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ABSTRACT. In this paper, we introduce the product of two relative semi-
dynamical systems and study the preservation of certain dynamical notions
under the product. Also, a variant of conjugacy is introduced to get these

properties shared by conjugate systems.
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1. INTRODUCTION

Mathematical models, whose success depends on getting the observations match
the theory, found a strong basis with the introduction of fuzzy sets by Zadeh [9] in
1965. The fuzzy version of mathematical models got developed by the addition of
the thought of an observer which is precisely a fuzzy set in the context of mathe-
matics. We indicate dynamics, in fact any structure on a set from the viewpoint
of the observer. Applying this idea for describing various geometrical structures

on the set such as manifolds [8], vector fields [6] and metrics [7], has led to the
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observer-relative perspective on the set. With the expansion of study to this ex-
tent, the notion of a relative semi-dynamical system [5] came into picture to explain
the dynamics related to the observer’s point of view.

While discussing a family of relative semi-dynamical systems, to examine their
product is natural. In this paper, we introduce transitivity, exactness and conju-
gacy from the perspective of an observer. In Section 2, some necessary definitions
and terminology have been given and the product of two relative semi-dynamical
systems has been introduced. In the next section, p,-transitivity and p,-exactness
have been introduced and it has been seen that the latter implies the former. In
Section 4, by means of examples it has been shown that p,-transitivity and pe-
minimality are not necessarily preserved under the product, while p,-exactness is
preserved under the product. Finally, in Section 5, a variant of conjugacy has been
introduced and it has been shown that conjugacy is preserved under product. Be-
sides, we establish that p,-transitivity, p,-minimality and p,-exactness are shared

in common by conjugate relative semi-dynamical systems.

2. PREREQUISITE

Throughout the paper, X denotes a nonempty set and the symbols R, N and
I, respectively, represent the set of real numbers, the set of integers and the unit
closed interval [0, 1] of the real line. By an observer, we mean a fuzzy subset on
X, that is, a map from X to I. For a fuzzy subset p of X, and « € (0, 1], the set
p~ (e, 1], denoted by (11)a, is called the a-cut of u. If {\; | i € '}, where I is a
nonempty arbitrary index set, is a family of fuzzy subsets of X, then the join and
the meet of the family are defined for x € X by VierAi(z) = supier{Xi(x)} and
NierAi(x) = infier{\i(z)}, respectively.

For an observer p, a family 7, of fuzzy subsets of X that are less than or equal to
1, containing p and the constant map 0, which is closed under finite intersections
(meets) and arbitrary unions (joins), is called a p-relative topology on X, and the
triple (X, u, 7,) is called a p-relative topological space. Also, it may be noted that
for an a € (0, 1], the collection (7,)q = {Aa | A € 7,,} forms a topology on (1t)q.
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Let X and Y be nonempty sets and f : X — Y be a map. Then for a fuzzy
subset A of X, f(X) is a fuzzy subset of Y defined for y € Y by

Supzef—l(y){)‘(z)}a if RS f(X)7

0, otherwise.

FNy) =

The following lemma describes the relation between the a-cut of the image of a

fuzzy subset A of X and the image of the a-cut of A under a selfmap f on X.

Lemma 2.1. Let f be a selfmap on a set X. Then for a fuzzy subset X of X,
(f(N)a = fF(Na)-

Proof. Let x € f((A)a). Then z = f(y) for some y € (N\),. Hence f(\)(z) =
SUP¢f-1(z{A(2)} > @, which shows that @ € (f(A))a. Next, consider y € (f()))a-
Then, f(M\)(y) > «. This provides an = € f~!(y) such that A(z) > a. Thus

y=f(z) € f(Na) 0

Let (X,pu,7,) and (Y,v,7,) be p-relative and v-relative topological spaces, re-
spectively. Then a map f : (X, pu,7,) = (Y,v,7,) is called (u,v)-continuous [1] if
forevery A€ 7, f7HN) = (Ao f)Ap € T,

By a relative semi-dynamical system, written RSD-system for short, we mean a
triple (f, X, 7,), where f: X — X is a (u, u)-continuous map. For an element 2 of
an RSD-system (f, X, 7,), we denote the set {z} U{f"(x) | n € N} by Os(z), and
call it to be the orbit of x.

