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stability analysis of nonlinear systems using the second Lyapunov function method

has produced a vast body of important results and been widely studied. This is due

to the theoretical interests in powerful tools for system analysis and control design.

It is recognized that the Lyapunov function method serves as a main technique to

provide the asymptotic stability of nonlinear systems in presence of perturbations

which has very useful applications to control theory. In particular, the problem of

stabilization of nonlinear systems has attracted many researches in control theory

in the last decade [9, 10, 11, 12, 15]. In [6] the authors studied the observer design

problem for a class of nonlinear systems. Specifically, they designed an exponential

observer for a separately excited DC motor and a stabilizing controller is designed

for the system to ensure exponential stability of the solutions toward their desired

values. The purpose of this paper is to establish sufficient conditions for the expo-

nential stabilization of a class of nonlinear time-varying systems in the sense that

the states approached the origin (or some sufficiently small neighborhood of it) in

a sufficiently fast manner.

The paper is organized as follows. In the next section we present some definitions

and preliminary results necessary to state our main theorems. In section 3, we

present our main results: First, we propose new sufficient conditions using the ex-

tended Lyapunov functions for the practical exponential stabilization of nonlinear

time-varying systems (1) and (2) with control. Second, we give an illustrative ex-

ample to show the applicability of the main result. In section 4, we address the

stabilization problem for a DC motor and finally we conclude in section 5.

We consider the following system:

(1) ẋ(t) = f(t, x(t)), x(t0) = x0

where t ≥ t0 ≥ 0 , x(t) ∈ Rn and f : R+ × Rn → Rn is continuous in (t, x) and

locally Lipschitz in x. The second one, is a perturbed system:

(2) ẋ(t) = f(t, x(t)) + g(t, x(t)),

where t ∈ R+ , x(t) ∈ Rn, f, g : R+ × Rn → Rn are continuous in (t, x) and locally

Lipschitz in x.

Throughout this paper ‖.‖ denotes the Euclidean norm on Rn, and Br is the closed

Ball in Rn centered at 0 with radius r.
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2. Auxiliary Facts and Results

In this section, we introduce some basic definitions and preliminary facts which

we shall need in the sequel.

Definition 2.1. A solution of system (1) is said to be globally uniformly bounded

if for every α > 0 there exists c = c(α) such that, for all t0 ≥ 0,

‖x0‖ ≤ α⇒ ‖x(t)‖ ≤ c(α), ∀ t ≥ t0.

Definition 2.2. (i) Br is uniformly stable if for all ε > r, there exists δ = δ(ε) > 0

such that for all t0 ≥ 0,

‖x0‖ < δ ⇒ ‖x(t)‖ < ε, ∀ t ≥ t0.

(ii) Br is globally uniformly stable if it is uniformly stable and the solutions of

system (1) are globally uniformly bounded.

Definition 2.3. Br is globally uniformly attractive if for all ε > r and c > 0, there

exists T (ε, c) > 0 such that for all t0 ≥ 0,

‖x(t)‖ < ε, ∀ t ≥ t0 + T (ε, c), ‖x0‖ < c.

Definition 2.4. A function α : [0, a[→ [0,+∞[ is said to be of class K, if it is con-

tinuous, strictly increasing and α(0) = 0. It is of class K∞ if, in addition, a = +∞
and α(r)→ +∞ as r → +∞.

Definition 2.5. Let V : R+ × Rn → R+ a Lyapunov function:{
V (t, 0) = 0, ∀t ≥ 0;

V (t, x) > 0, ∀(t, x) ∈ R+ × Rn\{0}.

(i) V (t, x) is positive definite, i.e., there exists a continuous, non-decreasing scalar

function α(x) such that α(0) = 0 and

0 < α(‖x‖) < V (t, x), ∀t ≥ 0,∀x 6= 0.

(ii) V̇ (t, x) is negative definite, that is

V̇ (t, x) ≤ −γ(‖x‖) < 0

where γ is a continuous non-decreasing scalar function such that γ(0) = 0.
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(iii) V (t, x) ≤ β(‖x‖) where β is a continuous non-decreasing function and

β(0) = 0, i.e. V is decrescent, i.e. the Lyapunov function is upper bounded.

(iv) V is radially unbounded, that is α(‖x‖)→∞ as ‖x‖ → ∞.

Let as recall the following result.

