at Q0 is

(3.1)

(
µ+ λ βK

0 βKC + µ+ α+ λ

)

where C = e−τ(µ+α+λ) − 1. The characteristic equation is

(µ+ λ)(βKC + µ+ α+ λ) = 0.

One of eigenvalues is −µ and the others satisfy the following equation

(3.2) λ+ a1e
−τλ + a2 = 0

where

a1 = βKe−τ(µ+α)

and

a2 = µ+ α− βK
Let λ = λ1+iλ2. Separating the real and imaginary parts of characteristic equation,

we obtain

λ1 + a2 + a1e
−τλ1cosλ2τ = 0

λ2 − a1e−τλ1sinλ2τ = 0

Without loss of generality, consider λ2 > 0, so the following theorem is established.

Theorem 3.1. If µ+ α > βK(1 + e−τ(µ+α)), then Q0 is asymptotically stable.

Proof. By the above relations, since λ2 > 0, then sinλ2τ > 0. Therefore 2kπ ≤
λ2τ ≤ 2kπ + π for all k ∈ Z.

If 2kπ ≤ λ2τ ≤ 2kπ + π
2 , cosλ2τ > 0 and since a2 > 0 then λ1 < 0 for all τ > 0.
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Hence Q0 is asymptotically stable.

In the other case, if 2kπ + π
2 ≤ λ2τ ≤ (2k + 1)π and λ1 > 0, then by the theorem

assumption µ+ α > βK(1 + e−τ(µ+α)) > βK(1 + e−τ(µ+α+λ1)).

Hence, µ + α − βK > βKe−τ(µ+α+λ1) and a2 > a1e
−τλ1 > −a1e−τλ1cosλ2τ .

Therefore, a2 + a1e
−τλ1cosλ2τ > 0. ,and this is a contradiction. �

Remark 3.2. If Q0 is asymptotically stable, then R0 < 1.

The endemic equilibrium point is Q∗ = (S∗, I∗), where S∗ = µ+α
βA and I∗ =

µKA
µ+α − µ(µ + α) which A = 1 − e−τ(µ+α). The equilibrium point exists if KA >

(µ+ α).

The characteristic equation at the endemic equilibrium point Q∗ is

(3.3) λ2 + a1λ+ a2 + e−τλ(a3λ+ a4) = 0

where

a1 = 2µ+ α+ β(I∗ − S∗);

a2 = β2S∗I∗(1− e−τ(µ+α)) + (µ+ βI∗)(µ+ α− βS∗);

a3 = βS∗e−τ(µ+α);

a4 = βS∗e−τ(µ+α)(µ+ βI∗);

If the real part of an eigenvalue be zero then λ = iy and the characteristic equation

is −y2 + ia1y + a2 + e−iτy(a3iy + a4) = 0.

Separating the real and imaginary parts of the characteristic equation, we obtain

y2 − a2 − a4cosτy + a3ysinτy = 0

a1y + a3ycosτy + a4sinτy = 0

Hence, there is τ0 such that sinτ0y = y(a3(a2−y2)−a1a4)
a24+a

2
3y

2 . Set

τ =
1

y
(Arcsin

y(a3(a2 − y2)− a1a4)

a24 + a23y
2

+ π).

Therefore, sinτy > 0.

Lemma 3.3. Let β(µ+ α) < 1
2 and µ(KβA− µ− α) > µ+α

A , then a1 > a2.

Proof. By theorem assumptions, we have β2S∗I∗A = µβ(K − S∗)A = µ(KβA −
µ− α) > µ+α

A . On the other hand, β(µ+ α) < 1
2 , then

β2S∗I∗A+ (µ+ α)( 1
A − 1) < β2S∗I∗A+ (µ+ α) 1

A < 2β2S∗I∗A < βµKA
µ+α .

Therefore, a1 − a2 > 2µ+ α+ β(I∗ − S∗)− β2S∗I∗A = µ(1− β(µ+ α)) + µ+ α+
βµKA
µ+α −

µ+α
A − β2S∗I∗A > 0. �
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Theorem 3.4. If β(µ+ α) < 1
2 , µ(KβA− µ− α) > µ+α

A and

τ = 1
y (Arcsiny(a3(a2−y

2)−a1a4)
a24+a

2
3y

2 + π) where y is imaginary part of eigenvalue of

characteristic, then Q∗ is asymptotically stable.

Proof. Let λ = x+ iy be an eigenvalue of the characteristic equation 3.3. Without

loss of generality we consider y > 0. Separating real and imaginary parts of char-

acteristic equation. We obtain

x2 − y2 + a1x+ a2 + e−τx((a3x+ a4)cosτy − a3ysinτy) = 0;

2xy − a1y + e−τx(a3ycosτy + (a3x+ a4)sinτy) = 0;

We have

(1 + ( (a3x+a4)
a3y

)2)sinτy = x2−y2+a1x+a2
a3ye−τx

− (a3x+a4)(2xy+a1y)
a23y

2e−τx
.