Definition 2.1 ([1]). An RSD-system (f, X, 7,,) is called po-minimal if the set (1)q

is invariant under f, and for all z € (u)q, the orbit of x is dense in (u)q-

If 41 and v are fuzzy subsets of X and Y, respectively, then the product (u X v)
of u and v is a fuzzy subset of X x Y, defined by

(1 V)(@,y) = min{u(z),v(y)}, zEX, yeY.

Let (X,p,7,) and (Y,v,7,) be p-relative and v-relative topological spaces, re-
spectively. Then the product (p x v)-topology, T(uxw), on X x Y is defined to be the
(1 x v)-topology generated by the collection {A x v | A € 7,y € 7, }.

Iff:X—=Xandg:Y — Y are (u, u)-continuous and (v, v)-continuous maps,
respectively, then it is straightforward to verify that f xg: X XY — X xY defined
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by
(f xg)(x,y) = (f(zx),9(y), z€X, yey,

is a (u X v, u X v)-continuous map. Thus we have the following:

Definition 2.2. Let (f, X, 7,) and (g,Y, 7,) be two RSD-systems. Then their prod-
uct relative semi-dynamical system is defined to be the triple (f x g, X XY, 7(,%,)

as described above.

3. [ta-TRANSITIVITY AND fi,-EXACTNESS

In this section, we introduce the notions of p,-transitivity and p,-exactness for
a relative semi-dynamical system and observe that a u,-exact RSD-system is pi-

transitive.

Definition 3.1. For an a € (0,1], a relative semi-dynamical system (f, X,7,) is
called po-transitive if for every A, v € 7, with (\)o and (v), nonempty, there is an
n € N such that (f™(A) Av)a # ¢, or equivalently, (f™(A))a N (V)a # ¢

Example 3.1. Let X = [0,1] and g : X — I be a fuzzy subset of X defined by
p(xz) = 2x mod 1, x € X. Then the family 7, = {0} U {4 | n € NU{0}} is a
p~topology on X . Clearly, the identity map Ix on X is (u, pt)-continuous, and hence
(Ix,X,7,) is an RSD-system. Since 1/2 lies in each open set of (11)q, the system

(Ix,X,T,) is po-transitive.

Example 3.2. Let X denote the polynomial ring R[z] in  with coefficients in R.
Define p: X — [0, 1] by

ﬁa if deg f # 0,

0, otherwise,

w(f) =

where f € X and deg f denotes the degree of f, and for each i € N, A\ : X — [0, 1]
by
, ifdeg f =1,

0, otherwise.
Denote by 7,, the u-topology generated by {\* | i € N}, so that (X,u,7,) is a
p-relative topological space. Consider the map F : X — X which sends f € X to
its derivative f’. It is (u, u)-continuous [1]. On account of the fact that for i,j € N,
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with j >4, F"((A)a) N (M) = ¢, for every n € N, the RSD-system (F, X,7,) is

not pq-transitive.

Remark 3.1. If x € (A\1)q, where (A1)q € 7,. Then O¢(z) is dense in (u)o implies
that for every nonempty open set (A2)a 0f (1), f™((A1)a) N (A2)q is nonempty for

some n € N. Hence, a p,-minimal RSD-system is p,-transitive.

Definition 3.2. For an o € (0,1], a relative semi-dynamical system (f, X,7,) is

called o -ezact if

(i) f(#a) 2 pa, and
(ii) for A € 7, with (A), nonempty, there is an n € N such that f™(\) > p on

(£)a or equivalently, f7(A)a) > ()a-

Remark 3.2. That a puy-exact RSD-system is p,-transitive follows from the defi-

nition.

