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observer-relative perspective on the set. With the expansion of study to this ex-

tent, the notion of a relative semi-dynamical system [5] came into picture to explain

the dynamics related to the observer’s point of view.

While discussing a family of relative semi-dynamical systems, to examine their

product is natural. In this paper, we introduce transitivity, exactness and conju-

gacy from the perspective of an observer. In Section 2, some necessary definitions

and terminology have been given and the product of two relative semi-dynamical

systems has been introduced. In the next section, µα-transitivity and µα-exactness

have been introduced and it has been seen that the latter implies the former. In

Section 4, by means of examples it has been shown that µα-transitivity and µα-

minimality are not necessarily preserved under the product, while µα-exactness is

preserved under the product. Finally, in Section 5, a variant of conjugacy has been

introduced and it has been shown that conjugacy is preserved under product. Be-

sides, we establish that µα-transitivity, µα-minimality and µα-exactness are shared

in common by conjugate relative semi-dynamical systems.

2. Prerequisite

Throughout the paper, X denotes a nonempty set and the symbols R, N and

I, respectively, represent the set of real numbers, the set of integers and the unit

closed interval [0, 1] of the real line. By an observer, we mean a fuzzy subset on

X, that is, a map from X to I. For a fuzzy subset µ of X, and α ∈ (0, 1], the set

µ−1(α, 1], denoted by (µ)α, is called the α-cut of µ. If {λi | i ∈ Γ}, where Γ is a

nonempty arbitrary index set, is a family of fuzzy subsets of X, then the join and

the meet of the family are defined for x ∈ X by ∨i∈Γλi(x) = supi∈Γ{λi(x)} and

∧i∈Γλi(x) = infi∈Γ{λi(x)}, respectively.

For an observer µ, a family τµ of fuzzy subsets of X that are less than or equal to

µ, containing µ and the constant map 0, which is closed under finite intersections

(meets) and arbitrary unions (joins), is called a µ-relative topology on X, and the

triple (X,µ, τµ) is called a µ-relative topological space. Also, it may be noted that

for an α ∈ (0, 1], the collection (τµ)α = {λα | λ ∈ τµ} forms a topology on (µ)α.
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Let X and Y be nonempty sets and f : X → Y be a map. Then for a fuzzy

subset λ of X, f(λ) is a fuzzy subset of Y defined for y ∈ Y by

f(λ)(y) =

supz∈f−1(y){λ(z)}, if y ∈ f(X),

0, otherwise.

The following lemma describes the relation between the α-cut of the image of a

fuzzy subset λ of X and the image of the α-cut of λ under a selfmap f on X.

Lemma 2.1. Let f be a selfmap on a set X. Then for a fuzzy subset λ of X,

(f(λ))α = f((λ)α).

Proof. Let x ∈ f((λ)α). Then x = f(y) for some y ∈ (λ)α. Hence f(λ)(x) =

supz∈f−1(x){λ(z)} > α, which shows that x ∈ (f(λ))α. Next, consider y ∈ (f(λ))α.

Then, f(λ)(y) > α. This provides an x ∈ f−1(y) such that λ(x) > α. Thus

y = f(x) ∈ f((λ)α). �

Let (X,µ, τµ) and (Y, ν, τν) be µ-relative and ν-relative topological spaces, re-

spectively. Then a map f : (X,µ, τµ) → (Y, ν, τν) is called (µ, ν)-continuous [1] if

for every λ ∈ τν , f−1(λ) = (λ ◦ f) ∧ µ ∈ τµ.
By a relative semi-dynamical system, written RSD-system for short, we mean a

triple (f,X, τµ), where f : X → X is a (µ, µ)-continuous map. For an element x of

an RSD-system (f,X, τµ), we denote the set {x} ∪ {fn(x) | n ∈ N} by Of (x), and

call it to be the orbit of x.

Definition 2.1 ([1]). An RSD-system (f,X, τµ) is called µα-minimal if the set (µ)α

is invariant under f , and for all x ∈ (µ)α, the orbit of x is dense in (µ)α.