Since sinτy > 0, so

x2a3y − y3a3 + a1a3xy + a2a3y − (a3x+ a4)(2xy − a1y) > 0.

By some calculation, we have

a3x
2 + 2xa4 + y2a3 − a2a3 + a1a4 < 0.

Clearly a4 > a3. If a2 < 0, there is no nonnegative x which satisfies above equation.

Hence, the proof is complete.

If a2 > 0, using lemma and the theorem assumptions we have a1 > a2. Therefore,

x < 0 and Q∗ is asymptotically stable. �

4. The stability of disease-free equilibrium point with two time delays

In this section, is investigated the stability of disease-free equilibrium point in

different conditions where τ 6= 0 and ω 6= 0. The basic reproduction number is

R0 =
βK(1− e−(µ+α)τ )

µ+ α
+
βK(1− e−µω)

µ
(4.1)

The linearizing system at Q0 yields the following characteristic equation

det


−µ− λ 0 −βK

0 −µ− λ βK(1− e−ω(λ+µ))
0 0 βKe−ω(λ+µ) − βKC − (µ+ α)− λ

 = 0

where C = e−(ω+τ)(λ+µ)e−ατ . Two of roots are −µ and about the other eigen-

values the following theorems is established.

Theorem 4.1. If R0 < 1 and τ < ω(eτ(µ+α) − 1), the characteristic equation has

no any positive real solution.



SEIR EPIDEMIC MODEL ... — JDSGT VOL. 14, NUMBER 2 (2016) 195

Proof. h(λ) = βKe−ω(λ+µ)(1 − e−τ(λ+µ+α)) − (µ + α) − λ is the characteristic

equation.

Then h(0) = βKe−ωµ(1 − e−τ(µ+α)) − (µ + α) and R0 < 1, then h(0) < (µ +

α)(e−µω − 1) < 0 and

h
′
(λ) = −βωKe−ω(λ+µ)(1− e−τ(λ+µ+α)) + τβKe−ω(µ+λ)e−τ(λ+µ+α) − 1

= βKe−ω(λ+µ)((τ + ω)e−τ(λ+µ+α) − ω)− 1.

Since τ < ω(eτ(µ+α)−1) then ω(1−e−τ(µ+α)) > τe−τ(µ+α) and (ω+τ)e−τ(λ+µ+α) <

(ω + τ)e−τ(µ+α) < ω. Hence, h
′
(λ) < 0 and h(λ) < 0 for all λ > 0. Thus, if h(λ)

has a real root it is negative, so all real eigenvalues are negative. �

Theorem 4.2. If R0 < 1 and ω > Ln2
µ , h(λ) has no complex eigenvalue with zero

real part.

Proof. If h(λ) has a complex root with zero real part, so h(λ) = 0 and λ = ±iy where

y is a positive real number, h(iy) = βKe−ω(iy+µ)(1−e−τ(iy+µ+α))−(µ+α)−iy = 0.

Separating the real and imaginary parts of h(iy), we obtain

Reh(iy) = βKe−µω(cosωy − e−(µ+α)τ cos(ω + τ)y)− (µ+ α) = 0

Imh(iy) = βKe−µω(sinωy − e−(µ+α)τsin(ω + τ)y)− y = 0

Solving the equation system, the following equation is established

β2K2e−2µω(1 + e−2(µ+α)τ − 2e−(µ+α)τ cosτy) = y2 + (µ+ α)2.

Also by the theorem assumptions, e−2µω < 1
4 and βK < µ+α. Hence, y2+(µ+α)2 <

4β2K2e−2µω < 4(µ+α)2e−2µω, so y2 < (µ+α)2(4e−2µω − 1) < 0 and this is a con-

tradiction. Hence all the complex roots of the characteristic equation have nonzero

real parts. �

Theorem 4.3. If ω > Ln2
µ and βK < µ + α, then the real part of complex eigen-

values of characteristic equation are negative.

Proof. Let λ = x+ iy be a complex eigenvalue and x > 0 . Without loss of gener-

ality, we assume that y > 0. Then the characteristic equation is

h(λ) = βKe−µωe−ωx(cosωy−isinωy)(1−e−τ(µ+α+x)(cosτy−isinτy))−µ−α−x−iy.
The real and imaginary parts of h(λ) are

Reh(λ) = βKe−ω(µ+x)(cosωy − e−τ(µ+α+x)cosωycosτy)− µ− α− x+

βKe−ω(µ+x)e−τ(µ+α+x)sinωysinτy

= βKe−ω(µ+x)(cosωy − e−τ(µ+α+x)cos(ω + τ)y)− µ− α− x = 0
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Imh(λ) = βKe−ω(µ+x)(e−τ(µ+α+x)cosωysinτy − sinωy
+e−τ(µ+α+x)sinωycosτy)−y = βKe−ω(µ+x)(−sinωy+e−τ(µ+α+x)sin(ω+τ)y)−y =

0.

