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ABSTRACT. We considered the differential geometric structure of non-equilibrium
dynamics in non-linear interactions, such as competition and predation, based
on Kosambi-Cartan-Chern (KCC) theory. The stability of a geodesic flow on
a Finslerian manifold is characterized by the deviation curvature (the second
invariant in the dynamical system). According to KCC theory, the value of
the deviation curvature is constant around the equilibrium point. However,
in the non-equilibrium region, not only the value but also the sign of the de-
viation curvature depend on time. Next, we reapplied KCC theory to the
dynamics of the deviation curvature and determined the hierarchical structure
of the geometric stability. The dynamics of the deviation curvature in the non-
equilibrium region is accompanied by a complex periodic (node) pattern in the

predation (competition) system.
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1. INTRODUCTION

In biological dynamics, competition and predation are typical interactions be-
tween species (e.g., [14, 13, 21]). These interactions can be considered non-linear
processes, so there has been some interest in ecological stability against several per-
turbations, such as environmental change and evolution (e.g., [18, 19, 17]). The
Lotka-Volterra equation is one well-known equation that describes non-linear in-
teractions such as intraspecific or interspecific competition, and predation between
prey and predators (e.g., [13, 4]). From the Lotka-Volterra equation, we can de-
rive a second-order differential equation that describes ecological interactions (e.g.,
[5, 8, 30]).

The Lotka-Volterra form, including the second-order differential equation type,
enables us to consider the stability of the ecological system from the viewpoint of
the Kosambi-Cartan-Chern (KCC) theory (e.g., [6, 9, 10]). This approach allows the
evolution of a dynamic system to be described in geometric terms, by considering it
as a geodesic in a Finsler space (e.g., [23, 12, 7]). From the geodesic equation, we can
obtain the covariant form of the variational equations for the deviation of the whole
trajectory to nearby ones, so the KCC theory represents a powerful mathematical
method for the analysis of dynamic systems (e.g., [1, 3, 8, 12, 15]).

Generally, the stability of the geodesic flow on a Finslerian manifold is called
7 Jacobi stability” and is characterized by the deviation curvature (the second in-
variant in the dynamical system) (e.g., [12, 16, 27]). It has been applied to various
non-linear dynamic systems (e.g., [2, 15, 11, 24, 26, 25]) because it clarifies their
intrinsic properties using differential geometric concepts such as ”connection” and
”curvatures.” In our previous paper [30], we showed that the stability of competition
and predation can be described by geometric objects, such as non-linear connec-
tions and deviation curvature. As we will see in this paper, around the equilibrium
point, these geometric objects of the ecological system are constant, so the stabil-
ity of the dynamic system is relatively simple. However, in areas away from an
equilibrium point, the geometric objects of the ecological system depend on time,
so it is expected that the geometric objects themselves represent another dynamic
system. This indicates that applying the KCC theory to the dynamic system of
the geometric objects leads us to derive other geometric objects. However, few

papers have considered how the dynamic change of geometric objects affects the
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non-equilibrium region of biological dynamical systems. Thus, the purpose of this
study was to consider the dynamics of geometric objects related to the ecological
system, based on KCC theory.

The structure of this paper is as follows. In section 2, we review KCC theory from
the viewpoint of Jacobi stability and linear stability. In sections 3 and 4, we consider
the non-equilibrium properties of ecological interactions, such as competition and
predation. In section 5, we consider the dynamics of geometric objects in a simple

example.

2. STABILITY ANALYSIS IN KCC THEORY

2.1. Deviation curvature and stability. Einstein’s summation convention is
used throughout this paper. Let M be a real smooth n-dimensional manifold,
and (T'M, 7, M) be its tangent bundle, where 7 : TM — M is a projection from
the total space TM to the base manifold M. A point x € M has local coordinates
(2%), where i = 1,...,n. The local chart of a point in TM is denoted by (z¢,i?),
where ¢ is time (regarded as an absolute invariant) and @ = dx/dt. Let us consider

the path equation:

(1) ji+gi(x,$):07

where ¢*(z, ) is a smooth function. The trajectory z(t) of the system (1) is changed
to nearby trajectories according to Z* = z* + u’d7, where u’ is a vector field and d7
is a small parameter. In this case, Eq. (1) becomes a variational equation for the

limit §7 — 0. The covariant form of this variational equation is given by:

D%yt i
(2) D = Pju’,

where D(---)/Dt is a covariant differential defined by:

3) Dy’ B du? lagi
Dt  dt  20iI

J

P]?' is the deviation curvature tensor given by:
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where N} = (1/2)0g’/0i7 is a coefficient of the non-linear connection and G%, =
ON!/di* is a Finsler (Berwald) connection.

