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structures since these surfaces can be unfolded (developed) into a plane without

stretching or tearing.

A developable ruled surface can be a plane, a conical surface, a cylindrical surface

or tangential surface of a curve, [6]. Gaussian curvature of these surfaces is zero at

all points of the surface, [7].

Bezier curves frequently used in computer graphics and related fields. Bezier

curves are named after their inventor Dr. Pierre Bezier. He developed a curve

formulation in the early 1960’s to use this curve in shape design that would be

intuitive enough for designers and artists to use, without requiring a background in

mathematics.

In this paper, we present obtaining the Bezier directrix curve of a developable

ruled surface from the Bezier directrix curve of the other developable ruled surface.

Also, we expressed the exchange variations of the arc lengths of these directrix

curves and the curvature exchanges between these Bezier directrix curves of two

developable ruled surfaces.

2. Ruled and Developable Ruled Surfaces

A surface generated by one parameter family of straight lines is called ruled

surface. A ruled surface is given as;

(1) P (s, t) = x(s) + td(s)

where, x(s) is the base curve or the directrix and for constant s, the line ls(t) =

x(s0)+ td(s0) is the generator or the ruling of the ruled surface, as seen from Figure

(1).

A ruled surface where the tangent plane is constant at all points along a given

ruling is called developable ruled surface. A developable ruled surface is a surface

where the surface normal at all points along a given ruling is constant.

A ruled surface is a developable ruled surface if and only if, [7]

(2)

(
d(s),

dx

ds
,
dd

ds

)
= 0.

A surface is developable if and only if K=0 everywhere on the surface, [7].
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Figure 1. A developable ruled surface

3. A New Bezier Curve Obtained from The Other Bezier Curve

A Bezier curve is a parametric curve. An nth-degree Bezier curve is defined as

x(u) =

n∑
i=0

Bi,n(u)Pi 0 ≤ u ≤ 1(3)

The basis functions {Bi,n(u)} are the nth- degree Bernstein polynomials defined by

Bi,n(u) =
n!

i! (n− i)!
ui (1− u)

n−i

where, {Pi} are called control points, [9].

Let’s give a Bezier curve defined by the equation (3).We can chance a point x (û)

to a new location x̄.

We need to find new control points
{
P̂i

}
such that

(4) x̄ =

n∑
i=0

Bi,n(û)P̂i,

which can be viewed as one equation in n − 1 unknowns. Let’s suppose that P0

and Pn should stay the same. Since this is undetermined linear system (for n > 2)

with infinitely many solutions, we need to find the one that is closest to the original

control points. Linear system can be written as follows
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(5) [B1,n(û)...Bn−1,n(û)]



P̂1

.

.

.

P̂n−1


= x̄− P̂0B0,n(û)− P̂nBn,n(û) = m

or

(6) AB̂ = m

where A = [B1,n(û)...Bn−1,n(û)]. The unknowns can be written as

(7) B̂ = B +AT c

where c is the unknown vector. Using a least squares approach the following equa-

tion

AB̂ = AB +AAT c

is obtained. Thus,

c =
1

a
(x̄− x)

and finally

B̂ = B +
1

a
AT (x̄− x)

where, a = AAT .

All Bezier points P̂1, ..., P̂n−1 move in the same direction x̄−x, but with different

displacement magnitudes, [4].

4. The Variation of Nearest Neighbor Curve

Let the curve x (s) be planar or spatial curve. Hence, the nearest neighbor curve

x̄ (s) can be defined by

(8) ~̄x = ~x+ uT + vN + wB = ~x+ ~y
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where {T,N,B} are the unit vectors of the S. Frenet frame and the quantities

u, v, w are the functions that multiplied with the parameter ε of s as follows

u = εū(s), v = εv̄(s), w = εw̄(s), ~y = ε~̄y(s).(9)

If the condition (ε→ 0) occurs, then the nearest neighbor curve x̄ (s) approaches

to the curve x (s).