And

Re2h(λ) + Im2h(λ) = β2K2e−2ω(µ+x)(1 + e−2τ(µ+α+x) − 2e−τ(µ+α+x)cosτy)

= (µ+ α+ x)2 + y2.

Using the theorem assumptions,

y2+(µ+α+x)2 < 4β2K2e−2ω(µ+α) < 4(µ+α)e−2ω(µ+α) < 4(µ+α+x)2e−2ω(µ+α).

Thus,

y2 < (µ+ α+ x)2(4e−2ω(µ+α) − 1) < 0. This is a contradiction. �

Corollary 4.4. If R0 < 1, ω > Ln2
µ , βK < µ + α and τ < ω(eτ(µ+α) − 1), the

equilibrium point Q0 is asymptotically stable.

5. stability at Q∗

The linearization of system at the equilibrium point Q∗ is

dx
dt = −µx(t)− βS∗z(t)− βI∗x(t);
dy
dt = βS∗z(t) + βI∗x(t)− e−µωβS∗z(t− ω)− βI∗x(t− τ)e−µω − µy(t);
dz
dt = βS∗z(t− ω)e−µω + βx(t− τ)I∗e−µω − βS∗z(t− ω − τ)e−µ(ω+τ)e−ατ

− βx(t− ω − τ)I∗e−µ(ω+τ)e−ατ − (µ+ α)z(t).

where x(t− τ) = e−λτx(t) and z(t− ω) = e−λωz(t).

The characteristic matrix is
−µ− λ− βI∗ 0 −βS∗

βI∗(1− e−µωe−τλ) −µ− λ βS∗(1− e−ω(λ+µ))
βI∗(e−µωe−τλ −D) 0 βS∗(e−ω(λ+µ) −D)− (µ+ α)− λ


where D = e−(µ+λ)(ω+τ)e−ατ . The characteristic equation is

(5.1) (−µ− λ)(λ2 + (a1 + b1)λ+ a2 + b2) = 0.
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Where

a1 = 2µ+ βI∗ + α;

a2 = (µ+ α)(µ+ βI∗);

b1 = βS∗(e−ωλe−τλe−µ(ω+τ)e−ατ − e−ω(λ+µ));
and

b2 = (−µ− βI∗)βS∗e−ω(λ+µ) + µD + β2S∗I∗D + β2S∗I∗e−µωe−τλ

− β2S∗I∗e−λ(µ+τ)e−µ(ω+τ)e−ατ .

It is obvious that, one of the eigenvalues is −µ. To find others, set H(λ) = λ2 +

a1λ+ a2 + b1λ+ b2. We have

H(0) = (µ + α)(µ + βI∗) + (−µ − βI∗)βS∗e−µω(1 − e−τ(µ+α)) + β2S∗I∗e−µω(1 −
e−τ(µ+α)) = (µ+ α)(µ+ βI∗) + µβS∗eµωe−τ(µ+α) > 0.

Hence, there is no zero eigenvalue. In the next theorem, we find conditions, which

real eigenvalues are negative.

Theorem 5.1. If ω > τ > Ln2
µ+α and βµKA

µ+α > α
µ + β(µ + α), then real eigenvalues

are negative.

Proof. Let λ be a positive real eigenvalue and H(λ) = t(λ) + f(λ). Where t(λ) =

(2µ+ α+ βI∗ − βS∗e−ω(λ+µ))λ+ βS∗Dλ

and

f(λ) = (µ+ α)(µ+ βI∗)− (µ+ βI∗)βS∗e−ω(λ+µ) + µβS∗D + β2S∗I∗e−µωe−τλ.

By theorem assumptions,

2µ+α+βI∗−βS∗e−ω(λ+µ) ≥ 2µ+α+βI∗−βS∗e−ωµ = 2µ+α+ βµKA
µ+α −βµ(µ+α)−

µ+α
1−e−τ(µ+α) > 2µ+α+ α

µ +β(µ+α)(1−µ)− µ+α
1−e−τ(µ+α) > 2µ+α+ α

µ −2(µ+α) > 0.

Thus t(λ) > 0 for all λ > 0.

As follow f(0) = (µ+ α)(µ+ βI∗)− µβS∗e−µω(1− e−τ(µ+α)). On the other hand,

by the theorem assumption, βµKA
µ+α > α

µ + β(µ+ α), and I∗ = µKA
µ+α − µ(µ+ α), we

have µ+ βI∗ = µ(1 + βKA
µ+α − β(µ+ α)) > µ+ α > µ(µ+ α). Hence f(0) > 0.