The deviation curvature tensor Pj gives the stability of whole trajectories via
the following theorem [5]: The trajectories of the system (1) are Jacobi-stable if
and only if the real parts of the eigenvalues of P; are strictly negative everywhere,
and Jacobi-unstable otherwise. In particular, the trajectories of the one-dimensional
system are Jacobi-stable when P < 0, and Jacobi-unstable when P! > 0.

Jacobi stability is a natural generalization of the stability of the geodesic flow
on a differentiable manifold endowed with a metric (Riemannian or Finslerian)
to the non-metric setting [12]. The Jacobi stability conditions of non-degenerate
equilibrium points are the same as the known conditions for Lyapunov stability
[1, 2, 3]. When the potential surface of Lyapunov stability can be defined, the
deviation curvature related to Jacobi stability corresponds to the Willmore energy

density of the potential surface [30, 28, 29].

2.2. Jacobi stability and linear stability. Jacobi stability gives a more global
stability than linear stability (e.g., [15, 11, 23, 22]). To clarify the relationship
between Jacobi stability and linear stability (see also [23, 22]), we can consider a
vector field described by @' = fi(x), where i = 1,2,...,n and f* denote a given
function. This can be approximated by a linear system around an equilibrium point
xl) using the relation ¢ = zf +&%, where &' is a small quantity: £ = J(x0)€?, where
J4 (o) is the Jacobian matrix of f*. When we consider the coordinate system (£*, £

in the two-dimensional case (i = 1,2), we have the following equation for i = 1:

(5) gL —tr[ )€Y + det[J)et = 0.

This is a particular case of (1) for g' = —tr[J]E' + det[J)¢'. Thus, (4) give the

deviation curvature of the linearized system:
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(6) Pl = L[] ~ ddet (]},

Eq. (6) shows that the deviation curvature corresponds to the discriminant, so
the sign of the deviation curvature (i.e., Jacobi stability in the one-dimensional
system) distinguishes the node (or saddle) system and the center (or spiral) system,
as pointed out by Sabau [23, 22].

For example, we can consider the case of the two species coexisting in the Lotka-
Volterra system. In this case, the deviation curvature of competition is positive,
and that of the predation is negative[30]. However, this is the result around the
equilibrium point, so we consider the non-equilibrium region of the Lotka-Volterra

system in the following sections.

3. NON-EQUILIBRIUM ANALYSIS IN A PREDATION SYSTEM

3.1. Geometric structure. We consider the Lotka-Volterra predation system for
the prey 2! = x and the predator 2 = y. The standard form of the system is given
by (e.g., [13, 20]):

(7) T =rz— axy,

(8) y = bxy — cy,

where r is the natural growth rate of the prey, a and b are coefficients of predation,
and c is the natural death rate of the predator. These parameters are all positive.
This system can be approximated by a linear system around an equilibrium point
(x0,y0) = (¢/b,r/a). In the case when the two species coexist, i.e., zo # 0 and

yo # 0, the Jacobian matrix of the system is:

_ 0 —ac/b
®) = ( br/a 0 > -

Then, from (6), the deviation curvature of the prey: P and that of the predator:

P3 around the equilibrium point (zg,y0) = (¢/b,r/a) is:
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(10) Pl =P} = —cr.

Eq. (10) shows that the prey and the predator have the same geometric structure
around the equilibrium point.

Because KCC theory can treat small perturbations at any point, we can derive
the deviation curvature in the non-equilibrium case. To use Eq. (4) based on Eq.
(1), we can rewrite Eqs. (7) and (8) as the equation for the predator y = x? by
removing x = ! as follows: jj + ¢> = 0 with ¢?> = —9%/y + (ay — 7)y + acy® — cr.
Thus, from (4), the deviation curvature of the predator in the non-equilibrium case

can be obtained:

2

a a 7\ 2
11 P2=_—y— +—(—f).
( ) 2 29 acy 1 Yy .

