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ABSTRACT. In this paper, we study mixed super quasi-Einstein warped prod-
uct manifolds for arbitrary dimension n > 3 and we give an example of mixed
super quasi-Einstein manifold (M S(QE)» ) to ensure the existence of such man-
ifold. Also in the last section we also give an example of warped product on

mixed super quasi-Einstein manifold.
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1. INTRODUCTION

A Riemannian manifold (M", g), (n > 2) is Einstein if its Ricci tensor S of type
(0,2) is of the form S = ag, where « is smooth function, which turns into S = =g,
r being the scalar curvature of the manifold. Let (M™,g), (n > 2) be a Riemannian
manifold and Us = {z € M : S # g at x}, then the manifold (M",g) is said to
be quasi-Einstein manifold [3,7] if on Ug C M, we have

(1.1) S—ag=pA® A,
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where A is a 1-form on Us and « and B8 some functions on Ug. It is clear that
the 1-form A as well as the function 8 are nonzero at every point on Ug. From the
above definition, it follows that every Einstein manifold is quasi-Einstein. In partic-
ular, every Ricci-flat manifold (e.g., Schwarzchild spacetime) is quasi-Einstein.The
scalars «, 8 are known as the associated scalars of the manifold. Also, the 1-form
A is called the associated 1-form of the manifold defined by g(X,p) = A(X) for
any vector field X, p being a unit vector field, called the generator of the manifold.

Such an n-dimensional quasi-Einstein manifold is denoted by (QFE),,.

In [6], De and Gazi introduced nearly quasi-Einstein manifold, denoted by N(QE),,
and gave an example of a 4-dimensional Riemannian nearly quasi Einstein mani-
fold, where the Ricci tensor S of type (0,2) which is not identically zero satisfies the

condition
(1.2) S(X,Y)=1lg9(X,Y)+mD(X,Y),

where [ and m are non-zero scalars and D is a non-zero symmetric tensor of type
(0,2).

In [4], Chaki introduced super quasi-Einstein manifold, denoted by S(QFE), and
gave an example of a 4-dimensional semi Riemannian super quasi Einstein mani-
fold, where the Ricci tensor S of type (0,2) which is not identically zero satisfies the

condition
S(X,Y) =ag(X,Y) + BAX)AY) +~[A(X)n(Y)+

(1.3)
AY)n(X)]+6D(X,Y),

where «, 8,7,9 are scalars such that 3,v,d are nonzero and A, n are two nonzero

1-forms such that
9(X, p) = A(X) and g(X, p) = n(X),

i, p being unit vectors which are orthogonal, i.e., g(u, p) = 0 and D is a symmetric

(0,2) tensor with zero trace which satisfies the condition
D(X,p) =0, VX € x(M).

Here a, 3,7, d are called the associated scalars, and A, n are called the associated

main and auxiliary 1-forms respectively, u, p are called the main and the auxiliary
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generators and D is called the associated tensor of the manifold.

In [1], A. Bhattacharyya, M. Tarafdar and D. Debnath introduced mixed super
quasi-Einstein manifold, denoted by M S(QFE),, and gave an example of mixed su-
per quasi Einstein manifold, where the Ricci tensor S of type (0,2) which is not

identically zero satisfies the condition

» S(X,Y) =ag(X,Y) + BAX)A(Y) + (X )n(Y) + S[A(X)n(Y)+
' A(Y)n(X)] + ¢D(X,Y),

where «, 3,7,0,1 are scalars such that §,7,d,7% are nonzero and A, n are two

nonzero 1-forms such that

9(X, ) = A(X) and g(X, p) = n(X),

i, p being unit vectors which are orthogonal, i.e., g(i, p) = 0 and D is a symmetric

(0,2) tensor with zero trace which satisfies the condition

D(X, ) =0, VX € x(M).

Here «, 3,7, d, % are called the associated scalars, and A, i are called the associated
main and auxiliary 1-forms respectively, u, p are called the main and the auxiliary

generators and D is called the associated tensor of the manifold.