Theorem 2.1. (see [5]) Consider system (1) with f(t, x) is continuous in (t, x)

and locally Lipschitz in x. Suppose that there exist a continuously differentiable real

function V (·, ·) on R+ × Rn, K∞ functions α1(·), α2(·), a K function α3(·) and a

small positive real number % such that the following inequalities hold for all t ∈ R+

and x ∈ Rn,

α1(‖x‖) ≤ V (t, x) ≤ α2(‖x‖)
∂V

∂t
+
∂V

∂x
f(t, x) ≤ −α3(‖x‖) + %.

Then system (1) is globally uniformly practically stable with r = α−11 ◦ α2 ◦ α−13 (%).

Note that, if the function f satisfies f(t, 0) = 0 for all t ∈ R+, we shall study the

asymptotic stability of system (1) at the origin viewed as an equilibrium point. In

this case we have the standard definition of exponential stability.

Definition 2.6. The system (1) is globally uniformly exponentially stable if there

exist γ > 0 and k > 0 such that for all t ≥ t0 ≥ 0 and x0 ∈ Rn,

‖x(t)‖ ≤ k‖x0‖ exp(−γ(t− t0)).

Therefore, if the function f satisfies f(t, 0) 6= 0 for certain t ∈ R+, we shall

study the asymptotic stability of system (1) at a neighborhood of the origin viewed

as a small ball centered at the origin. The state approaches the origin (or some

sufficiently small neighborhood of it) in a sufficiently fast manner. Here, we study

the asymptotic behavior of a small ball centered at the origin for 0 ≤ ‖x(t)‖ − r.
The next definition concerns the practical global uniform exponential stability of a

small ball centered at the origin.

Definition 2.7. Br is globally uniformly exponentially stable if there exist γ > 0

and k > 0 such that for all t ≥ t0 ≥ 0 and x0 ∈ Rn,

‖x(t)‖ ≤ k‖x0‖ exp(−γ(t− t0)) + r.
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System (1) is said to be globally practically uniformly exponentially stable if there

exists r > 0 such that Br is globally uniformly exponentially stable.

Note that, that if r = 0 in the above definition we find the classical definition of

the uniform exponential stability of the origin viewed as an equilibrium point.

The following result gives sufficient conditions for practical global exponential sta-

bility, (see [1]).

Theorem 2.2. Consider system (1). Let V : [0,+∞[×Rn → R be a continuously

differentiable Lyapunov function such that

c1‖x‖2 ≤ V (t, x) ≤ c2‖x‖2

∂V

∂t
+
∂V

∂x
f(t, x) ≤ −c3V (t, x) + %

for all t ≥ 0 and x ∈ Rn, where c1, c2 and c3 are positive constants. Then Br is

globally uniformly exponentially stable, with r =
√
%/c1c2.

3. Stabilizability analysis

Now we state the stabilizability problem associated with system (1) where we in-

clude a control function. The problem is to find a suitable controller which stabilizes

the control system. We consider a nonlinear time-varying control system:

(3) ẋ(t) = f(t, x, u), t ≥ 0,

where x ∈ Rn is the state, u ∈ Rm is the control and f : R+ × Rn × Rm → Rn is a

C1−function.

Definition 3.1. Control system (3) is globally uniformly asymptotically (resp.

exponentially) stabilizable by the feedback control u = u(t, x), where u : R+×Rn →
Rm, if the closed-loop system

(4) ẋ(t) = f(t, x(t), u(t, x(t)))

is globally uniformly asymptotically (resp. exponentially) stable.

Definition 3.2. Br is globally uniformly asymptotically (resp. exponentially) sta-

bilizable by the feedback control u = u(t, x) if the system (4) is globally practically

uniformly asymptotically (resp. exponentially) stable.
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From Theorem 2.1, one has the following result which concerns the asymptotic

stabilizability problem of system (3).

Theorem 3.1. Suppose that there exist a feedback controller u = u(t, x) for control

system (3) and a continuously differentiable function V (·, ·) : R+ × Rn → R, K∞
functions α1(·), α2(·), a K function α3(·) and a small positive real number % such

that the following inequalities hold for all t ∈ R+ and x ∈ Rn,

α1(‖x‖) ≤ V (t, x) ≤ α2(‖x‖)
∂V

∂t
+
∂V

∂x
f(t, x, u(t, x)) ≤ −α3(‖x‖) + %.

