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ABSTRACT. The object of the present paper is to study the pseudo-projective
¢-recurrent and generalized projective ¢-recurrent Lorentzian a-Sasakian man-
ifolds. Here we show that pseudo-projective ¢-recurrent Lorentzian a-Sasakian
Manifold is an Einstein manifold and in the case of generalized projective ¢-
recurrent Lorentzian a-Sasakian manifold, we find a relation between the as-
sociated 1-forms A and B. We have also proved that the characteristic vector
field ¢ and vector field p associated to the 1-forms A and B are co-directional.

We also study quasi-projectively flat Lorentzian a-Sasakian manifolds.
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1. INTRODUCTION

In 1977, T. Takahashi ([8]) introduced the notion of a locally ¢-symmetric Sasakian
manifold and obtained some interesting properties. The authors like([3]) and ([10])
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have extended this notion to 3-dimensional Kenmotsu and trans-Sasakian manifolds
respectively. Also ¢-recurrent Sasakian Kenmotsu manifolds were studied by the
author([2]).

In ([9]), S. Tanno classified connected almost contact metric manifolds whose au-
tomorphism groups possess the maximum dimension. For such a manifold, the
sectional curvature of a plane sections containing £ is a constant, say c¢. He showed

that they can be divided into three classes:
1) Homogeneous normal contact Riemannian manifolds with ¢ > 0;

2) Global Riemannian products of a line or a circle with a Kachler manifold of

constant holomorphic sectional curvature if ¢ = 0 and;

3) A warped product space R xy C' if ¢ > 0. It is known that the manifolds of

class (1) are characterized by admitting a Sasakian structure.

In 2005, Yildiz and Murathan ([11]) studied Lorentzian a-Sasakian manifolds and
proved that conformally flat and quasi conformally flat Lorentzian a-Sasakian man-
ifolds are locally isometric with a sphere. In 2012, Yadav and Suthar ([12]) studied

Lorentzian a-Sasakian manifolds.

Definition 1.1. A Lorentzian a-Sasakian manifold is said to be locally ¢-symmetric

if
(1) ¢*(VwR)(X,Y)Z) =0

for all vector fields X, Y, Z, W orthogonal to £&. This notion was introduced by
Takahashi for Sasakian manifolds ([8]).

Definition 1.2. A Lorentzian a-Sasakian manifold is said to be locally projective

o-symmetric if

(2) ¢*(VwP)(X,Y)Z) =0
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for all vector fields X, Y, Z, W orthogonal to £, where P is the projective curvature
tensor ([5]) defined as

(3) P(X,Y)Z = R(X,Y)Z — i[S(Y, Z)X — S(X,2)Y]

for X,Y,Z € x(M), where S is the Ricci tensor of the manifold.

Definition 1.3. A Lorentzian a-Sasakian manifold is said to be locally pseudo

projective ¢p-symmetric if
(4) ¢*(VwP)(X,Y)Z) =0

for all vector fields X, Y, Z, W orthogonal to &, where P is the pseudo projective

curvature tensor ([6]) defined as

P(X,)Y)Z = aR(X,Y)Z+DbS(Y,Z2)X —S(X,Z)Y]
r a
- — Y, )X —g(X,2)Y
5) Sl + oY, 2)X — g(X, Z)Y],
where a and b are non-zero constants. If ¢ = 1 and b = —ﬁ, then the equation

(1.5) becomes (1.3). Hence the projective curvature P is a particular case of the
pseudo projective curvature tensor P, where R is the Riemann curvature tensor S

is Ricci tensor and r is the scalar curvature.

Definition 1.4. A Lorentzian «-Sasakian manifold M is said to be projective
o-recurrent if there exists a non-zero 1-form A such that

(6) P*(VwP)(X,Y)Z) = AW)P(X,Y)Z

for arbitrary vector fields X, Y, Z, W, where P is the projective curvature defined
as (1.3).

If the 1-form A vanishes, then the manifold reduces to locally projective ¢-symmetric

manifold.