Also in [1], A. Bhattacharyya, M. Tarafdar and D. Debnath introduced the notion of

a Riemannian manifold (M, g) of a mixed super quasi-constant sectional curvature
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as a Riemannian manifold with the curvature tensor satisfies the condition

1.5
( R)(Xavav W) =alg(Y, Z)g(X, W) — g(X, Z)g(Y,W)] + blg(Y, Z) A(X) A(W)
— 9(X, 2)A(Y)A(W) + (X, W)A(Y)A(Z)
—g(Y,W)A(X)A(Z)] + clg(Y, Z)n(X)n(W)—
9(X, Z)n(Y)n(W) + g(X, W)n(Y)n(Z)
= g(Y,Wn(X)n(Z)] + dlg(Y, Z){AX)n(W) + A(W)n(X)}
— 9(X, 2){AY )n(W) + AW)n(Y)}
+9(X,WH{AY)n(Z) + A(Z)n(Y)}
—g(Y,W){AX)n(Z) + A(Z)n(X)}] + olg(Y, Z)D(X, W)
—9(X, Z)D(Y,W) + g(X,W)D(Y, Z) — g(Y,W)D(X, Z)],
where a, b, ¢, d, g are scalar functions with b # 0, ¢ # 0, d # 0, g # 0 where A and

71 are non zero 1-forms such that
9(X, E) = A(X), g(X,E) =n(X) VX, g(E,E) =0

F, E being orthogonal unit vector fields, D is symmetric (0,2) tensor with zero

trace which satisfies the condition
D(X,E)=0VX.

Let M be an m-dimensional, m >3, Riemannian manifold and p € M. Denote by
K (m) or K(uAwv) the sectional curvature of M associated with a plane section 7w C
T, M, where {u,v} is an orthonormal basis of w. For any n-dimensional subspace
L C T,M, 2< n < m, its scalar curvature 7(L) is denoted in [5] by 7(L) =
2Y1<icj<n K (e; Nej), where {e1, ez, ...e, } is any orthonormal basis of L [11]. When

L =T,M, the scalar curvature 7(L) is just the scalar curvature 7(p) of M at p.

2. WARPED PRODUCT MANIFOLDS

The notion of warped product generalizes that of a surface of revolution. It was
introduced in [2] for studying manifolds of negative curvature. Let (B,gp) and
(F, gr) be two Riemannian manifolds and f is a positive differentiable function on
B. Consider the product manifold B x F' with its projections 7 : B x F' — B and
o : B xF — F. The warped product B Xy F'is the manifold B x F' with the
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Riemannian structure such that || X||? = ||7*(X)||? + f?(7(p))||o*(X)]||?, for any
vector field X on M. Thus we have

(2.1) g=4B +f29F

holds on M. The function f is called the warping function of the warped product [9].

Since B xj F is a warped product, then we have VxZ = VzX = (Xinf)Z for
unit vector fields X, Z on B and F, respectively. Hence, we find K(X A Z) =
9(VzVxX —VxVzX,2) =1/ ){(VxXs — X2f}. If we chose a local orthonor-
mal frame ey, ....,e, such that ey,....,e,, are tangent to B and ey, +1,....,e, are

tangent to F', then we have

A

(2.2) £ Z K(ei Nej),

for each s =mn; +1,....,n [9].

We need the following two lemmas from [9], for later use:

Lemma 2.1. Let M = B x;y F be a warped product, with Riemannian curva-
ture tensor Ryr. Given field X, Y, Z on B and U, V, W on F, then:

(1) Rar(X,Y)Z = Rp(X,Y)Z,

(2) Ry (V, X)Y = —(Hf(X,Y)/f)V, where H' is the Hessian of f,

(3) Ru(X,Y)V = Ry (V, W)X =0,

(4) R (X, V)W = —(g(V, W)/ )V x (grad [),

(5) Ru(V.W)U = Rp(V, W)U+ (llgrad f|[* / f2){g(V.U)W — g(W,U)V}.

