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have extended this notion to 3-dimensional Kenmotsu and trans-Sasakian manifolds

respectively. Also φ-recurrent Sasakian Kenmotsu manifolds were studied by the

author([2]).

In ([9]), S. Tanno classified connected almost contact metric manifolds whose au-

tomorphism groups possess the maximum dimension. For such a manifold, the

sectional curvature of a plane sections containing ξ is a constant, say c. He showed

that they can be divided into three classes:

1) Homogeneous normal contact Riemannian manifolds with c > 0;

2) Global Riemannian products of a line or a circle with a Kaehler manifold of

constant holomorphic sectional curvature if c = 0 and;

3) A warped product space R ×f C if c > 0. It is known that the manifolds of

class (1) are characterized by admitting a Sasakian structure.

In 2005, Yildiz and Murathan ([11]) studied Lorentzian α-Sasakian manifolds and

proved that conformally flat and quasi conformally flat Lorentzian α-Sasakian man-

ifolds are locally isometric with a sphere. In 2012, Yadav and Suthar ([12]) studied

Lorentzian α-Sasakian manifolds.

Definition 1.1. A Lorentzian α-Sasakian manifold is said to be locally φ-symmetric

if

φ2((∇WR)(X,Y )Z) = 0(1)

for all vector fields X, Y , Z, W orthogonal to ξ. This notion was introduced by

Takahashi for Sasakian manifolds ([8]).

Definition 1.2. A Lorentzian α-Sasakian manifold is said to be locally projective

φ-symmetric if

φ2((∇WP )(X,Y )Z) = 0(2)
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for all vector fields X, Y , Z, W orthogonal to ξ, where P is the projective curvature

tensor ([5]) defined as

P (X,Y )Z = R(X,Y )Z − 1

2n
[S(Y,Z)X − S(X,Z)Y ](3)

for X,Y, Z ∈ χ(M), where S is the Ricci tensor of the manifold.

Definition 1.3. A Lorentzian α-Sasakian manifold is said to be locally pseudo

projective φ-symmetric if

φ2((∇W P̃ )(X,Y )Z) = 0(4)

for all vector fields X, Y , Z, W orthogonal to ξ, where P̃ is the pseudo projective

curvature tensor ([6]) defined as

P̃ (X,Y )Z = aR(X,Y )Z + b[S(Y,Z)X − S(X,Z)Y ]

− r

2n+ 1
[
a

2n
+ b][g(Y, Z)X − g(X,Z)Y ],(5)

where a and b are non-zero constants. If a = 1 and b = − 1
2n , then the equation

(1.5) becomes (1.3). Hence the projective curvature P is a particular case of the

pseudo projective curvature tensor P̃ , where R is the Riemann curvature tensor S

is Ricci tensor and r is the scalar curvature.

Definition 1.4. A Lorentzian α-Sasakian manifold M is said to be projective

φ-recurrent if there exists a non-zero 1-form A such that

φ2((∇WP )(X,Y )Z) = A(W )P (X,Y )Z(6)

for arbitrary vector fields X, Y , Z, W , where P is the projective curvature defined

as (1.3).

If the 1-form A vanishes, then the manifold reduces to locally projective φ-symmetric

manifold.

Definition 1.5. A Lorentzian α-Sasakian manifold is said to be pseudo projec-

tive φ-recurrent if there exists a non-zero 1-form A such that

φ2((∇W P̃ )(X,Y )Z) = A(W )P̃ (X,Y )Z(7)

for arbitrary vector fields X, Y , Z, W , where P̃ is the projective curvature defined

as (1.5).



88 SANTU DEY AND ARINDAM BHATTACHARYYA

If the 1-form A vanishes, then the manifold reduces to locally pseudo projective

φ-symmetric manifold.

Definition 1.6. A Lorentzian α-Sasakian manifold is said to be generalized pro-

jective φ-recurrent if its curvature tensor R satisfies the condition

φ2((∇WP )(X,Y )Z) = A(W )P (X,Y )Z +B(W )[g(Y,Z)X − g(Y,Z)X],(8)

where A and B are 1-forms, β is non-zero and these are defined by

A(W ) = g(W,ρ1), B(W ) = g(W,ρ2),

and where ρ1 and ρ2 are vector fields associated with 1-forms A and B respectively.