Definition 1.5. A Lorentzian a-Sasakian manifold is said to be pseudo projec-

tive ¢-recurrent if there exists a non-zero 1-form A such that
(7) ¢*(VwP)(X,Y)Z) = AW)P(X,Y)Z

for arbitrary vector fields X, Y, Z, W, where P is the projective curvature defined
as (1.5).
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If the 1-form A vanishes, then the manifold reduces to locally pseudo projective

¢-symmetric manifold.

Definition 1.6. A Lorentzian a-Sasakian manifold is said to be generalized pro-

jective ¢-recurrent if its curvature tensor R satisfies the condition
(8) *(VwP)(X,Y)Z) = AW)P(X,Y)Z + B(W)[g(Y, 2)X — g(Y, Z)X],

where A and B are 1-forms, § is non-zero and these are defined by

AW) = g(W, p1), BIW) = g(W, p2),

and where p; and po are vector fields associated with 1-forms A and B respectively.

In this paper we show that pseudo projective recurrent Lorentzian a-Sasakian
manifold is an Einstein manifold and in a pseudo projective recurrent Lorentzian a-
Sasakian manifold, the characteristic vector field £ and the vector field p; associated
to the form are co-directional. In the fourth section we have studied Generalized
Projective ¢-Recurrent Lorentzian a-Sasakian Manifold. In this section we find a
relation between the associated 1-forms A and B and we also proved that the charac-
teristic vector field £ and the vector field p; and ps associated to the forms A and B
are co-directional. Section 5 is devoted to study quasi-projectively flat Lorentzian
a-Sasakian manifolds. Finally, we give an example 3-dimensional Lorentzian a-

Sasakian manifold.

2. Preliminaries

A (2n+1)-dimensional differentiable manifold M is said to be a Lorentzian a-
Sasakian manifold if it admits a (1,1) tensor field ¢, a contravariant vector field
&, a covariant vector field 7 and Lorentzian metric g which satisfy the following

conditions

(9) ¢*X = X +n(X)E,
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(10) (&) = —1,6¢ = 0,7(¢X) =0,
(11) 9(6X, 9Y) = g(X,Y) + n(X)n(Y),
(12) 9(X, &) = n(X),

(13) (Vxo)(Y) = a{g(X,Y)§ +n(Y) X}

VX,Y € x(M) and for a non-zero smooth functions o on M, V denotes the covari-

ant differentiation with respect to Lorentzian metric g (7], [14]).

For a Lorentzian a-Sasakian manifold, it can be shown that ([7], [14]):

(14) Vxé = —a¢X,

(15) (Vxn)(Y) = —ag(¢X,Y),

for all X,Y € x(M). Further on a Lorentzian a-Sasakian manifold, the following
relations hold ([7])

(16) g(R(X,Y)Z,&) = n(R(X,Y)Z) = o*[g(Y, Z)n(X) — g(X, Z)n(Y)],

(17) R(§, X)Y = a®[g(X,Y)¢E —n(Y)X],
(18) R(X,Y)¢ = o’[n(Y)X —n(X)Y],
(19) R(§, X)€ = o®[X +n(X)g],

(20) S(X,€) = 5(¢ X) = 2na’n(X),
(21) S(&,€) = —2na?,

(22) S(¢Y,¢Z) = S(Y, Z) + o*2nn(Y )n(2),
(23) Q¢ = 2na’¢,

where @ is the Ricci operator, i.e.

(24) 9(QX,Y)=S5(X,Y).
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3. Pseudo Projective ¢-Recurrent Lorentzian a-Sasakian Manifold

In this section we consider a Lorentzian a-Sasakian manifold which is pseudo
projective recurrent Sasakian manifold. Now using the equation (2.1) in (1.7), we

obtain,
(25) (Vw P)(X,Y)Z +0((VwP)(X,Y)2)é = AW)P(X,Y)Z,

from which it follows that

(26(Vw P)(X,Y)Z,U) +0((Vw P)(X,Y)Z)n(U) = AW)g(P(X,Y)Z,U).