Lemma 2.2. Let M = B x¢ F be a warped product, with Ricci tensor Syr. Given
fields X, Y on B and V, W on F, then:

1) Su(X,Y) = Sp(X,Y) — ¢H/(X,Y), where d = dim F

(1) 7

(2) Smu(X,V) =0,

3) Su(V,W) = Sp(V,W) — g(V,W)f#, f# = &L + & Ll|grad f||2, where Af is
f f

the Laplacian of f on B.
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Moreover, the scalar curvature 75; of the manifold M satisfies the condition

T 2
(2.3) TM:TB+J£—2dAff—d(d—1)|vff2| 7

where 75 and 7 are the scalar curvatures of B and F', respectively.

In [8], GEBAROWSKI studied Einstein warped product manifolds and proved the

following three theorems:

Theorem 2.1. Let (M, g) be a warped product I x ;F, diml = 1, dimF' =n—1(n >
3). Then (M,g) is an FEinstein manifold if and only if F is Einstein with constant
scalar curvature Tg in the case n = 3 and f is given by one of the following formulae,

for any real number b,

4 70 o h2 Va(t+b)
EK sinh I a>0
f2(t) =< K(t+0b)2, a=0

—%K sin? @, a<0
for K >0, f2(t) = b exp(at) (a #0), for K =0, f2(t) = —%Kcosh2 @, (a >
0), for K <0, where a is the constant appearing after first integration of the equa-
tion q e +2K =0 andK:m.
Theorem 2.2. Let (M,g) be a warped product B Xy F of a complete connected
r-dimensional (1 < r < n) Riemannian manifold B and (n — r)-dimensional Rie-
mannian manifold F. If (M,g) is a space of constant sectional curvature K > 0,

then B is a sphere of radius TE

Theorem 2.3. Let (M,g) be a warped product B x; F of a complete connected
n — 1-dimensional Riemannian manifold B and one-dimensional Riemannian man-
ifold I. If (M,g) is an Einstein manifold with scalar curvature Tp; > 0 and the

Hessian of f is proportional to the metric tensor gg, then

N

(i) (B,gB) is an (n — 1)-dimensional sphere of radius p = (m)_ .

(i) (M, g) is a space of constant sectional curvature K = n(g‘jl).

Motivated by the above study by GEBAROWSKI and the paper by S. Sular and

C. Ozgur [12], in the present paper our aim is to generalize Theorem 2.1, Theorem
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2.2 and Theorem 2.3 for mixed super quasi-Einstein manifolds. Next we established
an example of mixed super quasi-Einstein manifold to ensure the existence of such
manifold. Also in the last section we also give an example of warped product on

mixed super quasi-Einstein manifold.

3. MIXED SUPER QUASI-EINSTEIN WARPED PRODUCTS

In this section, we consider mixed super quasi-Einstein warped product mani-

folds and prove some results concerning these type of manifolds.

Theorem 3.1. Let (M,g) be a warped product manifold I x¢ F, where diml =
1 and dimF = n — 1(n > 3). If (M,g) is mized super quasi-FEinstein manifold
with associated scalars o, 8,7,0 and 1, then F is also a mized super quasi-FEinstein

manifold.

Proof. Let us consider (dt)? be the metric on I. Taking f = exp{} and making
use of the Lemma 2.2, we can write
o 0 n—1 "

(3.1) Swgr o) = "2 + ()
and
(32 SulV.W) = Sp(V,W) — 1e2¢ "+ (n = 1)(a Vlgr(V, W),

for all vector fields V., W on F.

Since M is super quasi-Einstein, from (1.4) we have

(3.3)
S 5r) =gl 0+ BAC) A + (o) + SlA(5 ()
F A+ VDo ),
and
(3.4)
SV, W) =ag(V, ) + BA(V)AGW) +4(V Jn(W) + SLA(V (W) + AW (V)]

+¢D(V, W).