In a similar fashion, we can derive the deviation curvature of the prey in the non-

equilibrium case:

b b? c\2
1_ Y. _ <
(12) Pl—Qx bro + 1 (1: b) .

Comparison of Eq. (11) and Eq. (12) reveals that the predator and prey have
distinct geometric structures in the non-equilibrium case. However, the predator
and prey in the equilibrium case (y = yo = r/a and x = zy = ¢/b) have the
same geometric structure, P} = P = —cr, in agreement with Eq. (10). This
finding suggests that the equilibrium point can be interpreted as the point in which
the two deviation curvatures become equal, although the original equations have a

non-symmetric variable structure.

3.2. Numerical simulation. Because the geometric structure of the dynamic sys-
tem is related to the stability of the system, Eqs. (11) and (12) mean that the
system has a different and time-dependent stability structure for each species in the

non-equilibrium region. Let us rewrite Eq. (12) using (7):

(13) Pl = <2)2x2—2(ay+c+r)x+<;>2.
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FIGURE 1. A contour plot of the deviation curvature of the preda-

tion system as a function of the number of population of the prey

and that of the predator. The filled circle is the equilibrium point.

When P! = —cr, Eq. (13) gives us the equilibrium point (zo,y0) = (c/b,7/a) as
described above. Moreover, Eq. (13) also gives us the analytical solution of the

"neutral case:” Pf = 0, as follows:

(14) b(—bz + ay + c+7) £ /b2(r + ay)(2c +r + ay) = 0.

By crossing this boundary line, the sign of the deviation curvature of the prey sys-
tem changes. In a case where two species coexist, the negative deviation curvature
corresponds to the case where the equilibrium point is a center, and positive devi-
ation curvature corresponds to the case where the equilibrium point is a node[30],
so the trajectory of the number of individual changes by crossing the line (14).

To visualize this, we can counter plot P! of Eq. (13) (Fig. 1). The parameters
are as follows: r =1, a = 0.03, b = 0.025, ¢ = 1. The filled circle is the equilibrium
point. In most regions, including the equilibrium point, the deviation curvature is
negative (i.e., center). In a small region, however, positive deviation curvature exists
(i.e., node). Because the number of individuals depends on time, it is expected from
(13) that the sign of the deviation curvature will also change with time. Thus, we

should analyze the non-equilibrium dynamics of not only the population but also
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the deviation curvatures. For this, we will consider the numerical simulation based
on three initial population cases: (i) equilibrium, (ii) nearly equilibrium, (iii) far
equilibrium as follows.

First, we can consider the equilibrium population z(0) = ¢/b = 40, and y(0) =
r/a = 33.3 as the initial population. Figures 2(a) and 2(b) show the dynamics of
the population and that of the deviation curvatures, respectively. As indicated by
Eq. (10), both the prey (solid line) and the predator (dashed line) exhibit the same
deviation curvature (Fig. 2(b)) despite the population being different (Fig. 2(a)).

Second, we can consider the nearly equilibrium initial population z(0) = 40
and y(0) = 40. In this case, the value of the deviation curvatures are no longer
constant, i.e., dependent on time, but the sign is always negative (Fig. 3(b)). Thus,
the dynamics of the population exhibit typical periodic variation (Fig. 3(a)).

Finally, we can consider the far equilibrium initial population z(0) = 3 and
y(0) = 3. In this case, it is expected from Figure 1 that the sign of the deviation
curvature is not always negative. In fact, Figure 4(b) shows that the signs of the
deviation curvatures depend on time. Moreover, compared with Figures 2(b) and
3(b), the difference in the deviation curvatures between the prey and the predator
is relatively large. As a result, the dynamics of the population exhibit a non-typical
periodic pattern, as shown in Figure 4(a). In particular, when the sign of the
deviation curvature is positive, the dynamics of the population exhibits a distorted

periodic pattern.

4. NON-EQUILIBRIUM ANALYSIS IN A COMPETITION SYSTEM

4.1. Geometric structure. We can consider the Lotka-Volterra competition sys-

1

tem for two species: z' = z and 22 = y. The standard form of the system is given

by (e.g., [13, 20]):

(15) b= ra(l = 2E0Yy
k1
(16) i = ray(1 - L2220,

where r; is the natural growth rate, k; is the carrying capacity, and a; is the competi-

tion coefficient. These parameters are all positive. This system can be approximated
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the initial population number being the equilibrium one. (b) The

corresponding deviation curvature in the same case.
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the initial population number being near the equilibrium one. (b)

The corresponding deviation curvature in the same case.
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the initial population number being far from the equilibrium one.