Let {e;}, i=1,2,.....2n+1 be an orthonormal basis of the tangent space at any point
of the manifold. Then putting X = U = ¢; in (3.1) and taking summation over i,
1<i<2n+1, we get

o T D9, 2)];

Replacing Z by £ in (3.3) and using (2.4) and (2.12), we get

(27) (VwS)(Y, 2) = AW)[S(Y, Z) — (

(28) (Vi S)(Y,€) = A(W)[2na® — (
We know that

(29) (VwS)(Y,€) = Vi S(Y,§) = S(VwY, &) = S(Y, V),
Using (2.6), (2.7) and (2.12) in (3.5), it follows that

(30) (VwS)(Y.€) = —2na’g(¢Y, W) + aS(Y, oW),

In view of (3.4) and (3.6), we obtain

(31)  aS(Y,¢W) = 2nag(¢Y, W) + A(W)[2na? — (
Replacing Y by ¢Y and using (2.1) and (2.14) in the above equation, we get
(32) S(Y,W) = ag(Y,W),

where a = 2na? for all Y, W € x(M).

Thus we can state the following theorem:

Theorem 3.1. A Pseudo Projective ¢-Recurrent Lorentzian «-Sasakian Mani-

fold is an Einstein manifold.
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From (3.1), we have

(33) (VwP)(X,Y)Z = AW)P(X,Y)Z - n((VwP)(X,Y)Z)¢,

Now using (1.5) in (3.9), we have

a(VwR)(X,Y)Z) + H(VwS)(Y,2)X - (VwS)(X, 2)Y]
= A(W)aR(X,Y)Z + bA(W)[S(Y, Z)X — S(X, Z)Y]
5T ilen T UAWB(Y. 2)X — (X, 2)Y]
— a((VwR)(X.Y)2)§ = b[(VwS)(Y, Z)n(X)

(34) - (Vw9 (X, Z2)n(Y)E.

From (3.10) and using Bianchi identity, we get

GAW)(R(X,Y)Z) + aA(X)n(R(Y,W)Z) +aA(Y jn(R(W, X)Z)
= —bAW)[S(Y, Z)n(X) = S(X, Z)n(Y)]
5T ilen FUAWa(Y. Z)0(X) — 9(X. Z)n(Y)
— BA)[S(W, Z)n(Y) = SV, Z)n(W)]
Qnil[% BACO[g(W. Z)n(Y) = g(Y, Z)n(W)]
— BAWY)IS(X, Z)n(W) = S(W, Z)n(X)]

2nr+1 22 BJA(X)[g(X, Z)n(W)

(35) - g(W, Z)n(X)].

r
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Now using (2.8) in the above equation, we obtain

aAW)e?[g(Y, Z)n(X) — g(X,Z)n(Y)] +aA(X)a [g(W,

= 9(W, Z)n(X)] = —bAW)[S(Y,

2n+12n
— 9(X, Z)n(Y)] = bAX)IS(W, Z)n(Y) ~ S(Y, Z)n(W)
gl T AW Z2)n(Y) — (¥, Z2)n(W)]
= BAW)[S(X, Z)n(W) — S(W. Z)n(X)]
T gl T HAOG(X. Zn()
(36) - g(W.Zm(X))

Putting Y = Z = ¢; in (3.12) and taking summation over i, 1 <7 < 2n+ 1, we get

(37) AW)n(X) = A(X)n(W),

for all vector fields X, W. Putting X = ¢ in (3.13), we obtain

(38) n(Win(pr) + AW) =0

for all vector field W and A(W) = g(W, p1), where p; are vector fields associated
with 1-forms A and B respectively.

Thus we can state the following theorem:

Theorem 3.2. In a pseudo projective ¢p-recurrent Lorentzian a-Sasakian manifold
(M?"+1)) (n > 1), the characteristic vector field & and the vector field py associated
to the 1-form A are co-directional and the 1-form A is given by (3.14).
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4. Generalized Projective ¢-Recurrent Lorentzian a-Sasakian Manifold

Let us consider generalized projective ¢-recurrent Lorentzian a-Sasakian mani-
fold. By virtue of (1.8) and (2.1), we get

(VwP)(X,Y)Z + n((VwP)(X,Y)Z)¢ = A(W)P(X,Y)Z
(39) + BW)g(Y,2)X —g(X, 2)Y],
from which it follows that
g(VwP)X.Y)Z,U) + n((VwP)(X,Y)Z)n(U) = A(W)g(P(X,Y)Z,U)
(40) + BW)[g(Y, 2)g9(X,U) — g(X, Z)g(Y,U)].