Now let U,U € X(M). Decomposing the vector fields U and U uniquely into its

components Uy, Ur and UI, UF on I and F', respectively, we can write U = Ur+Up
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and U = U1 + Up. Since dim I = 1, we can take Uy = 771% which gives us
U= 771% + Ur and UI = 772% which gives us U= 772% + Ug, where n; and 7 are

functions on M. Then we can write

A =90 U) =m,
(3.5) 0 o
U(a) = g(a,U) = 2.

On the other hand, by the use of (2.1) and (3.5), the equations (3.3) and (3.4)

reduce to

N . o 0
(3.6) SM(&? a) =a+ fBn +yny +20mn2 + ZﬁD(aa a)

and
. Su(V,W) =aelgp(V,W) + BAV)AW) +yn(V)n(W)+
SLA(V)n(W) + AW )n(V)] + DV, W).
Comparing the right hand side of the equations (3.1) and (3.6) we get
0 n—1

a 1" !’
(3.8) o+ B} + m3 + 26mnz + YD 2¢ +(q)%

o) =4
Similarly, comparing the right hand sides of (3.2) and (3.7) we obtain
(3.9)

Se (VW) =320+ (n— 1)(q' )+ 4algr (V. W) + BAV)AGY) + m(V)n(0)
LAV (W) + AW (V)] +wD(V, W),

Which implies that F' is a mixed super quasi-Einstein manifold. This completes the

proof of the theorem.

Theorem 3.2. Let (M,g) be a warped product B x; F of a complete connected
r-dimensional (1 < r < n) Riemannian manifold B and (n — r)-dimensional Rie-
mannian manifold F.

(i) If (M, g) is a space of mized super quasi-constant sectional curvature, the Hes-
sian of f is proportional to the metric tensor g and the associated vector fields
and E are the general vector field on M or E, E e X(B), then B is isometric to the
sphere of radius ﬁ in the (r + 1) dimensional Euclidean space. Forr =2, B is a
2-dimensional nearly quasi-Einstein manifold.

(i) If (M, g) is a space of mized super quasi-constant sectional curvature and the

associated vector fields F, E e X(F), then B is a nearly quasi-Einstein manifold.
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Proof. Assume that M is a space of super quasi-constant sectional curvature.
Then from equation (1.5), we can write

(3.10)
R(X7 Y, Z, W) = [g(Y7 Z)g(X’ W) - g(Xa Z)g(}/a W)]+

blg(Y, Z)A(X)AW) — g(X, Z)A(Y)A(W)+

9X,W)AY)A(Z) — g(Y, W)A(X)A(Z)] + c[g(Y, Z)
(XOn(W) — g(X, Z)n(Y)n(W) + g(X, W)n(Y)n(Z)

g(Y, Wn(X)n(2)] + dlg(Y, Z){A(X)n(W) + AW)n(X)}
9(X, 2){AY (W) + AW)n(Y)} + g(X, W{AY )n(Z)+

A(Z)n(Y)} = g(Y, WH{AX)n(Z)

+ A(Z)n(X)} + olg(Y. Z)D(X, W) — g(X, Z)D(Y, W)

3

+9(X,W)D(Y, Z) — g(Y,W)D(X, Z)],

for all vector fields X,Y, Z, W on B.

Decomposing the vector fields E' and E uniquely into its components Fp, EFr and
EB, EF on B and F', respectively, we can write £ = Ep + Er and E= EB + EF
Then we can write
( ) A(X):g(X7E):g(X’EB):gB(X’EB)’
3.11 ) ) )

n(X) =g(X,E) = g(X, Ep) = gp(X, Ep).
In view of Lemma 2.1 and by using (2.1) and (3.11) in equation (3.10) and then
after a contraction over X and W (we put X = W =¢;), we get

(3.12)
Sp(Y,Z) =la(r — 1) + bgs(Ep, Ep) + cgs(Ep, Ep) + 0Dp(e;, ¢:)]gp(Y, Z)