In this paper we show that pseudo projective recurrent Lorentzian α-Sasakian

manifold is an Einstein manifold and in a pseudo projective recurrent Lorentzian α-

Sasakian manifold, the characteristic vector field ξ and the vector field ρ1 associated

to the form are co-directional. In the fourth section we have studied Generalized

Projective φ-Recurrent Lorentzian α-Sasakian Manifold. In this section we find a

relation between the associated 1-forms A and B and we also proved that the charac-

teristic vector field ξ and the vector field ρ1 and ρ2 associated to the forms A and B

are co-directional. Section 5 is devoted to study quasi-projectively flat Lorentzian

α-Sasakian manifolds. Finally, we give an example 3-dimensional Lorentzian α-

Sasakian manifold.

2. Preliminaries

A (2n+1)-dimensional differentiable manifold M is said to be a Lorentzian α-

Sasakian manifold if it admits a (1, 1) tensor field φ, a contravariant vector field

ξ, a covariant vector field η and Lorentzian metric g which satisfy the following

conditions

φ2X = X + η(X)ξ,(9)
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η(ξ) = −1, φξ = 0, η(φX) = 0,(10)

g(φX, φY ) = g(X,Y ) + η(X)η(Y ),(11)

g(X, ξ) = η(X),(12)

(∇Xφ)(Y ) = α{g(X,Y )ξ + η(Y )X}(13)

∀X,Y ∈ χ(M) and for a non-zero smooth functions α on M , ∇ denotes the covari-

ant differentiation with respect to Lorentzian metric g ([7], [14]).

For a Lorentzian α-Sasakian manifold, it can be shown that ([7], [14]):

∇Xξ = −αφX,(14)

(∇Xη)(Y ) = −αg(φX, Y ),(15)

for all X,Y ∈ χ(M). Further on a Lorentzian α-Sasakian manifold, the following

relations hold ([7])

g(R(X,Y )Z, ξ) = η(R(X,Y )Z) = α2[g(Y,Z)η(X)− g(X,Z)η(Y )],(16)

R(ξ,X)Y = α2[g(X,Y )ξ − η(Y )X],(17)

R(X,Y )ξ = α2[η(Y )X − η(X)Y ],(18)

R(ξ,X)ξ = α2[X + η(X)ξ],(19)

S(X, ξ) = S(ξ,X) = 2nα2η(X),(20)

S(ξ, ξ) = −2nα2,(21)

S(φY, φZ) = S(Y,Z) + α22nη(Y )η(Z),(22)

Qξ = 2nα2ξ,(23)

where Q is the Ricci operator, i.e.

g(QX,Y ) = S(X,Y ).(24)
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3. Pseudo Projective φ-Recurrent Lorentzian α-Sasakian Manifold

In this section we consider a Lorentzian α-Sasakian manifold which is pseudo

projective recurrent Sasakian manifold. Now using the equation (2.1) in (1.7), we

obtain,

(∇W P̃ )(X,Y )Z + η((∇W P̃ )(X,Y )Z)ξ = A(W )P̃ (X,Y )Z,(25)

from which it follows that

g((∇W P̃ )(X,Y )Z,U) + η((∇W P̃ )(X,Y )Z)η(U) = A(W )g(P̃ (X,Y )Z,U).(26)

Let {ei}, i=1,2,.....2n+1 be an orthonormal basis of the tangent space at any point

of the manifold. Then putting X = U = ei in (3.1) and taking summation over i,

1 ≤ i ≤ 2n+ 1, we get

(∇WS)(Y,Z) = A(W )[S(Y,Z)− (
r

2n+ 1
)g(Y,Z)],(27)

Replacing Z by ξ in (3.3) and using (2.4) and (2.12), we get

(∇WS)(Y, ξ) = A(W )[2nα2 − (
r

2n+ 1
)]η(Y ),(28)

We know that

(∇WS)(Y, ξ) = ∇WS(Y, ξ)− S(∇WY, ξ)− S(Y,∇W ξ),(29)

Using (2.6), (2.7) and (2.12) in (3.5), it follows that

(∇WS)(Y, ξ) = −2nα3g(φY,W ) + αS(Y, φW ),(30)

In view of (3.4) and (3.6), we obtain

αS(Y, φW ) = 2nα3g(φY,W ) +A(W )[2nα2 − (
r

2n+ 1
)]η(Y ),(31)

Replacing Y by φY and using (2.1) and (2.14) in the above equation, we get

S(Y,W ) = ag(Y,W ),(32)

where a = 2nα2 for all Y,W ∈ χ(M).