Let {e;}, i = 1,2,....2n + 1 be an orthonormal basis of the tangent space at any
point of the manifold. Then putting X = U = ¢; in (4.2) and taking summation
overi, 1 << 2n+ 1, we get

VwS)x0) — W yx )+ IR (g6 xemw)
b Do) - S0
= AR S(00) ~ (X, U)]
(41) 4 2mB(W)g(X,T).

Putting U = £ in (4.3) and using the equation (2.2) an (2.12), we obtain

(42) A(W)[(2n + 1)a? — i]n(X) + 2nB(W)n(X) = 0.
Putting X = ¢ in (4.4), we get
(43) BOW) = [ - 225

Thus we can the following theorem:

A JA(W).

Theorem 4.1. In a generalized projective ¢-ecurrent Lorentzian «-Sasakian man-
ifold (M?" 1)) (n > 1), the 1-forms A and B are related as (4.5).

Now from (4.1), we get
(VwP)X.V)Z = —n(VwP)(X.Y)Z) + AW)P(X.Y)Z
(44) + BW)[g(Y,2)X —g(X, 2)Y],
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(VwR)(X,V)Z) — o [(VwS)(Y: 2)X ~ (VwS)(X, 2)Y]

= AW)[R(X,Y)Z — %{S(Y, Z)X — S(X,Z)Y}]
+ BW)[g(Y, 2)X — g(X, 2)Y] = n(VwR)(X,Y)Z)§
(45) + %[(VWS)(K Zn(X) = (VwS)(X, Z)n(Y)IE.
Using the Bianchi identity of the above equation, we get
aAW)n(R(X,Y)Z) + (X)n( Y, W)Z) + aA(Y )n(R(W, X)Z)
= 5, AW)SEY, Z2)n(X) = S(X, Z)n(Y)]
= (W)[g( Zm(X) — g(X, Z)n(Y)]
+ A(X)[ W, Z)n(Y) = S(Y, Z)n(W)]
- (X)[g( W, Zn(Y) — g(Y, Z)n(W)]
+ A(Y)[S(K Zn(W) = S(W, Z)n(X)]
(46) - ( )Ng(X, Z)yn(W) — g(W, Z)n(X)].
Now using (2.8)in (4.8), we obtain
aAW)a?[g(Y, Z)n(X) — g(X,Z)n(Y)] + aA(X)a®[g(W, Z)n(Y)
— g(Y. Z)n(W)] + aA(Y)a®[g(X, Z)n(W)

9", Z)n(X)] = - AGW)[S(Y, Z)n(X)
S Zp(Y)] - BOV)lg(Y: Z)n(X)
g2+ 5 AV, Z)n(Y)
S 2

(47) - g(W, Z)n(X)].

(48) b)  BW)n(X) = B(X)n(W)



SOME CURVATURE PROPERTIES ... — JDSGT VOL. 14, NUMBER 1 (2016) 95

for all vector fields X, W. Putting X = £ in (4.10), we obtain

a) n(Win(pr) + A(W) =0
(49) b)  n(W)n(pr) + BIW) =0
for all vector field W, A(W) = g(W, p1) and B(W) = g(W, p2) where p; and py are

vector fields associated with 1-forms A and B respectively.

Thus we can state the following theorem:

Theorem 4.2. In a generalized projective ¢-recurrent Lorentzian a-Sasakian man-
ifold (M*"+1)) (n > 1), the characteristic vector field & and the vector fields p1 and
p2 associated to the 1-form A and B are co-directional and the 1-form A and B are
given by (4.11).

5. Quasi-projectively flat Lorentzian a-Sasakian Manifold

A Lorentzian a-Sasakian manifold M™ is said to be quasi-projectively flat if
(50) 9(P(oX,Y)Z, W) =0

for all vector fields X, Y, Z, W orthogonal to &.