(b) The corresponding deviation curvature in the same case
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by a linear system around an equilibrium point (zg,yo). In the case when the two

species coexist, the Jacobian matrix of the system is:

A A
(17) J— 1 ai1Ay ’
a2A2 Ag

where A1 = —r20/k; and Ay = —rayg/ka. Then, from (6), the deviation curvature

for the two species coexisting is:

1
(18) Pll = P22 = 1 {(Al — A2)2 + 40,1(12141142} .

Like the predation system in Eq.(10), Eq. (18) shows that the two species in a
competition system also have the same geometric structure around the equilibrium
point. In a case where two species coexist, the positive deviation curvature corre-
sponds to the case where the equilibrium point is a node [30], so Eq. (18) means
that the equilibrium point is a node.

In a similar fashion to Section 3.1, we can obtain the deviation curvature of the

competition in the non-equilibrium case for the two-species:

1 2 as \ . 1 2 3az a3\ o
pl—=(__— _ 2 T R %2
! ( 2](11 + alkg 2]{32) o (4]€% + a1k1k2 k1k2 + 4]43% v

19
RN 1 P
kl a1k2 . ’
1 2 a1 . 1 2 3a1 a?
P2 N 2 - s 1 2
(20) 2 ( 2 2 + CLle 2]?31) y+ (4]€§ + agklkg klkg + 4]6% 4

Because the natural growth rate is not related to Jacobi stability, we can assume
that 71 = 1 and ro = 2 for simplicity. These equations show that the two species in
the competition system have distinct geometric structures in the non-equilibrium
case. At the equilibrium point: = z¢ = (k1 — a1ke)/(1 — aja2) and y = yo =
(ko — agk1)/(1 — araz), Egs. (19) and (20) reduce to Eq. (18).
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FIGURE 5. A contour plot of the deviation curvature of the com-
petition system as a function of the number of population of the

two species. The filled circle is the equilibrium point.

4.2. Numerical simulation. To see the stability structure of the competition, we
counter plot Pl of Eq. (19) in (z,y) plane using Eq. (15) (Fig. 5). The parameters
are as follows: 1 =1, 719 =2, a = 0.7, b = 0.8, ky = 75, and ko = 80. In most
regions, including the equilibrium point (filled circle), the sign of the deviation
curvature is positive. However, there is a region where the sign of the deviation
curvature is negative. This means that the sign of the deviation curvature depends
on time. Next, we perform a numerical simulation of the competition system by
considering three initial population cases as follows.

First, we can consider the equilibrium population z(0) = (k1 —aik2)/(1—aiaz2) =
43.2, and y(0) = (ka2 —azk1)/(1—aja2) = 45.5 as the initial population. As indicated
by Eq. (18), the two species exhibit the same deviation curvature (Fig. 6(b)) despite
the populations being different (Fig. 6(a)).

Second, we can consider the nearly equilibrium initial population z(0) = 50 and
y(0) = 40. Because the equilibrium population of y (i.e., 45.5) is larger than that
of  (i.e., 43.2), the population of y increases and the population of z decreases
toward the equilibrium populations (Fig. 7(a))). That is, this partially crossing
pattern is due to the magnitude correlation of the equilibrium population, so the

pattern is not part of a true periodic pattern. In fact, Figure 7(b) shows that the
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FIGURE 6. (a) Dynamics of the population number in the case of

the initial population number being the equilibrium one. (b) The

corresponding deviation curvature in the same case.
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deviation curvatures are always positive. This means that the deviation curvature
can distinguish the apparent and the true periodic patterns.

Finally, we can consider the far equilibrium initial population z(0) = 70 and
y(0) = 80. In this case, it is expected from Figure 5 that the sign of the deviation
curvature is not always positive. In fact, the beginning of the time transition in
Figure 8(b) shows that the sign of the deviation curvature is negative. This negative
span is accompanied by interesting dynamics in the population number (Fig. 8(a)):
the population of y is smaller than that of x, although the equilibrium population
of y is larger than that of . This means that when the population is large (i.e.,
the sign of the deviation curvature is negative), the dynamic of the population is
not a purely node pattern, but a node with a spiral-like pattern. After the middle
of the time transition, an apparently periodic pattern appears in which the sign of

the deviation curvature is positive, as in Figures 7(a) and (b).