Thus we can state the following theorem:

Theorem 3.1. A Pseudo Projective φ-Recurrent Lorentzian α-Sasakian Mani-

fold is an Einstein manifold.
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From (3.1), we have

(∇W P̃ )(X,Y )Z = A(W )P̃ (X,Y )Z − η((∇W P̃ )(X,Y )Z)ξ,(33)

Now using (1.5) in (3.9), we have

a((∇WR)(X,Y )Z) + b[(∇WS)(Y,Z)X − (∇WS)(X,Z)Y ]

= A(W )aR(X,Y )Z + bA(W )[S(Y,Z)X − S(X,Z)Y ]

− r

2n+ 1
[
a

2n
+ b]A(W )[g(Y,Z)X − g(X,Z)Y ]

− aη((∇WR)(X,Y )Z)ξ − b[(∇WS)(Y,Z)η(X)

− (∇WS)(X,Z)η(Y )]ξ.(34)

From (3.10) and using Bianchi identity, we get

aA(W )η(R(X,Y )Z) + aA(X)η(R(Y,W )Z) + aA(Y )η(R(W,X)Z)

= −bA(W )[S(Y,Z)η(X)− S(X,Z)η(Y )]

+
r

2n+ 1
[
a

2n
+ b]A(W )[g(Y, Z)η(X)− g(X,Z)η(Y )]

− bA(X)[S(W,Z)η(Y )− S(Y,Z)η(W )]

+
r

2n+ 1
[
a

2n
+ b]A(X)[g(W,Z)η(Y )− g(Y,Z)η(W )]

− bA(Y )[S(X,Z)η(W )− S(W,Z)η(X)]

+
r

2n+ 1
[
a

2n
+ b]A(X)[g(X,Z)η(W )

− g(W,Z)η(X)].(35)
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Now using (2.8) in the above equation, we obtain

aA(W )α2[g(Y, Z)η(X) − g(X,Z)η(Y )] + aA(X)α2[g(W,Z)η(Y )

− g(Y,Z)η(W )] + aA(Y )α2[g(X,Z)η(W )

− g(W,Z)η(X)] = −bA(W )[S(Y,Z)η(X)

− S(X,Z)η(Y )] +
r

2n+ 1
[
a

2n
+ b]A(W )[g(Y,Z)η(X)

− g(X,Z)η(Y )]− bA(X)[S(W,Z)η(Y )− S(Y,Z)η(W )]

+
r

2n+ 1
[
a

2n
+ b]A(X)[g(W,Z)η(Y )− g(Y,Z)η(W )]

− bA(Y )[S(X,Z)η(W )− S(W,Z)η(X)]

+
r

2n+ 1
[
a

2n
+ b]A(X)[g(X,Z)η(W )

− g(W,Z)η(X)].(36)

Putting Y = Z = ei in (3.12) and taking summation over i, 1 ≤ i ≤ 2n+ 1, we get

A(W )η(X) = A(X)η(W ),(37)

for all vector fields X, W. Putting X = ξ in (3.13), we obtain

η(W )η(ρ1) +A(W ) = 0(38)

for all vector field W and A(W ) = g(W,ρ1), where ρ1 are vector fields associated

with 1-forms A and B respectively.

Thus we can state the following theorem:

Theorem 3.2. In a pseudo projective φ-recurrent Lorentzian α-Sasakian manifold

(M2n+1)) (n ≥ 1), the characteristic vector field ξ and the vector field ρ1 associated

to the 1-form A are co-directional and the 1-form A is given by (3.14).
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4. Generalized Projective φ-Recurrent Lorentzian α-Sasakian Manifold

Let us consider generalized projective φ-recurrent Lorentzian α-Sasakian mani-

fold. By virtue of (1.8) and (2.1), we get

(∇WP )(X,Y )Z + η((∇WP )(X,Y )Z)ξ = A(W )P (X,Y )Z

+ B(W )[g(Y,Z)X − g(X,Z)Y ],(39)

from which it follows that

g((∇WP )(X,Y )Z,U) + η((∇WP )(X,Y )Z)η(U) = A(W )g(P (X,Y )Z,U)

+ B(W )[g(Y,Z)g(X,U)− g(X,Z)g(Y,U)].(40)

Let {ei}, i = 1, 2, .....2n + 1 be an orthonormal basis of the tangent space at any

point of the manifold. Then putting X = U = ei in (4.2) and taking summation

over i, 1 ≤ i ≤ 2n+ 1, we get

(∇WS)(X,U) − ∇W r
2n

g(X,U) +
(∇WS)(X,U)