+0(r = 2)A(Y)A(Z) + c(r = 2)n(Y)n(Z) + d(r — 2)[A(Y)n(2)
+n(Y)A(Z)] +reDp(Y, 2),

which shows us B is a mixed super quasi-Einstein manifold. Contracting from (3.12)

over Y and Z, we can write

(3.13) 8 = (r — 1)[ar + 2bgp(ER, Ep) + 2ch(EB,EB)] +2roDg(e;, €;).
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Since M is a space of mixed super quasi-constant sectional curvature, in view of
(2.2) and (3.10) we get

Af ar+bgp(Ep,Ep) + cgp(Ep, Ep) + roDpl(ei, ;)
f 2 '

On the other hand, since Hesssian of f is proportional to the metric tensor gg, it

(3.14)

can be written as follows
A

(3.15) 1wy = Sope),
Then by use of (3.13) and (3.14) in (3.15) we obtain

H + Kfgp(X,Y) =0,
(3 - ’I")QDB((‘,’Z‘, 6,’) + (’/‘ - 1)[bgB(EB, EB) + CgB(EB, E,B)} —TB

2r(r—1)

holds on B. So by OBATA’s theorem [10], B is isometric to the sphere of radius
—L_in the (r + 1)-dimensional Euclidean space. When r = 2 and since b # 0, ¢ # 0

VK
and d # 0, B becomes a 2-dimensional nearly quasi-Einstein manifold.

where K = !

Assume that the associated vector fields E, E € x(B). Then in view of Lemma
2.1 and by making use of (2.1) and (3.10) and after a contraction over X and W
we obtain
(3.16)
Sp(Y,Z) =la(r — 1) + b+ c+ oDg(ei, e;)gp(Y, Z) + b(r — 2)A(Y)A(Z)

T er — 2V n(Z) + d(r — DIAY n(Z) + n(Y)A(Z)] + roDs (Y, 2),
which gives us B is a mixed super quasi-Einstein manifold. By a contraction from
(3.16) over Y and Z, we get

(3.17) 5 = (r — 1)[ar 4+ 2b + 2c] + 2roDp(e;, ;).
Since M is a space of mixed super quasi-constant sectional curvature, in view of

(2.2) and (3.10) (for the case of E, E € x(B)) we get

Af ar+b+c+roDp(ee)
f 2 '

On the other hand, since Hesssian of f is proportional to the metric tensor gg, it

(3.18)

can be written as follows

(3.19) HI(X,Y) = #gB(X, Y).
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Then by use of (3.17) and (3.18) in (3.19) we obtain

(3—m)oDg(e;e;) + (r—D[b+c — 718

H' (X, Y)+K fgp(X.Y) =0, where K = -
( 3 )+ ng( 5 ) O,’LU ere 27”(7"—1)

holds on B. So by OBATA’s theorem [10], B is isometric to the sphere of radius
# in the (r + 1)-dimensional Euclidean space. For r =2 and as b # 0, ¢ # 0 and

d # 0, B is a 2-dimensional nearly quasi-Einstein manifold.

Assume that the associated vector fields E, E X(F), then the equation (3.10)
reduces to

(3.20)
R(X,Y,Z,W) =alg(Y,Z)g(X, W) — g(X, Z)g(Y,W)] + olg(Y, Z) D(X, W)

—9(X, Z)D(Y,W) + g(X,W)D(Y, Z) — g(Y,W)D(X, Z)].

In view of Lemma 2.1 and by making use of (2.1), the above equation can written

as

(3.21)

R(X,Y,Z,W) =algs(Y, Z)g5(X. W) — g5(X, Z)gs(Y,W)] + 0lg5(Y, Z) Dp(X, W)
—98(X, Z)Dp(Y,W) + gp(X,W)Dg(Y, Z)

—g5(Y,W)Dp(X, Z)].
Again a contraction of the above equation over X and W, we get
(3:22) Sp(Y,Z) = [a(r —1) + 0Dp(ei, €:)lgs(Y, Z) + roDp(Y, Z),

which implies that B ia a nearly quasi-Einstein manifold with scalar curvature

T8 =ar(r — 1) + 2rpDg(e;, e;). Hence the proof of the theorem is completed.