Then system (3) in closed-loop with the feedback controller u = u(t, x) is globally

uniformly practically asymptotically stable with r = α−11 ◦ α2 ◦ α−13 (%).

Definition 3.3. Control system (3) is globally uniformly asymptotically stabi-

lizable (resp. globally uniformly practically asymptotically stabilizable) by the

feedback control u = u(t, x), if the closed-loop system (4) is globally uniformly

asymptotically stable (resp. globally uniformly practically asymptotically stable).

Definition 3.4. Br is globally uniformly exponentially stabilizable by the feedback

control u = u(t, x) if there exist γ > 0 and k > 0 such that for all t ≥ t0 ≥ 0 and

x0 ∈ Rn, the solution x(t) of the closed-loop system (4) satisfies:

‖x(t)‖ ≤ k‖x0‖exp(−γ(t− t0)) + r.

In this case, system (3) is globally practically uniformly exponentially stabilizable

by the feedback control u = u(t, x).

From Theorem 2.2, one has the following result which concerns the exponential

stabilizability problem of system (3).

Theorem 3.2. Consider system (3). Let u = u(t, x) be an exponential feedback law

and V : [0,+∞[×Rn → R be a continuously differentiable Lyapunov function such

that

c1‖x‖2 ≤ V (t, x) ≤ c2‖x‖2

∂V

∂t
+
∂V

∂x
f(t, x, u(t, x)) ≤ −c3V (t, x) + %

for all t ≥ 0 and x ∈ Rn, where c1, c2 and c3 are positive constants. Then Br is

globally uniformly exponentially stable, with r =
√
%/c1c2, with respect the closed-

loop system (4).
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Next, we will study the practical exponential stability problem of a class of non-

linear systems of form (4). It is worth to notice that the origin is not required to

be an equilibrium point for the system (4). This may be in many situations mean-

ingful from a practical point of view specially, when stability for control systems is

investigated.

Consider the class of systems that can be modeled by (3). We suppose that there

exists a feedback control u = u(t, x), such that the closed-loop system (4) is globally

practically exponentially stable. The practical uniform exponential stability can be

established by requiring the existence of a Lyapunov function that satisfies certain

conditions. The next theorem spells out conditions. Under these conditions, the

system (4) is practically globally uniformly exponentially stable.

Theorem 3.3. Consider system (4). Let V : R+ × Rn −→ R be a continuous

differentiable Lyapunov function such that

(5) c1‖x‖p ≤ V (t, x) ≤ c2‖x‖p + a(t)

(6) V̇ (t, x) =
∂V

∂t
+
∂V

∂x
f(t, x, u(t, x)) ≤ −c3‖x‖p +K(t) exp(−δt)

for all t ≥ 0 and x ∈ Rn, where c1, c2, c3, p, et δ are positive constants with

p > 1. The functions a(·) and K(·) are continuous and supposed bounded for all

t ≥ 0 respectively by a > 0 and K > 0. Then (4) is practically globally uniformly

exponentially stable.

Proof. The derivative of V along the trajectories of system (4) is given by

V̇ (t, x) =
∂V

∂t
+
∂V

∂x
f(t, x, u(t, x)).

Keeping in the mind that a(t) and K(t) are bounded by a and K respectively, and

using condition (5) we infer that

(7) −‖x‖p ≤ −
[
V (t, x)− a

c2

]
.
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Therefore, taking into account (6), for all t ≥ t0 and x ∈ Rn, we have

V̇ (t, x) ≤ −c3
(
V (t, x)− a

c2

)
+K exp(−δt)

≤ −c3
c2

V (t, x) +
a c3
c2

+K exp(−δt)

≤ −c3
c2

V (t, x) +
a c3
c2

+K.

Thus,

V (t, x) ≤ V (t0, x0) exp

(
−c3
c2

(t− t0)

)
+

(
a+

c2 K

c3

)
, ∀ t ≥ t0 ≥ 0.

From condition (5), it follows that

V (t0, x0) ≤ c2‖x0‖p + a

‖x(t)‖ ≤
[
V (t, x(t))

c1

] 1
p

.