Let’s expand the series according to ε’s powers of the arc length

(10) s̄ =

∫ s2

s1

√
~̄x′2ds

of the nearest neighbor curve. If this expansion is shown as a linear term δs accord-

ing to ε, the following equation

(11) s̄ = s+ δs+ ...

can be written. Hence, δs is called as first variation of the arc length and defined

by

(12) δs = ε. lim
ε→0

s̄− s
ε

.

If the curvature and the torsion of the curve (~x) can be shown as

κ =
1

ρ
, σ =

1

τ

then, the S. Frenet formulas can be written as below

T
′

= κN, N
′

= −κT + σB, B
′

= −σN.(13)

After some computations,

s̄ = s+

∫ s2

s1

~x′ ~y′ds+ ... = s+ [u]
s2
s1
−
∫ s2

s1

κvds+ ...

and finally the first variation of the arc length
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(14) δs = [u]
s2
s1
−
∫ s2

s1

κvds

is found.

On the other hand, the curvature κ̄ = 1 : ρ̄ of the curve
(
~̄x
)

is [2]

(15) κ̄ =

√
~x′2 ~x′′2 −

(
~̄x′ ~̄x′′)2(√

~x′2

)3 .

5. Arc Length Parameterization

The parameterization of curves is one of the important problems in CAGD. For

a general parametric curve x (u), an arc length parametrization x (s) is the length

l between two points on the curve x (s0) and x (s1) is l = s1 − s0. Any linear

relationship between l and s is called an arc-length parametrization. For most

formulations used in curve design, the length of the curve is not linearly related to

the values of the parameter. In many applications of parametric curves it is essential

to be able to relate easily the parametric values to the arc length, and reciprocally.

An example can be given as in computer assisted animation systems where the

animator defines a flexible object (such as a shoe-lace, a rope, etc..) whose length

is to be kept constant. Arc length parametrization is also needed to compute the

speed along curves, such as motion paths used in animation, [10].

Many methods for parameterization try to be close to arc length one. Arc length

parameterization is usually very difficult. Even if the arc length parameterization

could be obtained, they are generally not of the desirable Bezier form. Hence,

approximate arc length parameterization will be a good alternative way, [1]. There-

fore, several algorithms and solution methods have been used in the literature to

get approximate arc length parameterization.

6. The Exchange Variations Between Bezier Directrix Curves of

Two Developable Ruled Surface

Let P (s, t) = x(s) + tT(s), x
′
(s) = T be a developable ruled surface. As men-

tioned in Section 2, the curve x(s) is the directrix curve of this surface. Since, the

Bezier curve, which is given with the equation (3), can be reparametrized with arc
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length parameter by using several methods in the literature, this Bezier curve can

be assumed as the directrix curve of the developable ruled surface P (s, t). Let’s

suppose the Bezier curve x̄ (s) in (4) corresponds to the nearest neighbor curve in

(8). Hence, the nearest neighbor Bezier curve can be expressed by using arc length

parameter as

(16) x̄ =

n∑
i=0

Bi,n(û)P̂i = ~̄x = ~x+ uT + vN + wB = ~x+ ~y.

On the other hand, we can write a developable ruled surface whose directrix

curve is the nearest neighbor Bezier curve x̄ (s) of the directrix curve x(s) of the

developable ruled surface P (s, t) as

(17) P̄ (s, t) = x̄ (s) + tT̄(s), x̄
′
(s) = T̄.

Since,

(18) x̄
′
(s) = T̄ = ~x′ + ~y′ = ~̄x

′
= T + ε~̄y

′

and

(19) ~y′ = ε~y′ =
(
u

′
− κv

)
T +

(
v

′
+ κu− σw

)
N +

(
w

′
+ σv

)
B,

we can obtain the unit tangent vector of the Bezier directrix curve x̄ (s) as

(20) x̄
′
(s) = T̄ =

(
1 + u

′
− κv

)
T +

(
v

′
+ κu− σw

)
N +

(
w

′
+ σv

)
B.