If µ and ν are fuzzy subsets of X and Y , respectively, then the product (µ× ν)

of µ and ν is a fuzzy subset of X × Y , defined by

(µ× ν)(x, y) = min{µ(x), ν(y)}, x ∈ X, y ∈ Y.

Let (X,µ, τµ) and (Y, ν, τν) be µ-relative and ν-relative topological spaces, re-

spectively. Then the product (µ× ν)-topology, τ(µ×ν), on X ×Y is defined to be the

(µ× ν)-topology generated by the collection {λ× γ | λ ∈ τµ, γ ∈ τν}.
If f : X → X and g : Y → Y are (µ, µ)-continuous and (ν, ν)-continuous maps,

respectively, then it is straightforward to verify that f×g : X×Y → X×Y defined
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by

(f × g)(x, y) = (f(x), g(y)), x ∈ X, y ∈ Y,

is a (µ× ν, µ× ν)-continuous map. Thus we have the following:

Definition 2.2. Let (f,X, τµ) and (g, Y, τν) be two RSD-systems. Then their prod-

uct relative semi-dynamical system is defined to be the triple (f × g,X × Y, τ(µ×ν))

as described above.

3. µα-transitivity and µα-exactness

In this section, we introduce the notions of µα-transitivity and µα-exactness for

a relative semi-dynamical system and observe that a µα-exact RSD-system is µα-

transitive.

Definition 3.1. For an α ∈ (0, 1], a relative semi-dynamical system (f,X, τµ) is

called µα-transitive if for every λ, ν ∈ τµ with (λ)α and (ν)α nonempty, there is an

n ∈ N such that (fn(λ) ∧ ν)α 6= φ, or equivalently, (fn(λ))α ∩ (ν)α 6= φ.

Example 3.1. Let X = [0, 1] and µ : X → I be a fuzzy subset of X defined by

µ(x) = 2x mod 1, x ∈ X. Then the family τµ = {0} ∪ { µ2n | n ∈ N ∪ {0}} is a

µ-topology on X. Clearly, the identity map IX on X is (µ, µ)-continuous, and hence

(IX , X, τµ) is an RSD-system. Since 1/2 lies in each open set of (µ)α, the system

(IX , X, τµ) is µα-transitive.

Example 3.2. Let X denote the polynomial ring R[x] in x with coefficients in R.

Define µ : X → [0, 1] by

µ(f) =


1

deg f , if deg f 6= 0,

0, otherwise,

where f ∈ X and deg f denotes the degree of f , and for each i ∈ N, λi : X → [0, 1]

by

λi(f) =


1
i , if deg f = i,

0, otherwise.

Denote by τµ, the µ-topology generated by {λi | i ∈ N}, so that (X,µ, τµ) is a

µ-relative topological space. Consider the map F : X → X which sends f ∈ X to

its derivative f ′. It is (µ, µ)-continuous [1]. On account of the fact that for i, j ∈ N,
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with j > i, Fn((λi)α) ∩ (λj)α = φ, for every n ∈ N, the RSD-system (F,X, τµ) is

not µα-transitive.

Remark 3.1. If x ∈ (λ1)α, where (λ1)α ∈ τµ. Then Of (x) is dense in (µ)α implies

that for every nonempty open set (λ2)α of (µ)α, fn((λ1)α)∩ (λ2)α is nonempty for

some n ∈ N. Hence, a µα-minimal RSD-system is µα-transitive.

Definition 3.2. For an α ∈ (0, 1], a relative semi-dynamical system (f,X, τµ) is

called µα-exact if

(i) f(µα) ⊇ µα, and

(ii) for λ ∈ τµ with (λ)α nonempty, there is an n ∈ N such that fn(λ) ≥ µ on

(µ)α, or equivalently, fn((λ)α) ⊃ (µ)α.

Remark 3.2. That a µα-exact RSD-system is µα-transitive follows from the defi-

nition.