5. DYNAMICS OF THE GEOMETRIC OBJECTS

In this paper, we have shown that the dynamics of an ecological system can
be characterized by the deviation curvature. For example, as Eq. (10) indicated,
the stability structure of the ecological system at the equilibrium point is simple
because the deviation curvature is constant. However, the stability structure of
the ecological system becomes relatively complex in the non-equilibrium region,
because the deviation curvature depends on the variables, i.e., changes over time
(e.g., Egs. (11) and (12)). That is, the deviation curvature itself forms another
dynamic system in the non-equilibrium region. This finding suggests that we can
reapply the KCC theory to this dynamic system, and derive another deviation
curvature that characterizes the dynamics of the geometric objects.

Next, we considered a simple example: a predation system near the equilibrium
point. In this case, Eqs. (11) and (12) show that z ~ —Pl/br and y ~ —PZ/ac.
Substitution of these approximated relations in Egs. (7) and (8) leads to the dy-

namic equation of the deviation curvature:

: 1
(21) P! =rpP' + -P'P?
C
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: 1
(22) P?=_—pP'pP?_cP?
T

where P! = P! and P = P? for simplicity. From Egs. (21) and (22), we can derive

the second-order differential equation for the deviation curvature:

(23) P'+§'(P,P) =0,
with
R . pLpt P12
(24) gt =—crP' — (P2 +cP 4 — — (Pl) ,
. p2p2 P2)2
(25) §* = —crP? — (P*)? —rP? — - (P2) )

When we recognize (23) as the path equation, the new deviation curvature, char-

acterizes the dynamics of the deviation curvature, can be defined by

i ag 8N]7 Sk z Ak k
where N i is a coefficient of the non-linear connection and G® i is that of a Finsler

connection related to (23). That is

< 107
(27) Nj - iapj’
and
.. NI
T J
(28) Gl =~ pr

From (24) and (25), the concrete forms of (26) and (27) are given by

p! P1+c Pt p2 .
T2 P27 92 c 2



DIFFERENTIAL GEOMETRIC ... — JDSGT VOL. 14, NUMBER 2 (2016) 151

- Ph\? 1 ¢ P? c\2
1 pPl=(— pt{-4 & - (,
(31) ! <2r> * (2+2r 207")+ 2> ’
« P2\? 1 r P! 72
32 P2=(=— P-4+ — - N\
(32) 2 (20) + (2+2c 2cr>+(2>

We use Egs. (21) and (22) in the last step. According to the previous papers, the
linear stability and the Jacobi stability of the system is given by the non-linear
connection and the deviation curvature, respectively. Therefore, Egs. (29) to (32)
show the hierarchical structure of the stability. That is, the linear stability of the
Jacobi stability, described by N; , and the Jacobi stability of the Jacobi stability,
described by }5;, are related to the Jacobi stability of the prey ! and the predator
22, described by P!. Moreover, it is found that the not only the sign, but also the
magnitude of the deviation curvature is related to the stability. For instance, since
r > 0 and ¢ > 0, we have 8N}/8P1 > 0 and 8N;/8P2 < 0, which mean that the
increase of the deviation curvature for the prey (the predator) contributes the linear
stable (unstable) state of the geometrical objects. From 8215J-i JOPYOP? < 0, the
increase of the deviation curvatures contribute the Jacobi stable of the geometrical

objects.

6. CONCLUSIONS

Our main conclusions are as follows.

(1) Around the equilibrium point, the values of the deviation curvatures of the
two species are equal, and their signs are always negative (positive) in the
predation (competition) system. However, in the non-equilibrium region,
the values and the sign of the deviation curvatures depend on time. In
this case, the dynamics of the predation system exhibit a distorted periodic
pattern, and the dynamics of the competition system also exhibit a non-
typical node: a node with a spiral-like pattern.

(2) The dynamics of predation and competition are characterized by geometric
objects. In the non-equilibrium region, the geometric objects themselves
represent another dynamic systems, so we can reapply KCC theory to the
dynamic system to derive other geometric objects that characterize the

previous geometric objects. We considered a simple example and showed
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that the dynamics of the deviation curvature is expressed in terms of the

advanced deviation curvature.
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