Theorem 3.3. Let (M,g) be a warped product B x ¢ I of a complete connected
(n — 1)-dimensional Riemannian manifold B and one-dimensional Riemannian
manifold I. If (M, g) is a mized super quasi-Einstein manifold with constant asso-

ciated scalars o, 8,7, 6 and b and the Hessian of f is proportional to the metric

n—1

tensor g, then (B, gg) is an (n — 1)-dimensional sphere of radius NeErh

Proof. Assume that M is a warped product manifold. Then by use of Lemma
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2.2 we can write
1
(3.23) Sp(X,Y) =Sy (X,Y) + ?Hf (X,Y)

for any vector fields X, Y on B. On the other hand, since M is a mixed super

quasi-Einstein manifold we have
Su(X,Y) =ag(X,Y) + BAX)AY) + (X )n(Y) + 6[AX)n(Y)

(3.24)
+ A(Y)n(X)] + ¢ D(X,Y).

When U,U € x(M), decomposing the vector fields U and U uniquely into its

components Uy, Ur and U T, Up on B and I , respectively, we can write

U=Up+U;
(3.25) .
U=Up+U;
In view of (2.1), (3.24) and (3.25) the equation (3.23) can be written as
(3.26)
Sp(X,Y) =agp(X,Y) + Bgp(X,Up)gs(Y,Up) + v95(X,Up)gs(Y,Us)
+0lg5(X,Up)gn(Y.Up) + g5(Y.Up)gp (X, Up)| + Y Dp(X.Y)

1
“HI(X)Y).
+f (X,Y)

By contraction from the above equation over X, Y, we find

(3.27) 75 = a(n — 1) + Bgp(Us, Up) + v95(Us, Up) + ¥ Dp(e;, ;) + %

On the other hand, we know from the equation (3.24) that

(3.28) v = an+ Bgp(Up, Ug) +v95(Us, Us) + ¥ Dp(e;, ;).

By use of (3.28) in (3.27) we get T = 73y —a + %. In view of Lemma 2.2 we also
know that

(3.29) f%M = %.

The last two equations give us 7 = "T_lTM — «. On the other hand, since Hes-
ssian of f is proportional to the metric tensor gp, it can be written as follows

HI(X)Y) = ,LA_flgB(X, Y). As the consequence of the equation (3.29) we have
Af 1

=1 = T ameD

Tz f, which implies that

HI(X,Y)+ %ng(X, Y) =0.
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So, by OBATA’s theorem B is isometric to the (n — 1)-dimensional sphere of radius

n—1

Jira Hence the theorem proved.

4. EXAMPLES OF 4-DIMENSIONAL MIXED SUPER QUASI-EINSTEIN MANIFOLD

Here we construct a nontrivial concrete example of a mixed super quasi-Einstein
manifold. Let us consider a Riemannian metric g on the 4-dimensional real number

space M* by
ds® = g;jdr'da? = 2! (dz')? + sin? 2! [(dz?)? + (dz®)? + (dz*)?]

where i,j = 1,2,3,4 and z', 22,23, 2% are the standard coordinates of M* and
0<al< 5. Therefore for the above metric only the nonvanishing components of

the christoffel symbols, the curvature tensor and the Ricci tensor are

[11,1] =1, [12,2] = [13,3] = [14,4] = cot 2",

sin 2zt
[22a 1] - [333 1] = [445 1] = —2€T7
N D S
sin” ' cos?
Roszo = BT Rosa2 = R3aus
Rigo1 = —sin®z' (1 4 cotz') = Rigz1 = Riaai,

2cos? z' — sin? 2 (1 + cot 1)
2!