Form this, we deduce that

‖x(t)‖ ≤
((

c2
c1
‖x0‖p +

a

c1

)
exp

(
−c3
c2

(t− t0)

)
+
a

c1
+
c2 K

c1c3

) 1
p

≤
(
c2
c1

) 1
p

‖x0‖ exp

(
− c3
c2 p

(t− t0)

)
+

(
a

c1

) 1
p

exp

(
− c3
c2 p

(t− t0)

)

+

(
a

c1
+
c2 K

c1c3

) 1
p

≤
(
c2
c1

) 1
p

‖x0‖ exp

(
− c3
c2 p

(t− t0)

)
+ (1 + ε)

(
a

c1
+
c2 K

c1c3

) 1
p

, ∀ t ≥ T,

where T > 0 is large enough such that,(
a

c1

) 1
p

exp(− c3
c2 p

(t− t0)) ≤ ε
(

a

c1
+
c2 K

c1c3

) 1
p

, ε ∈ [0, 1],

this is because the function exp(− c3
c2 p

(t− t0)) tends to zero when t goes to infinity.

The last inequality on the trajectories shows that (4) is practically globally uni-

formly exponentially stable.
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Hence, Br is globally uniformly exponentially stable with respect to the closed-loop

system (4) where

r = (1 + ε)

(
a

c1
+
c2 K

c1c3

) 1
p

.

2

Note that, the above radius r is not the smallest one, since the function

t 7→ exp(− c3
c2 p

(t− t0))

tends to zero when t goes to infinity, we can find r̃ < r such that Br̃ is globally

uniformly exponentially stable with respect to the closed-loop system (4). Also, it

suffices to take ε small enough.

Next, we give an example of system satisfying the assumptions of Theorem 3.3.

Example 1. Let consider the following non linear control system:

(8) ẋ = u+
x

5
3

1 + x2
e−t, t ≥ 0.

Consider a feedback controller as u(t, x) = −x and a Lyapunov function as

V : R+ × R→ R+,

V (t, x) = x
4
3 + e−t.

Note that

|x| 43 ≤ V (t, x) ≤ |x| 43 + 1, ∀ x ∈ R.

Then condition (5) holds with

c1 = c2 = 1, p =
4

3
and a = 1.

On the other hand, we have

V̇ (t, x) = − e−t +
4

3
x

1
3 ẋ = − e−t − 4

3
x

4
3 +

4

3

x2

1 + x2
e−t.

Therefore,

V̇ (t, x) ≤ − e−t − 4

3
x

4
3 +

4

3
e−t

≤ −4

3
|x| 43 +

1

3
e−t, ∀ (t, x) ∈ R+ × R.
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The condition (6) of Theorem 3.3 is also satisfied with

c3 =
4

3
, K =

1

3
, δ = 1 et p =

4

3
.

So, (8) is globally practically uniformly exponentially stabilizable by the controller

u(t, x) = −x.

Hence, Br, r = 2.365, is globally uniformly exponentially stable with respect to the

system (8) in closed-loop with the above controller. In this case, all state trajectories

are bounded and approach a sufficiently small neighborhood of the origin. One also

desires that the state approaches the origin. Therefore, since the function e−t tends

to zero when t goes to infinity, system (8) in closed-loop with the above control

converges to a small ball B(0, r(t)) where r(t) is small enough when t goes to +∞.

Example 2. We present now an example in dimensional two that implements the

previous theorem. Consider the following planar system:

(9) ẋ =

 −x1 + u

−x2 + ε x2

1+x2
2

exp(−t2)

+

(
−x2
x1

)
a(t)

where x = (x1, x2) ∈ R2, ε > 0 and a(t) is a continuous bounded function. Let

u(t, x) = ε
x1

1 + x21
exp(−x21),

and choose the quadratic Lyapunov function

V (t, x) =
1

2
x21 +

1

2
x22.

The time derivative of V along the trajectories of the system in closed-loop with

u = u(t, x) is given by

V̇ (t, x) ≤ −2V (t, x) + 2ε.

Hence, by application of Theorem 3.3, this planar system is globally practical expo-

nential stabilizable by the feedback controller u = u(t, x). This example shows the

convergence of solutions when t goes to +∞ for ε small enough. In Figure1, we see

the convergence of the components x1(t) and x2(t) of the system (9) in closed-loop

with the feedback controller u(t, x).
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Figure 1. Time evolution of the state (x1(t), x2(t))

3.1. Perturbed systems.

Now, we consider the perturbed systems

(10) ẋ = f(t, x, u) + g(t, x)

where f : R+ × Rn × Rm → Rn is a C1−function and g : R+ × Rn → Rn is piece-

wise continuous in (t, x) and locally Lipschitz in x on R+ × Rn. In the sequel, we

can prove the practical global uniform exponential stability of system (10), under

some conditions on the perturbation, by using Lyapunov technique, and using the

same assumptions as in Theorem 3.3. We assume that (10) satisfies the following

assumptions:
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(H1) There exists a feedback controller u = u(t, x) and a function