Example 3.3. Let X = {w: N — N | w is nondecreasing}. Define p : X — [0, 1]
by p(w) = ﬁl), we X, and for i € N, A : X — [0,1] by AN(w) = ﬁ Then the
family 7, = {0} U{\* | i € N} is a p-topology on X. Consider the map F : X — X
given by F(w)(n) = w(n + 1), where w € X, n € N. That F is (u, 4)-continuous
follows by noting that A o F' = X*!. Let © € (u)o. Then the map y : N — N

defined for n € N by

1 ifn <i,

yn) =4
z(n —1), otherwise,
is such that y € (\%), and Fi(y) = z. Thus # € F((\),), and hence the RSD-

system (F, X,7,) is puq-exact.

4. PRESERVATION OF DYNAMICAL PROPERTIES OF RELATIVE SEMI-DYNAMICAL

SYsSTEMS UNDER PRODUCT

In this section, by means of examples we show that the product of a p,-transitive
(to-minimal) RSD-system and a v,-transitive (v,-minimal) RSD-system need not
be a (u X v),-transitive ((p X 1) o-minimal) RSD-system. However, we show that the
product of a p,-exact RSD-system and a v,-exact RSD-system is a (u X v),-exact

RSD-system.
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Example 4.1. Let (Ix,X,7,) be the RSD-system as described in Example 3.1.
Then (2, 2) lies in each nonempty open set of (u X 11)q. Therefore, (Ix x Ix, X X
X, T(uxp)) i (1 X 1) o-transitive.

Example 4.2. Let X be the set Z,, of residue classes modulo n, where n > 2, and
p: X — I be a fuzzy subset of X defined by p(x) = 1. Take 7, to be the collection
of all fuzzy subsets of X. Then (X, p,7,) is a p-relative topological space. Define
f:X — X by f(z) = (x +1) mod n. Then f is (p,u)-continuous. Also, for
a € (0,1], the RSD-system (f, X, 7,) is pio-transitive, being jio-minimal. For open
sets {(1,1)} and {(1,2)} of (1 x i)a, FF{(1,1)}) N ({(1,2)}) = ¢, for every k € N.
Hence (f x f, X X X, T(uxp)) is not (p X p)o-transitive.

Example 4.3. Let X = {0,1}" and for z € X, n, be the smallest non-negative
integer such that x(ny +1) = 0. Define p: X — I by

Ny
and for i € N, \: X — I by
) 1 if x(j) =1 for every j € 1,....1,
)\1(1‘) _ )2 (J) yJ
0, otherwise,

where z € X. Then 7, = {0,u} U{\" | i € N} is a u-topology on X. Define
f: X —=Xby

1, ifn=1,

f(@)(n) =

x(n—1), if n#£1,
where * € X,n € N. That f is (u, u)-continuous follows by noting that (A o
HAp=Afori#1, Xof=XX"1and (uof)Ap = u. Also, for x € ()a
and X’ € 7, with (\"), # ¢, we have fi(z) € (\%),. Therefore, Os(z) is dense in
(1)a- Since f((p)a) C (1)a, we obtain (f, X, 7,) to be po-minimal. Now, consider
(f x [, X X X, T(uxp)). Clearly, (f x f)((1r X pt)a) is contained in (4 x pt)q. Let
(r,y) € X x X and (A" x M), be a nonempty basic open set of (11 X 11). Then
(f x f)¥(x,y) € (A x M),, where k = maz{i,j}. Hence, Oy (x,y) is dense in
(1 X p) e, showing that (f x f, X x X, 7(,xu)) 18 (1 X p1) o-minimal.

Example 4.4. The RSD-system (f, X,7,) as described in Example 4.2 is fin-
minimal, but the product RSD-system (f X f, X X X, 7(,,x ,)) is not (X pt) o-minimal.
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Theorem 4.1. Let (f,X,7,) be pq-exact and (g9,Y,7,) be vo-exact. Then the
product RSD-system (f x g, X X Y, T(,1x1)) is (4 X V)q-ezact.