Example 3.3. Let X = {ω : N → N | ω is nondecreasing}. Define µ : X → [0, 1]

by µ(ω) = 1
ω(1) , ω ∈ X, and for i ∈ N, λi : X → [0, 1] by λi(ω) = 1

ω(i) . Then the

family τµ = {0} ∪ {λi | i ∈ N} is a µ-topology on X. Consider the map F : X → X

given by F (ω)(n) = ω(n + 1), where ω ∈ X, n ∈ N. That F is (µ, µ)-continuous

follows by noting that λi ◦ F = λi+1. Let x ∈ (µ)α. Then the map y : N → N
defined for n ∈ N by

y(n) =

1, if n ≤ i,

x(n− i), otherwise,

is such that y ∈ (λi)α and F i(y) = x. Thus x ∈ F i((λi)α), and hence the RSD-

system (F,X, τµ) is µα-exact.

4. Preservation of Dynamical Properties of Relative Semi-Dynamical

Systems Under Product

In this section, by means of examples we show that the product of a µα-transitive

(µα-minimal) RSD-system and a να-transitive (να-minimal) RSD-system need not

be a (µ×ν)α-transitive ((µ×ν)α-minimal) RSD-system. However, we show that the

product of a µα-exact RSD-system and a να-exact RSD-system is a (µ× ν)α-exact

RSD-system.
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Example 4.1. Let (IX , X, τµ) be the RSD-system as described in Example 3.1.

Then
(

1
2 ,

1
2

)
lies in each nonempty open set of (µ× µ)α. Therefore, (IX × IX , X ×

X, τ(µ×µ)) is (µ× µ)α-transitive.

Example 4.2. Let X be the set Zn of residue classes modulo n, where n ≥ 2, and

µ : X → I be a fuzzy subset of X defined by µ(x) = 1. Take τµ to be the collection

of all fuzzy subsets of X. Then (X,µ, τµ) is a µ-relative topological space. Define

f : X → X by f(x) = (x + 1) mod n. Then f is (µ, µ)-continuous. Also, for

α ∈ (0, 1], the RSD-system (f,X, τµ) is µα-transitive, being µα-minimal. For open

sets {(1, 1)} and {(1, 2)} of (µ× µ)α, fk({(1, 1)}) ∩ ({(1, 2)}) = φ, for every k ∈ N.

Hence (f × f,X ×X, τ(µ×µ)) is not (µ× µ)α-transitive.

Example 4.3. Let X = {0, 1}N and for x ∈ X, nx be the smallest non-negative

integer such that x(nx + 1) = 0. Define µ : X → I by

µ(x) =
nx

nx + 1
,

and for i ∈ N, λi : X → I by

λi(x) =


1
2 , if x(j) = 1 for every j ∈ 1, ..., i,

0, otherwise,

where x ∈ X. Then τµ = {0, µ} ∪ {λi | i ∈ N} is a µ-topology on X. Define

f : X → X by

f(x)(n) =

1, if n = 1,

x(n− 1), if n 6= 1,

where x ∈ X,n ∈ N. That f is (µ, µ)-continuous follows by noting that (λ1 ◦
f) ∧ µ = λ1, for i 6= 1, λi ◦ f = λi−1 and (µ ◦ f) ∧ µ = µ. Also, for x ∈ (µ)α

and λi ∈ τµ with (λi)α 6= φ, we have f i(x) ∈ (λi)α. Therefore, Of (x) is dense in

(µ)α. Since f((µ)α) ⊆ (µ)α, we obtain (f,X, τµ) to be µα-minimal. Now, consider

(f × f,X × X, τ(µ×µ)). Clearly, (f × f)((µ × µ)α) is contained in (µ × µ)α. Let

(x, y) ∈ X × X and (λi × λj)α be a nonempty basic open set of (µ × µ)α. Then

(f × f)k(x, y) ∈ (λi × λj)α, where k = max{i, j}. Hence, Of×f (x, y) is dense in

(µ× µ)α, showing that (f × f,X ×X, τ(µ×µ)) is (µ× µ)α-minimal.

Example 4.4. The RSD-system (f,X, τµ) as described in Example 4.2 is µα-

minimal, but the product RSD-system (f×f,X×X, τ(µ×µ)) is not (µ×µ)α-minimal.