Since τ > Ln2
µ+α and ω > τ , then e−τ(µ+α) < 1

2 and ω > 2ωe−τ(µ+α) > (ω +

τ)e−τ(µ+α) > (ω + τ)e−τ(µ+α+λ).

As a result

f
′
(λ) = (µ+ βI∗)βS∗ωe−ω(λ+µ) − µβS∗(ω + τ)D − β2S∗I∗e−µωe−τλ =

β2S∗I∗e−µω(ωe−τλ−τe−ωλ)+µβS∗ωe−ω(λ+µ)(ω− (ω+τ)e−τ(µ+α+λ)) > 0. There-

fore H(λ) > 0, for all λ > 0 and the proof is complete. �
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Theorem 5.2. If µK
β < τ < Ln2

µ+α and µ < βe−µωe−τ(µ+α), then Q∗ is asymptoti-

cally stable.

Proof. The following map is considered

L(S, I) =


S − S∗ − Ln S

S∗ + I − I∗ (S, I) ∈ Γ1

S∗ − S + Ln S
S∗ + I − I∗ (S, I) ∈ Γ2

S∗ − S + Ln S
S∗ + I∗ − I (S, I) ∈ Γ3

S − S∗ − Ln S
S∗ + I∗ − I (S, I) ∈ Γ4

Where,

Γ1 = {(S, I) : S ≥ S∗, I ≥ I∗ };
Γ2 = {(S, I) : S ≤ S∗, I ≥ I∗ };
Γ3 = {(S, I) : S ≤ S∗, I < I∗ };
Γ4 = {(S, I) : S ≥ S∗, I < I∗ };
We prove that this map is a Lyapunov function when L(S∗, I∗) = 0 and L(S, I) > 0

for all (S, I) ∈ ∪4i=1Γi − {(S∗, I∗)}. Also L̇ = Ṡ(1 − 1
S ) + İ on Γ1. Since S > S∗,

then Ṡ < 0. Also by theorem assumptions

L̇ < Ṡ + İ = µ(K − S(t)) − βS(t)I(t) + βS(t − ω)I(t − ω)e−µω − βS(t − ω −
τ)I(t− ω − τ)e−µ(ω+τ)e−ατ − (µ+ α)I(t) < µ(K − S(t))− βe−µω(S(t)I(t)− S(t−
ω)I(t−ω))−βS(t−ω− τ)I(t−ω− τ)e−µ(ω+τ)e−ατ − (µ+α)I(t) = µ(K−S(t))−
βe−µω d

dt

∫ t
t−ω S(u)I(u)du− βS(t− ω − τ)I(t− ω − τ)e−µ(ω+τ)e−ατ − (µ+ α)I(t).

Using mean value theorem, there is t∗ ∈ (t− ω, t) such that

L̇ < µ(K − S(t))− βωe−µωS(t∗)I(t∗)− βS(t− ω − τ)I(t− ω − τ)e−µ(ω+τ)e−ατ −
(µ+ α)I(t) < µ(K − S∗)− βKe−µωe−τ(µ+α) − (µ+ α)I∗ < 0.

Thus, L̇ < 0 on Γ1. If (S, I) ∈ Γ2 Since S < S∗, clearly Ṡ > 0. By theorem

assumptions, İ < 0. Therefore, L̇ = Ṡ( 1
S − 1) + İ < 0 on Γ2.

If (S, I) ∈ Γ3, since S < S∗, clearly Ṡ > µK − µS∗ − βS∗I∗ = 0. By theorem

assumption µK
β < τ < Ln2

µ+α we have

İ > βeµωe−τ(µ+α) ddt
∫ t−ω
t−ω−τ S(u)I(u)du− (µ+ α)I(t).

Using mean value theorem, there is t∗ ∈ (t− ω − τ, t− ω) which

İ > βe−µωe−τ(µ+α)τS(t∗)I(t∗)− (µ+ α)I(t)

> βe−µω(1− e−τ(µ+α))τS(t∗)I(t∗)− (µ+ α)I(t)

= βAτS(t∗)I(t∗)− (µ+ α)I(t) > βAτ − (µ+ α)I(t) > βAτ − (µ+ α)I∗ > 0.

Thus, L̇ < 0 on Γ3.

Clearly L is positive on Γ4 and L̇ < 0 on Γ4.
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�

conclusion

In this paper, a mathematical model with two time delays is considered. The

model is worked for infectious disease with long latent and infectious periods. As

follow, the conditions of asymptotically stability for disease- free equilibrium point

and endemic equilibrium point in two different cases are investigated.
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