2n
− (∇WS)(X, ξ)η(U)

+
∇W r

2n
η(X)η(U)− (∇WS)(X,U)

2n
η(U)

= A(W )[
2n+ 1

2n
S(X,U)− r

2n
g(X,U)]

+ 2nB(W )g(X,U).(41)

Putting U = ξ in (4.3) and using the equation (2.2) an (2.12), we obtain

A(W )[(2n+ 1)α2 − r

2n
]η(X) + 2nB(W )η(X) = 0.(42)

Putting X = ξ in (4.4), we get

B(W ) = [
r

4n2
− 2n+ 1

2n
α2]A(W ).(43)

Thus we can the following theorem:

Theorem 4.1. In a generalized projective φ-ecurrent Lorentzian α-Sasakian man-

ifold (M2n+1)) (n ≥ 1), the 1-forms A and B are related as (4.5).

Now from (4.1), we get

(∇WP )(X,Y )Z = −η((∇WP )(X,Y )Z)ξ +A(W )P (X,Y )Z

+ B(W )[g(Y,Z)X − g(X,Z)Y ],(44)
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this implies

((∇WR)(X,Y )Z) − 1

2n
[(∇WS)(Y,Z)X − (∇WS)(X,Z)Y ]

= A(W )[R(X,Y )Z − 1

2n
{S(Y, Z)X − S(X,Z)Y }]

+ B(W )[g(Y, Z)X − g(X,Z)Y ]− η(∇WR)(X,Y )Z)ξ

+
1

2n
[(∇WS)(Y,Z)η(X)− (∇WS)(X,Z)η(Y )]ξ.(45)

Using the Bianchi identity of the above equation, we get

aA(W )η(R(X,Y )Z) + aA(X)η(R(Y,W )Z) + aA(Y )η(R(W,X)Z)

=
1

2n
A(W )[S(Y,Z)η(X)− S(X,Z)η(Y )]

− B(W )[g(Y,Z)η(X)− g(X,Z)η(Y )]

+
1

2n
A(X)[S(W,Z)η(Y )− S(Y, Z)η(W )]

− B(X)[g(W,Z)η(Y )− g(Y,Z)η(W )]

+
1

2n
A(Y )[S(X,Z)η(W )− S(W,Z)η(X)]

− B(Y )[g(X,Z)η(W )− g(W,Z)η(X)].(46)

Now using (2.8)in (4.8), we obtain

aA(W )α2[g(Y,Z)η(X) − g(X,Z)η(Y )] + aA(X)α2[g(W,Z)η(Y )

− g(Y,Z)η(W )] + aA(Y )α2[g(X,Z)η(W )

− g(W,Z)η(X)] =
1

2n
A(W )[S(Y, Z)η(X)

− S(X,Z)η(Y )]−B(W )[g(Y,Z)η(X)

− g(X,Z)η(Y )] +
1

2n
A(X)[S(W,Z)η(Y )

− S(Y,Z)η(W )]−B(X)[g(W,Z)η(Y )

− g(Y,Z)η(W )] +
1

2n
A(Y )[S(X,Z)η(W )

− S(W,Z)η(X)]−B(Y )[g(X,Z)η(W )

− g(W,Z)η(X)].(47)

Putting Y = Z = ei in (4.9) and taking summation over i, 1 ≤ i ≤ 2n+ 1, we get

a) A(W )η(X) = A(X)η(W )

b) B(W )η(X) = B(X)η(W )(48)
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for all vector fields X, W. Putting X = ξ in (4.10), we obtain

a) η(W )η(ρ1) +A(W ) = 0

b) η(W )η(ρ1) +B(W ) = 0(49)

for all vector field W, A(W ) = g(W,ρ1) and B(W ) = g(W,ρ2) where ρ1 and ρ2 are

vector fields associated with 1-forms A and B respectively.

Thus we can state the following theorem:

Theorem 4.2. In a generalized projective φ-recurrent Lorentzian α-Sasakian man-

ifold (M2n+1)) (n ≥ 1), the characteristic vector field ξ and the vector fields ρ1 and

ρ2 associated to the 1-form A and B are co-directional and the 1-form A and B are

given by (4.11).

5. Quasi-projectively flat Lorentzian α-Sasakian Manifold

A Lorentzian α-Sasakian manifold Mn is said to be quasi-projectively flat if

g(P (φX, Y )Z, φW ) = 0(50)

for all vector fields X, Y , Z, W orthogonal to ξ.