DYNAMICAL PROPERTIES OF RSD-SYSTEMS — JDSGT VOL. 13, NUMBER 2 (2015) 121

Theorem 4.1. Let (f,X, τµ) be µα-exact and (g, Y, τν) be να-exact. Then the

product RSD-system (f × g,X × Y, τ(µ×ν)) is (µ× ν)α-exact.

Proof. Let (λ×γ)α be a nonempty basic open set of (µ×ν)α. Then the µα-exactness

and να-exactness of (f,X, τµ) and (g, Y, τν), respectively, provide n1, n2 ∈ N such

that fn1((λ)α) ⊇ (µ)α, and gn2((γ)α) ⊇ (ν)α. Thus (f×g)k((λ×γ)α) = (fk((λ)α)×
gk((γ)α)) ⊇ (µ× ν)α, where k = max{n1, n2}, and hence the result. �

Theorem 4.2. Let (f,X, τµ) and (g, Y, τν) be RSD-systems. Then the following

are true:

(i) if the product RSD-system (f ×g,X×Y, τ(µ×ν)) is (µ×ν)α-transitive, then

(f,X, τµ) is µα-transitive and (g, Y, τν) is να-transitive;

(ii) if the product RSD-system (f × g,X × Y, τ(µ×ν)) is (µ× ν)α-minimal, then

(f,X, τµ) is µα-minimal and (g, Y, τν) is να-minimal ;

(iii) if the product RSD-system (f × g,X × Y, τ(µ×ν)) is (µ × ν)α-exact, then

(f,X, τµ) is µα-exact and (g, Y, τν) is να-exact.

Proof. We prove the result for one of the factors, say (f,X, τµ). Let λ ∈ τµ be such

that (λ)α is nonempty. Then (λ×ν) ∈ τ(µ×ν) and (λ×ν)α is nonempty. For (i), let

λ1 and λ2 be in τµ with (λ1)α and (λ2)α nonempty. Then the (µ×ν)α-transitivity of

f×g provides an n ∈ N such that ((f×g)n(λ1×ν)∧(λ2×ν))α 6= φ. In other words,(
(fn(λ1))α×(gn(ν))α

)
∩
(
(λ2)α×(ν)α

)
6= φ, which shows that fn((λ1)α)∩(λ2)α 6= φ.

For (ii), let x ∈ X and λ ∈ τµ with (λ)α nonempty. Since for y ∈ Y , O(f×g)(x, y)

is dense in (µ× ν)α, there is an n ∈ N such that (f × g)n(x, y) ∈ (λ× ν)α. Hence,

fn(x) ∈ (λ)α. Finally, (iii) follows by noting that (f ×g)n(λ×ν) ⊇ (µ×ν)α implies

that fn((λ)α) ⊇ (µ)α. �

5. Conjugacy in Relative Semi-Dynamical Systems

In this section, the definition of conjugacy for crisp dynamical systems has been

elevated to relative semi-dynamical systems and it is found that the dynamical

properties viz. µα-minimality, µα-transitivity and µα-exactness of a relative semi-

dynamical system are carried over to its conjugate system.

Definition 5.1. Let (X,µ, τµ) and (Y, ν, τν) be µ-relative and ν-relative topolog-

ical spaces, respectively. Then a bijective map h : X → Y is called a relative

homeomorphism if the following hold:



122 POOJA SINGH AND DANIA MASOOD

(1) h is (µ, ν)-continuous,

(2) h−1 is (ν, µ)-continuous, and

(3) ν ◦ h = µ.

Lemma 5.1. Let (X,µ, τµ) and (Y, ν, τν) be µ-relative and ν-relative topological

spaces, respectively, and h : X → Y be a bijective map. Then for an α ∈ (0, 1] and

λ ∈ τν , (λ)α = h((λ ◦ h)α).