Rys = = R33 = Ry

6(cot? z! — cotz! — 1
Ry = =3(1 +cotzl), r = (cot” 62;10 gc ) #£0,

provided (cot?z' — cotz! — 1) # 0 and the components which can be obtained
from these by symmetric properties. From the above it can be says that M* is a
Riemannian manifold of nonvanishing scalar curvature. We shall now show that
this manifold is M S(QFE)4. Let us now define

(1 + cotl) 5 1 1+ cot 2t

a:_Ta = =7, 6=~
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the 1-forms are given by

cos zt, i=234

Ai(z) = { cosz!, i=234

0, otherwise

and B;(x) = {

0, otherwise,

the associated tensor

—3(1 + cot ), i=j=1
Dij(xz) ={ (1+cotat), i=j=234

0, otherwise.

Then we have

i) Ri1 = agi1 + BA1A1 +vB1 By +20A1 By + ¢ D1y,

1) Rog = agoo + fA2As + yBoBo + 20 A3 By + 10 Do,
iii) R33 = agss + BA3A3 +vB3B3 + 20 A3 B3 + ¢ D33,
iv) Ryy = agas + BALAs + vBaBy + 20A4By + 9Dy,

(
(
(
(
Since all the cases other than (i) - (iv) are trivial, we can say

Ri; = agij + BAA; +vB;Bj + 6(AiB; + AjB;) +¢¥D;j, fori,j=1,2,3,4.

So, we can say that the manifold under consideration is a mixed super quasi-Einstein

manifold. Therefore we have

Example 4.1. Let (M*,g) be a Riemannian manifold endowed with the metric

given by
ds® = g;jdr'da? = 2 (dz")? + sin? ' [(dz?)? + (dz®)? + (dzt)?)

where i,j = 1,2,3,4 and ', 2%, 23, 2* are the standard coordinates of M*. Then it

is a mized super quasi-Finstein manifold with nonvanishing scalar curvature.
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Next we consider the Lorentzian metric g on M* by

ds* = g;;dz'da? = —62”’1(dﬂcl)2 +sin? 2'[(d2?)? + (d2®)? + (da*)?]

where i,j = 1,2,3,4 and 2!, 22, 23, 2% are the standard coordinates of M*. Now,

similar way after some construction of associated scalars and associated 1-forms,
we can say that the manifold is a mixed super Quasi-Einstein manifold. Therefore

we get another example of MS(QFE),.

Example 4.2. Let (M*,g) be a 4-dimensional Lorentzian manifold endowed with

the metric given by
ds® = g;jda‘da’ = —®* (da")? + sin® ' [(d2?)? + (da®)? + (da*)?]

where 1,7 =1,2,3,4 and x*, 22,23, 2% are the standard coordinates of M*. Then it

is a mized super quasi-Einstein manifold with nonvanishing scalar curvature.

5. EXAMPLE OF WARPED PRODUCT ON MIXED SUPER QUASI-EINSTEIN MANIFOLD

Here we consider the example 4.1, a 4-dimensional example of mixed super quasi-
Einstein manifold. Let (My, g) be a Riemannian manifold endowed with the metric

given by

ds® = gijdxidxj — 2 (dz")? + sin? ' [(dz?)? + (dz®)? + (dat)?

where 7,5 = 1,2,3,4 and z!, 22, 23, 2* are the standard coordinates of M. Then

we have shown that it is mixed generalized quasi-Einstein manifold with nonzero

and nonconstant scalar curvature.

To define warped product on MS(QF)4, we consider the warping function f :
R — (0,00) by f(x') = sinz', here we observe that f =sina' > 0for0 <a' < %
and is a smooth function. And the line element defined on R x R2 which is of the

form I xy F, where I = R is the base and F = R3 is the fibre.

Therefore the metric ds%; = ds% + f?ds% that is
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ds?® = gi;daida’l = 2 (da')? + sin® 21 [(da?)? + (d2®)? + (da*)?],

is the example of Riemannian warped product on MS(QFE)4.
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