V : [0,+∞[×Rn → R that satisfies the inequalities:

(11) c1‖x‖p ≤ V (t, x) ≤ c2‖x‖p + a(t)

(12)
∂V

∂t
+
∂V

∂x
f(t, x, u(t, x)) ≤ −c3‖x‖p +K(t) exp(−δt)

(13)
∥∥∥∂V
∂x

∥∥∥ ≤ c4‖x‖p−1,
for all t ≥ 0 and x ∈ Rn, where c1, c2, c3, c4, p, et δ are positive constants with

p > 1. a(·) and K(·) are continuous positive functions and supposed bounded for

all t ≥ 0 respectively by a > 0 and K > 0.

(H2) The perturbation term g(t, x) satisfies the following assumption:

(14) ‖g(t, x)‖ ≤ γ(t)‖x‖, ∀t ≥ 0

where γ(·) : R+ → R+ a positive function satisfies,

(15) γ(t) ≤ c3
c4
,

for all t ≥ t0 ≥ 0, with

(16)

∫ t

t0

γ(s) ds ≤Mγ < +∞.

Theorem 3.4. Under assumptions (H1) and (H2) the system (10) in closed-loop

with the controller u = u(t, x) is globally practically uniformly exponentially stable.

Proof The derivative of V along the trajectories of the system (10) in closed-loop

with the feedback u = u(t, x) is given by

V̇ (t, x) =
∂V

∂t
+
∂V

∂x
f(t, x, u(t, x)) +

∂V

∂x
g(t, x)

≤ ∂V

∂t
+
∂V

∂x
f(t, x, u(t, x)) +

∥∥∂V
∂x

∥∥‖g(t, x)‖.

Using the assumptions (H1) and (H2), it follows that along any solution of system

(10),

V̇ (t, x) ≤ −c3‖x‖p +K(t) exp(−δt) + c4‖x‖p−1γ(t)‖x‖.
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Thus,

V̇ (t, x) ≤ −
(
c3−c4γ(t)

c2

)
(V (t, x)− a) +K exp(−δt)

≤ −
(
c3−c4γ(t)

c2

)
V (t, x) +

(
c3−c4γ(t)

c2

)
a+K,

for all t ≥ t0 and x ∈ Rn.

To simplify the presentation, let

α(t) =
c3 − c4γ(t)

c2
, since γ(t) <

c3
c4
,we deduce that α(t) > 0,

and

β(t) =
(c3 − c4γ(t)

c2

)
a+K.

By the above expression, we give also the following estimate

(17) V̇ (t, x) ≤ −α(t)V (t, x) + β(t).

Let V (t) = V (t, x) and

y(t) = V (t) exp
(∫ t

t0

α(s)ds
)
.

It follows that,

ẏ(t) = (V̇ (t) + α(t)V (t)) exp
(∫ t

t0

α(s) ds
)

≤ β(t) exp
(∫ t

t0

α(s) ds
)
.

Integrating between t0 and t, one obtains ∀t ≥ t0,

y(t) ≤ y(t0) +

∫ t

t0

β(s) exp
(∫ s

t0

α(τ) dτ
)
ds.
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Then,

V (t) ≤ V (t0) exp
(
−
∫ t

t0

α(s) ds
)

+

[∫ t

t0

β(s) exp
(∫ s

t0

α(τ) dτ
)
ds

]
exp

(
−
∫ t

t0

α(s) ds
)
.

Therefore, ∫ t

t0

α(s) ds =
c3
c2

(t− t0)− c4
c2

∫ t

t0

γ(s) ds

which implies that, using condition (16), for all t ≥ t0 ≥ 0,

exp
(∫ t

t0

α(s) ds
)
≤ exp

(c3
c2

(t− t0)
)
,

and

exp
(
−
∫ t

t0

α(s) ds
)
≤ exp

(c4
c2
Mγ

)
exp

(
−c3
c2

(t− t0)
)
.