In view of the equation (1.3), we have

WPCYIZIW) = g(R(X,Y)Z,W) = S [S(Y, Z)g(X, W)
61 S 2)g(¥, W),

Putting X = ¢X and W = ¢W in the above equation, we get

g(P(¢X,Y)Z,¢W) = Q(R(¢X7Y)Z,¢W)—%[S(Y,Z)g(cbX,GSW)

(52) — S(0X,Z)g(Y,oW)].

Now assume that M™ is quasi-projectively flat. Then by virtue of equations (5.1)
and (5.3), we have

(B)g(R(OX, ¥)Z,6W) =

[S(Y, Z)g(6 X, oW) = S(6X, Z)g(Y, ¢W)].
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Using equations (2.3) and (2.12) in the above equations, we get
1
g(R(¢X.Y)Z, oW) = %[27%0129(3@ Z{g(X, W) +n(X)n(W)}
(54) — S(oX, Z)g(Y,oW)].
Let {e1,ea,...,ean,&} be a local orthonormal basis of vector fields in M™. Then

{¢e1, dea, ..., deay, &} is also a local orthonormal basis of M"™. Putting X =W = ¢;

in (5.5) and taking summation over i, 1 < i < 2n, we get

on
Zg (6eiY)Zges) = 5-[2n0%g(Y, 2) Y fglesses) + nles)nlen)
N i=1
(55) — ) S(¢ei, Z)g(Y, dei)).
i=1
Also,
(56) Zg (dei,Y)Z,¢ei) = S(Y, Z) + g(Y, Z),
(57) ZS dei, 2)g(gesY) = S(Y, Z).
Hence, by virtue of equations (5.6), (5.7) and (5.8), the equation (5.5) takes the
form
(58) S, Z) =ag(Y, Z),
where a = {az(ani)l 2% Hence we can state the following

Theorem 5.1. A quasi-projectively flat Lorentzian a-Sasakian manifold is an Ein-

stein manifold.

6. Example of 3-dimensional Lorentzian a-Sasakian manifold

We consider a 3-dimensional manifold M = {(z,y,u) € R*}, where (z,y,u) are

the standard coordinates of R3. Let ey, es, e3 be the vector fields on M? given by

Clearly, {e1, ez, e3} is a set of linearly independent vectors for each point of M and
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hence a basis of x(M). The Lorentzian metric g is defined by

gle1,e2) = g(ez, e3) = g(e1,e3) =0,

9(61,61) = 17 9(62762) = 17 g(637€3) =-L

Let n be the 1-form defined by 1n(Z) = g(Z,e3) for any Z € x(M) and the (1,1)
tensor field ¢ is defined by

pe1 = e1, pex = ez, pez = 0.

From the linearity of ¢ and g, we have

nles) = -1,
$*X = X +1(X)es
and
9(0 X, 9Y) = g(X,Y) + n(X)n(Y)
for any X € x(M). Then for eg = &, the structure (¢, &, 7, g) defines a Lorentzian
paracontact structure on M.

Let V be the Levi-Civita connection with respect to the Lorentzian metric g. Then

we have
le1,e2] =0, [e1,e3] = ere, [es, e3] = eze™.

Koszul’s formula is defined by
29(VxY,2) = Xg(Y, Z) +Yg(Z,X) — Zg(X,Y)

*Q(Xa [Yv Z]) - g(Y, [Xa Z]) + g(Z, [Xa Y])

Then from above formula we can calculate the followings:

u u

vel €1 = €e3€ -, vel €2 = 07 vel €3 = €1€ -,
u u

Ve,e1 =0, Ve,e0 =e3e”, Ve, e3 = ege”,

Vese1 =0, Ve,ea =0, Ve,e3 =0.
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From the above calculations, we see that the manifold under consideration satisfies
n(€) = -1 and Vx§ = —a¢X for a = —e™.

Hence the structure (¢, &,7,¢g) is a Lorentzian a-Sasakian manifold.
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