Proof. Let y ∈ Y . Then λ(y) > α if and only if λ ◦ h(h−1(y)) > α. Thus y ∈ (λ)α

if and only if h−1(y) ∈ (λ ◦ h)α, or if and only if y ∈ h((λ ◦ h)α). �

Lemma 5.2. Let (X,µ, τµ) and (Y, ν, τν) be µ-relative and ν-relative topological

spaces, respectively, and h : X → Y be a relative homeomorphism. Then for λ ∈ τν ,
λ ◦ h ∈ τµ.

Proof. Let λ ∈ τν and x ∈ X. Then λ(h(x)) ≤ ν(h(x)) = µ(x), showing that

λ ◦ h ≤ µ. Since h is (µ, ν)-continuous, the result follows. �

Definition 5.2. Two relative semi-dynamical systems (f,X, τµ) and (g, Y, τν) are

said to be conjugate if there is a relative homeomorphism h : X → Y satisfying

h ◦ f = g ◦ h.

It is straightforward to check that the relation of conjugacy is an equivalence

relation in the set of all relative semi-dynamical systems.

Theorem 5.1. Let (f1, X1, τµ1) be conjugate to (g1, Y1, τν1), and (f2, X2, τµ2) be

conjugate to (g2, Y2, τν2). Then (f1 × f2, X1 × X2, τ(µ1,µ2)) is conjugate to (g1 ×
g2, Y1 × Y2, τ(ν1,ν2)).

Proof. Let h1 and h2 be the relative homeomorphisms from X1 to Y1 and X2 to

Y2, respectively. Then h1 × h2 is the required relative homeomorphism between

X1 ×X2 and Y1 × Y2. �

Theorem 5.2. Let (f,X, τµ) and (g, Y, τν) be conjugate RSD-systems. Then (f,X, τµ)

is µα-transitive if and only if (g, Y, τν) is να-transitive.

Proof. Let (f,X, τµ) be µα-transitive and λ1, λ2 ∈ τν be such that (λ1)α and (λ2)α

are nonempty. Then, by Lemmas 5.2 and 5.1, λ1◦h and λ2◦h are in τµ with (λ1◦h)α

and (λ2◦h)α nonempty. Thus, there is an n ∈ N such that fn((λ1◦h)α)∩(λ2◦h)α 6=
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φ. Applying h on fn((λ1◦h)α)∩(λ2◦h)α, and using Lemma 5.1, (g, Y, τν) is obtained

to be να-transitive. The converse follows because the relation of conjugacy is a

symmetric relation. �

Theorem 5.3. Let (f,X, τµ) and (g, Y, τν) be conjugate RSD-systems. Then (f,X, τµ)

is µα-minimal if and only if (g, Y, τν) is να-minimal.

Proof. Let (f,X, τµ) be µα-minimal. Then the invariance of (µ)α under f provides

that (h ◦ f)((µ)α) ⊇ h((µ)α) = h((ν ◦ h)α) = (ν)α. Hence g ◦ h((µ)α) ⊇ (ν)α. Using

the fact that h((µ)α) = (ν)α, we have g((ν)α) ⊇ (ν)α. To see that the orbit of

each element of (ν)α is dense in (ν)α, notice that the orbit of x ∈ (µ)α is dense in

(µ)α implies that the orbit of h(x) is dense in (ν)α. The converse follows from the

symmetry of the relation of conjugacy. �

Theorem 5.4. Let (f,X, τµ) and (g, Y, τν) be conjugate RSD-systems. Then (f,X, τµ)

is µα-exact if and only if (g, Y, τν) is να-exact.

Proof. Let (f,X, τµ) be µα-exact and (λ)α be a nonempty open set of (ν)α. Then

by Lemmas 5.1 and 5.2, h−1((λ)α) = (λ ◦ h)α is a nonempty open set of (µ)α.

The µα-exactness of f gives an n ∈ N such that (µ)α ⊆ fn((λ ◦ h)α). Applying

the map h, we get (ν)α ⊆ (gn ◦ h)((λ ◦ h)α). Thus (ν)α ⊆ gn((λ)α), which shows

that (g, Y, τν) is να-exact. For the converse, note that the relation of conjugacy is

a symmetric relation. �
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