Moreover, we have∫ t

t0

β(s) exp
(∫ s

t0

α(τ) dτ
)
ds =

∫ t

t0

((c3 − c4γ(s)

c2

)
a+K

)
exp

(∫ s

t0

α(τ) dτ
)
ds

≤
∫ t

t0

((c3 − c4γ(s)

c2

)
a+K

)
exp

(c3
c2

(s− t0)
)
ds

≤
∫ t

t0

(c3
c2

a+K
)

exp
(c3
c2

(s− t0)
)
ds

≤
(
a+K c2

c3

)
exp

(
c3
c2

(t− t0)
)
.

It follows that, by using the above expressions, ∀t ≥ t0 ≥ 0,(∫ t

t0

β(s) exp
(∫ s

t0

α(τ) dτ
)
ds
)

exp
(
−
∫ t

t0

α(s) ds
)
≤

(
a+K c2

c3

)
exp

(
c4
c2
Mγ

)
.

Thus, we obtain

V (t) ≤ V (t0) exp
(
c4
c2
Mγ

)
exp

(
− c3c2 (t− t0)

)
+
(
a+K c2

c3

)
exp

(
c4
c2
Mγ

)
.

Hence in view of condition (11), it follows that

V (t0) ≤ c2‖x0‖p + a
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‖x(t)‖ ≤
[
V (t)

c1

] 1
p

.

This implies that,

‖x(t)‖ ≤
[(

c2
c1
‖x0‖p + a

c1

)
exp

(
c4
c2
Mγ

)
exp

(
− c3c2 (t− t0)

)
+
(
a
c1

+ Kc2
c1c3

)
exp

(
c4
c2
Mγ

)] 1
p

≤
(
c2
c1

) 1
p

exp
( c4
c2p

Mγ

)
‖x0‖ exp

(
− c3
c2p

(t− t0)
)

+
(
a
c1

) 1
p

exp
(
c4
c2p
Mγ

)
exp

(
− c3
c2p

(t− t0)
)

+
(
a
c1

+ Kc2
c1c3

) 1
p

exp
(
c4
c2p
Mγ

)
.

Furthermore,

∀t ≥ T > 0 and ε ∈ [0, 1],

(T large enough)

‖x(t)‖ ≤
(c2
c1

) 1
p ‖x0‖ exp

( c4
c2p

Mγ

)
exp

(
− c3
c2p

(t− t0)
)

+(1+ε)
( a
c1

+
Kc2
c1c3

) 1
p

exp
( c4
c2p

Mγ

)
.

Letting

r = (1 + ε)
( a
c1

+
Kc2
c1c3

) 1
p

exp
( c4
c2p

Mγ

)
,

we deduce that system (10) in closed-loop with u = u(t, x) is practically globally

uniformly exponentially stable.

In the sequel, the perturbation term will satisfies other condition. Hence, (H2)

can be replaced by the following assumption:

(H3) There exists a positive constant γ̃ such that

(18) ‖g(t, x)‖ ≤ γ̃‖x‖

(19) γ̃ <
c3
c4
.

Then, according to assumption (H1), we can state the next result.

Corollary 3.1. If (H1) and (H3) are satisfied. Then the system (10) in closed-loop

with the controller u = u(t, x) is globally practically uniformly exponentially stable.
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Proof. By the same arguments used in the proof of Theorem 3.4, we have

V̇ (t, x) ≤ V (t0, x0) exp
(
−
(c3 − c4γ̃

c2

)
(t− t0)

)
+
(
a+

Kc2
c3 − c4 γ̃

)
, ∀t ≥ t0 ≥ 0.

Taking condition (11) into account, we have

V (t0, x0) ≤ c2‖x0‖p + a

‖x(t)‖ ≤
[
V (t, x(t))

c1

] 1
p

,

into the last inequalities, we obtain

‖x(t)‖ ≤
[(

c2
c1
‖x0‖p + a

c1

)
exp

(
− c3−c4γ̃c2

(t− t0)
)

+
(
a
c1

+ Kc2
c1(c3−c4γ̃)

)] 1
p

≤
(
c2
c1

) 1
p ‖x0‖ exp

(
− c3−c4γ̃c2p

(t− t0)
)

+
(
a
c1

) 1
p

exp
(
− c3−c4γ̃c2p

(t− t0)
)

+
(
a
c1

+ Kc2
c1(c3−c4γ̃)

) 1
p

.