In view of the equation (1.3), we have

g(P (X,Y )Z,W ) = g(R(X,Y )Z,W )− 1

2n
[S(Y,Z)g(X,W )

− S(X,Z)g(Y,W )].(51)

Putting X = φX and W = φW in the above equation, we get

g(P (φX, Y )Z, φW ) = g(R(φX, Y )Z, φW )− 1

2n
[S(Y,Z)g(φX, φW )

− S(φX,Z)g(Y, φW )].(52)

Now assume that Mn is quasi-projectively flat. Then by virtue of equations (5.1)

and (5.3), we have

g(R(φX, Y )Z, φW ) =
1

n− 1
[S(Y,Z)g(φX, φW )− S(φX,Z)g(Y, φW )].(53)
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Using equations (2.3) and (2.12) in the above equations, we get

g(R(φX, Y )Z, φW ) =
1

2n
[2nα2g(Y,Z){g(X,W ) + η(X)η(W )}

− S(φX,Z)g(Y, φW )].(54)

Let {e1, e2, ..., e2n, ξ} be a local orthonormal basis of vector fields in Mn. Then

{φe1, φe2, ..., φe2n, ξ} is also a local orthonormal basis of Mn. Putting X = W = ei

in (5.5) and taking summation over i, 1 ≤ i ≤ 2n, we get

2n∑
i=1

g(R(φei, Y )Z, φei) =
1

2n
[2nα2g(Y, Z)

2n∑
i=1

{g(ei, ei) + η(ei)η(ei)}

−
2n∑
i=1

S(φei, Z)g(Y, φei)].(55)

Also,

2n∑
i=1

g(R(φei, Y )Z, φei) = S(Y,Z) + g(Y, Z),(56)

2n∑
i=1

S(φei, Z)g(φei, Y ) = S(Y, Z).(57)

Hence, by virtue of equations (5.6), (5.7) and (5.8), the equation (5.5) takes the

form

S(Y,Z) = ag(Y,Z),(58)

where a = {α2(2n−1)−1}2n
2n+1 . Hence we can state the following

Theorem 5.1. A quasi-projectively flat Lorentzian α-Sasakian manifold is an Ein-

stein manifold.

6. Example of 3-dimensional Lorentzian α-Sasakian manifold

We consider a 3-dimensional manifold M = {(x, y, u) ∈ R3}, where (x, y, u) are

the standard coordinates of R3. Let e1, e2, e3 be the vector fields on M3 given by

e1 = e−u
∂

∂x
, e2 = e−u

∂

∂y
, e3 = eu

∂

∂u
.

Clearly, {e1, e2, e3} is a set of linearly independent vectors for each point of M and
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hence a basis of χ(M). The Lorentzian metric g is defined by

g(e1, e2) = g(e2, e3) = g(e1, e3) = 0,

g(e1, e1) = 1, g(e2, e2) = 1, g(e3, e3) = −1.

Let η be the 1-form defined by η(Z) = g(Z, e3) for any Z ∈ χ(M) and the (1, 1)

tensor field φ is defined by

φe1 = e1, φe2 = e2, φe3 = 0.

From the linearity of φ and g, we have

η(e3) = −1,

φ2X = X + η(X)e3

and

g(φX, φY ) = g(X,Y ) + η(X)η(Y )

for any X ∈ χ(M). Then for e3 = ξ, the structure (φ, ξ, η, g) defines a Lorentzian

paracontact structure on M.

Let ∇ be the Levi-Civita connection with respect to the Lorentzian metric g. Then

we have

[e1, e2] = 0, [e1, e3] = e1e
u, [e2, e3] = e2e

u.

Koszul’s formula is defined by

2g(∇XY,Z) = Xg(Y, Z) + Y g(Z,X)− Zg(X,Y )

−g(X, [Y,Z])− g(Y, [X,Z]) + g(Z, [X,Y ]).

Then from above formula we can calculate the followings:

∇e1e1 = e3e
u, ∇e1e2 = 0, ∇e1e3 = e1e

u,

∇e2e1 = 0, ∇e2e2 = e3e
u, ∇e2e3 = e2e

u,

∇e3e1 = 0, ∇e3e2 = 0, ∇e3e3 = 0.
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From the above calculations, we see that the manifold under consideration satisfies

η(ξ) = −1 and ∇Xξ = −αφX for α = −eu.
Hence the structure (φ, ξ, η, g) is a Lorentzian α-Sasakian manifold.
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