Proof. Let (AX7), be a nonempty basic open set of (X 7). Then the pq-exactness
and vo-exactness of (f, X,7,) and (g,Y,7,), respectively, provide ni,ns € N such

that /" (V)a) 2 (e, and g"2((7)a) 2 (V)a- Thus (fxg)*(Ax7)a) = (f*(A)a)x
7" ((7)a)) 2 (1 X V)a, where k = max{ni,ns}, and hence the result. O

Theorem 4.2. Let (f,X,7,) and (9,Y,7,) be RSD-systems. Then the following
are true:
(i) if the product RSD-system (f x g, X XY, T(,x1y) is (4 X V) o-transitive, then
(f, X, 7u) is pa-transitive and (g,Y,7,) is vo-transitive;
(ii) if the product RSD-system (f x g, X XY, T(uxv)) is (1 X V)o-minimal, then
(f, X, 1) is po-minimal and (g,Y, 7)) is vo-minimal;
(iii) if the product RSD-system (f x g, X X Y, T(uxv)) is (1 X V)q-exact, then

(f, X, 7u) is pa-exact and (g9,Y,T,) is Vo-ezact.

Proof. We prove the result for one of the factors, say (f, X, 7,). Let A € 7, be such
that ())q is nonempty. Then (A x v) € 7(,x,) and (A X v), is nonempty. For (i), let
A1 and Az be in 7, with (A1)a and (A2)e nonempty. Then the (u X v)q-transitivity of
fx g provides an n € N such that ((f x g)" (A1 xV)A (A2 XV))s # ¢. In other words,
(/") (7)) ((A2)e X (V)a) # 6, which shows that £ (A)a) (M) # 6
For (ii), let € X and A € 7, with (\)q nonempty. Since for y € Y, O ) (x,y)
is dense in (p X V)4, there is an n € N such that (f x ¢g)"(x,y) € (A X v),. Hence,
f™(z) € (\)q. Finally, (iii) follows by noting that (f X g)"(A xv) 2 (u X v), implies
that f"((A)a) 2 (#)a- O

5. CONJUGACY IN RELATIVE SEMI-DYNAMICAL SYSTEMS

In this section, the definition of conjugacy for crisp dynamical systems has been
elevated to relative semi-dynamical systems and it is found that the dynamical
properties viz. po-minimality, p.-transitivity and p,-exactness of a relative semi-

dynamical system are carried over to its conjugate system.

Definition 5.1. Let (X, u,7,) and (Y,v,7,) be p-relative and v-relative topolog-
ical spaces, respectively. Then a bijective map h : X — Y is called a relative

homeomorphism if the following hold:
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(1) his (u,v)-continuous,
(2) h=1is (v, p)-continuous, and

(3) voh=p.

Lemma 5.1. Let (X, p,7,) and (Y,v,7,) be p-relative and v-relative topological
spaces, respectively, and h : X —'Y be a bijective map. Then for an o € (0,1] and
A€ Ty, (Na =h((Aoh)a).

Proof. Let y € Y. Then A(y) > « if and only if Ao h(h™1(y)) > a. Thus y € (),
if and only if h=1(y) € (Ao h)q, or if and only if y € h((Aoh)y). O

Lemma 5.2. Let (X, p,7,) and (Y,v,7,) be p-relative and v-relative topological
spaces, respectively, and h : X — Y be a relative homeomorphism. Then for \ € 1,

Aoh €T,

Proof. Let A € 7, and © € X. Then A(h(z)) < v(h(z)) = p(x), showing that
Ao h < . Since h is (u, v)-continuous, the result follows. O

Definition 5.2. Two relative semi-dynamical systems (f, X, 7,) and (g,Y,7,) are
said to be conjugate if there is a relative homeomorphism h : X — Y satisfying
hof=goh.

It is straightforward to check that the relation of conjugacy is an equivalence

relation in the set of all relative semi-dynamical systems.