Then, ∀t ≥ T > 0 and ε ∈ [0, 1], (T large enough)

(20)

‖x(t)‖ ≤
(c2
c1

) 1
p ‖x0‖ exp

(
−c3 − c4γ̃

c2p
(t− t0)

)
+ (1 + ε)

( a
c1

+
Kc2

c1(c3 − c4γ̃)

) 1
p

.

Hence we obtain the global practical uniform exponential stability of system (10)

in closed-loop with the feedback controller u = u(t, x).

4. Application to a DC motor

The dynamic of the separately excited DC motor may be expressed by the fol-

lowing equations (see [6]):
Kω(t) = −Raia(t)− La dia(t)dt + Ua(t)

Kia(t) = J dωdt + fω(t) + Tl(t),

equivalently
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
dia(t)
dt = −Ra

La
ia(t)− K

La
ω(t) + 1

La
Ua(t)

dω
dt = K

J ia(t)− f
Jω(t)− 1

J Tl(t)

where K,Ra, La, J and f are respectively, the torque and back-EMF, the armature

resistance, the armature inductance, the rotor mass moment of inertia and the

viscous friction coefficient with:

(21) Ra > max
(
K,

J

2f
,
KLa
J

,
La
2f

)
and K < min

(
f,
Laf

J
,
La
2K

,
J

2K

)
.

ω(t), ia(t), Ua(t) and Tl(t) respectively denote the rotor angular speed, the armature

current, the terminal voltage and the load torque.

For ease of presentation, we denote the state variables x1, x2 such that:

x1 = ia, x2 = ω.

Therefore, the equations describing a separately excited DC motor can be written

as: 
ẋ1 = −Ra

La
x1 − K

La
x2 + 1

La
Ua

ẋ2 = K
J x1 −

f
J x2 −

1
J Tl.

In these new coordinates x = (x1, x2), the system is represented by

(22) ẋ =

(
ẋ1

ẋ2

)
=


−Ra

La
x1 − K

La
x2 + 1

La
Ua

K
J x1 −

f
J x2 −

1
J Tl

 .

The state-model (22) is equivalent to a system (10) where f : R+ × R2 × R2 → R2

and g : R+ × R2 → R2 are defined by

f(t, x, u) =

 −RaLa x1 +
1

La
Ua

−f
J
x2 −

1

J
Tl

 ,

and

g(t, x) =

(
− K
La
x2

K
J x1

)
.
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Therefore

‖g(t, x)‖ ≤ max
(K
La
,
K

J

)
‖x‖,

so, we deduce that condition (18) is satisfied with:

γ̃ = max
(K
La
,
K

J

)
and p = 2.

Remark 4.1. Let ia > 0 (i.e x1 > 0). This constraint represents a reasonable

assumption since when ia the current of the circuit, equal zero there is no power

being supplied to the engine and therefore there is nothing to control.

Let

u(x) =
1

La
Ua =

x2Tl
2Kfx1J

and choose a Lyapunov function

V (t, x) = sin t exp(−t) +Kx21 +
J

2f
x22.

One obtains

min
(
K,

J

2f

)
‖x‖2 ≤ V (t, x) ≤ max

(
K,

J

2f

)
‖x‖2 + sin t exp(−t)

Then condition (11) holds with

c1 = min

(
K,

J

2f

)
,

c2 = max
(
K,

J

2f

)
,

and

a(t) = sin t exp(−t).
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On the other hand, The derivative of V along the trajectories of system is given by

V̇ (t, x) =
∂V

∂t
+
∂V

∂x
f(t, x, u(x))

= (cos t− sin t) exp (−t) + 2Kx1ẋ1 + J
f x2ẋ2

= −2RaK
La

x21 − x22 + cos t exp (−t)

≤ −min
(

2RaK
La

, 1
)
‖x‖2 + cos t exp (−t)

≤ −c3‖x‖2 +K(t) exp (−δt),

where

c3 = min
(

2
RaK

La
, 1
)
,K(t) = cos t

and δ = 1 satisfies (12). In addition, one can easily verify that condition (13) is

satisfied with

c4 = 2c2 = 2 max
(
K,

J

2f

)
.

Therefore, by (21), we deduce that condition (19) of (H3) is satisfied. Hence, the

equivalent state-model (22) in closed-loop is uniformly practically exponentially

stable.

5. Conclusion

Practical exponential stabilizability of a class of nonlinear time-varying control

systems in closed-loop by feedback controller using the second Lyapunov method

has been studied. Numerical examples are given to illustrate the applicability of

the main result.
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