Therefore, by using the equations (17) and (20), the developable ruled surface

P̄ (s, t) can be written with the following equation

(21)

P̄ (s, t) = x(s)+t
[(

1 + u+ u
′
− vκ

)
T +

(
uκ+ v + v

′
− wσ

)
N +

(
vσ + w + w

′
)

B
]

If the Bezier directrix curves (~x) and
(
~̄x
)

have common boundary points [u (s1) = 0, u (s2) = 0],

then first variation of the arc length of these curves is
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(22) δs = −
∫ s2

s1

κvds.

If we write δn instead of v,

(23) δs = −
∫ s2

s1

κδnds

is obtained.

Also, the curvature relationship between the directrix curves (~x) and
(
~̄x
)

can be

expressed with

(24) κ̄ = κ+ ε
[(

N~̄y
′′
)
− 2κ

(
T~y

′
)]

+ ...

Therefore, from the equations (8), (9) and (19), the curvature variation of the

directrix curves (~x) and
(
~̄x
)

can be written as

(25) δκ = κ2v − κu
′
+

d

ds

(
v

′
+ κu− σw

)
−
(
w

′
+ σv

)
σ.

7. Example

Let’s given the Bezier curve x(u) with the arc length parameterization, which is

mentioned in Section 5, as x(s) with the following equation.

x(s) =

(
2 sin

(
s√
29

)
, 2 cos

(
s√
29

)
,

5s√
29

)
.

We can define the nearest neighbor curve x̄ (s) using the equations (8) and (9) as

x̄ (s) = ( 19−s
10 sin

(
s√
29

)
+ 12s+15

10
√
29

cos
(

s√
29

)
,

19−s
10 cos

(
s√
29

)
− 12s+15

10
√
29

sin
(

s√
29

)
,

51s−6
10
√
29

).

Thus, we can express the developable ruled surfaces which have these curves x(s)

and x̄ (s) as the directrix curves with the following equations.
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P (s, t) =

(
2 sin

(
s√
29

)
+

2t√
29

cos

(
s√
29

)
, 2 cos

(
s√
29

)
− 2t√

29
sin

(
s√
29

)
,

5√
29

(s+ t)

)
and

P̄ (s, t) = ( 19−s
10 sin

(
s√
29

)
+ 12s+15

10
√
29

cos
(

s√
29

)
+t
((
− 1

10

)
sin
(

s√
29

)
+ 12

10
√
29

cos
(

s√
29

)
− 12s+15

10.29 cos
(

s√
29

))
,

19−s
10 cos

(
s√
29

)
− 12s+15

10
√
29

sin
(

s√
29

)
+t
((
− 1

10

)
cos
(

s√
29

)
− 19−s

10 sin
(

s√
29

)
− 12

10
√
29

sin
(

s√
29

)
− 12s+15

10.29 cos
(

s√
29

))
,

51s−6
10
√
29

+ t 51
10
√
29

).

We can see the directrix curves x(s) and x̄ (s) and also the developable ruled

surfaces P (s, t) and P̄ (s, t) and the relations between them from the Figures (2),

(3) and (4), and (5), (6) and (7), respectively.

Figure 2. Directrix curve x(s) of the developable ruled surface P (s, t)
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Figure 3. The nearest neighbor curve x̄ (s) which is directrix

curve of the developable ruled surface P̄ (s, t)

Figure 4. Directrix curve x(s) and the nearest neighbor curve x̄ (s)

As seen from figures, we can regulate the curves and whereat the developable

ruled surfaces only using the value ε. Hence,we can obtain the optimum Bezier

curve and the optimum developable ruled surface that user wants.

8. Conclusion

In this paper, we expressed how to obtain the nearest neighbor Bezier directrix

curve of a developable ruled surface from the Bezier directrix curve of the other
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Figure 5. The developable ruled surface P (s, t)

Figure 6. The nearest neighbor developable ruled surface P̄ (s, t)

developable ruled surface. On the other hand, we presented the exchange variations

of the arc lengths and the curvature exchanges of these directrix curves. Also, based

on this variation, we gave some relationships between these two developable ruled

surfaces.Therefore, the user can define optimum Bezier curve and the optimum
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Figure 7. The developable ruled surfaces P (s, t) and P̄ (s, t)

developable ruled surface which has this curve as directrix curve for designing the

particular shape.
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