Theorem 5.1. Let (fi,X1,7,,) be conjugate to (91,Y1,7,,), and (f2, X2, 7u,) be
conjugate to (g2,Y2,7,,). Then (fi X fo, X1 X Xo,T(4, 1s)) 45 conjugate to (g1 X
927Y1 X 1/237_(1/1,1/2))'

Proof. Let hy and ho be the relative homeomorphisms from X; to Y; and X5 to

Y5, respectively. Then h; X hg is the required relative homeomorphism between
X1><X2andY1><Y2. O

Theorem 5.2. Let (f,X,7,) and (g,Y,7,) be conjugate RSD-systems. Then (f, X, 1,)

is po-transitive if and only if (g,Y,7,) is vo-transitive.

Proof. Let (f, X, 7,) be pq-transitive and A1, Ay € 7, be such that (A1), and (A2)a
are nonempty. Then, by Lemmas 5.2 and 5.1, \joh and Agoh are in 7, with (Ajoh),
and (Agoh), nonempty. Thus, there is an n € N such that f*((A1oh)q)N(A20h) #
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¢. Applying h on f*((A1oh)s)N(A20h)s, and using Lemma 5.1, (g,Y, 7,) is obtained
to be v,-transitive. The converse follows because the relation of conjugacy is a

symmetric relation. O

Theorem 5.3. Let (f, X, 7,) and (g,Y,7,) be conjugate RSD-systems. Then (f, X, 1,)

18 po-minimal if and only if (g,Y,7,) is ve-minimal.

Proof. Let (f,X,7,) be pio-minimal. Then the invariance of (1), under f provides
that (ho f)((#)a) 2 h((t)a) = A((v o h)a) = (V)a- Hence goh((p)a) 2 (¥)a- Using
the fact that h(()a) = (V)a, we have g((v)a) 2 (V)a. To see that the orbit of
each element of (v), is dense in ()4, notice that the orbit of x € (u), is dense in
(1) implies that the orbit of A(x) is dense in (v),. The converse follows from the

symmetry of the relation of conjugacy. O

Theorem 5.4. Let (f, X, 7,) and (g,Y,7,) be conjugate RSD-systems. Then (f, X, 7,)

is pe-exact if and only if (¢,Y,7,) is vo-ezxact.

Proof. Let (f, X, T,) be pq-exact and (A), be a nonempty open set of (r/),. Then
by Lemmas 5.1 and 5.2, h™1((\)a) = (X o h), is a nonempty open set of (11)q.
The pq-exactness of f gives an n € N such that (u)q C f™((A o h)y). Applying
the map h, we get (1)o C (g™ 0 h)((Ao h)y). Thus (¥)a C ¢"((A)a), which shows
that (g,Y,7,) is v4-exact. For the converse, note that the relation of conjugacy is

a symmetric relation. O

REFERENCES

[1] M. H. Anvari and M. Atapour, Some topological properties of semi-dynamical systems, Inter-
national Journal of Mathematical Models and Methods in Applied Sciences, Vol. 3, 188-191
(2007).

[2] P. E. Kloeden, Fuzzy Dynamical Systems, Fuzzy Sets and Systems, Vol 3, 275-296 (1982).

[3] S. Kolyada and L’. Snoha, Some aspects of topological transitivity - a survey, Grazer Math
Ber, Vol. 334, 3-35 (1997).

[4] K. H. Lee, First Course on Fuzzy Theory and Applications, Springer-Verlag: Berlin, 2005.

[5] M. R. Molaei, Relative semi-dynamical systems, Internat. J. Uncertain. Fuzziness Knowledge-
Based Systems, Vol. 12, 237-243 (2004).

[6] M. R. Molaei, Relative vector fields, J. Interdiscip. Math., Vol. 9, 499-506 (2006).

[7] M. R. Molaei, M. H. Anvari and T. Hagqiri, On relative semi-dynamical systems, Intelligent
Automation and Soft Computing, Vol 13, 405-413 (2007).



124 POOJA SINGH AND DANIA MASOOD

[8] M. R. Molaei and M. H. Anvari, Relative manifolds, Intelligent Automation and Soft Com-
puting, Vol. 14, 213-220 (2008).
[9] L. A. Zadeh, Fuzzy sets, Information and Control, Vol. 8, 338-353 (1965).



