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ABSTRACT. In Minkowski space-time, timelike generalized Mannheim curves
are studied by Akyigit and et al in [1]. In that paper, the authors take the
Mannheim mate a*of the timelike curve a as a timelike curve in Minkowski
space-time E}. In this statement, the plane spanned by {Bj, B3} becomes a
spacelike plane. Thus the other possible cases such as timelike and null for the
plane spanned by {B7y, B3} is not considered. In this paper, by taking con-
sideration of all possible causal characters of the plane spanned by{B |, B3},
we give the necessary and sufficient conditions for timelike curves inE ‘11 to be

generalized timelike Mannheim curves in terms of their curvature functions.

Also, the related examples are given.

AMS Classification: 53C50, 53C40.

Keywords: Mannheim curve; Minkowski space-time; Frenet vector fields

© @ Taru PuBLicaTIONS



72 ALI UGQUM, EMILIJA NESOVIC, AND KAZIM ILARSLAN

1. INTRODUCTION

In the Euclidean space E3 there exist some kinds of associated curves whose
the Frenet frame fields satisfy certain geometric conditions. The example of such
curves are called Mannheim curves, which have the property that their principal
normal lines coincide with the binormal lines of the Mannheim mate curve at the
corresponding points of the curves ([5],[8],[12],[19]). It is known that the curvature
functions of Mannheim curve in E? satisfy the equality x; = a(x? + x3) for some
positive constant number a and its parametric equation is obtained in ([10], see also
[12],[15],[20]). Some characterizations of Mannheim curves in E? can be found in
([9],]10]). The notion of Mannheim curves is closely related to the notion of Bertrand
curves ([5],]9]). For both of the mentioned curves, there exists the corresponding
generalization in Euclidean 4-space ([13],[14]). A regular smooth curve o in E* is
called generalized Mannheim curve, if there exist another regular smooth curve o*
and a bijection ¢ : @ — a* such that the principal normal line of « at each point of «
is included in the plane spanned by the first binormal line and the second binormal
line of o* under bijection ¢ ([14]). The curve o* is called generalized Mannheim
mate (partner) curve of «. In particular, the pair {a,a*} is called generalized
Mannheim pair of curves. Explicit parametric equations of generalized Mannheim
curves in E* are given in ([14]). Some characterizations of Mannheim curves in
3-dimensional space forms are given in ([4]).

In Minkowski space-time, generalized null Mannheim curves are studied in ([7],[16]).
They show that every null helix lying fully in Ef is generalized null Mannheim curve
whose generalized Mannheim mate curve is a spacelike or a timelike helix. Also,
they prove that there are no generalized null Mannheim curves whose generalized
Mannheim mate curve is a pseudo null curve.

In Minkowski space-time, generalized spacelike Mannheim curves whose the
Frenet frame contains only non-null vectors and generalized timelike Mannheim
curves are studied in ([1]) and ([6]) respectively.

Timelike generalized Mannheim curves in Minkowski space-time are studied by
Akyigit and et al in ([1]). In that paper, the authors take the Mannheim mate
a*of the timelike curve « as a timelike curve in Minkowski space-time E{. In this
statement, the plane spanned by {B7F, B5} becomes a spacelike plane. Thus the

other possible cases such as timelike and null for the plane spanned by {B7, B;}
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is not considered. In this paper, by taking consideration of all possible causal
characters of the plane spanned by {Bj, B3}, we give the necessary and sufficient
conditions for timelike curves in E} to be generalized timelike Mannheim curves in

terms of their curvature functions. Also, the related examples are given.

2. Preliminaries

The Minkowski space-time E} is the Euclidean 4-space E* equipped with indefi-

nite flat metric given by
g = —dx} + dai + dai + do?,

where (71,2, 23,74) is a rectangular coordinate system of E{. Recall that a vector
v €EF\{0} can be spacelike if g(v,v) > 0, timelike if g(v,v) < 0 and null (lightlike)
if g(v,v) = 0. In particular, the vector v = 0 is said to be a spacelike. The norm
of a vector v is given by |[v|| = v/[g(v,v)]. Two vectors v and w are said to be
orthogonal, if g(v,w) = 0. An arbitrary curve a(s) in E}, can locally be spacelike,
timelike or null (lightlike), if all its velocity vectors o/(s) are respectively spacelike,
timelike or null ([17]).

A null curve « is parameterized by pseudo-arc s if g(a”(s),a”(s)) =1 ([2]). On
the other hand, a non-null curve « is parametrized by the arclength parameter s if
9o/ (s), a/(5)) = %1.

Let {T, N, By, Ba} be the moving Frenet frame along a curve « in Ef, consisting
of the tangent, the principal normal, the first binormal and the second binormal
vector field respectively.

If « is a spacelike or a timelike curve whose the Frenet frame {T, N, B;, Bo}

contains only non-null vector fields, the Frenet equations are given by ([9])

T 0 eak1 0 0 T
(2.1) N’ _ —e1ky 0 esko 0 N ’

Bj 0 —eaks 0 —e€1€9¢e3k3 B

B, 0 0 —eshs 0 B,

where g(T,T) = €1, g(N,N) = €2, g(B1, B1) = €3, g(B2, B2) = ey, €1€2€364 = —1,
e, € {—1,1}, i € {1,2,3,4}. In particular, the following conditions hold:

g(T,N) = g(T, B1) = g(T, B2) = g(N, B1) = g(N, B2) = g(B1, B2) = 0.
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If « is a null curve, the Frenet equations are given by ([2])

T 0 k 0 0 T

N’ ks 0 —ki 0 N
(2.2) = ™ ! ,

Bi 0 —k‘z 0 k‘3 B4

B ks 0O 0 0 Bs

where the first curvature k1 (s) = 0, if a(s) is straight line or k1(s) = 1 in all other

cases. In this case, the next conditions hold:
g(T)T):g(BlvBl):Ov g(N,N):g(BQ,BQ):17

g(T,N) = g(T, B2) = g(N,B1) = g(N, B2) = g(B1,B2) =0, g(T,B) = 1.

If « is a pseudo null curve, the Frenet formulas read ([3],[16])

T 0 k1 0 0 T
N’ 0 0 k 0 N
(2.3) = ’ :
B} 0 k3 0 —ko B,
B} ki 0 —ks O By

where the first curvature ki(s) = 0, if « is straight line, or k1(s) = 1 in all other

cases. Then the following conditions are satisfied:
g(TaT):g(BhBl):]-, g(NvN):g(B%BQ):Ov

g(T,N) = g(T, B1) = g(T, B2) = g(N, B1) = g(B1,B2) =0, g(N,Bs)=1.

Finally, if « is partially null curve, the Frenet formulas read ([3],[16])

T 0 Kk 0 0 T

N’ k0 k0 N
(2.4) = ! ? ,

B! 0 0 ks O B

Bl 0 —ky 0 —ks | | B,

where the third curvature k3(s) = 0 for each s. Moreover, the following conditions
hold:
g(T,T)=g(N,N) =1, ¢(B1,B1)=g(B2,B2) =0,
9(T,N) = g(T, B1) = g(T, B2) = g(N, B1) = g(N,B2) =0, ¢(B1,B2) = 1.
In addition, let P be a subspace of Ef. We consider the induced metric g|p. P
is called spacelike if the induced metric is positive definite, timelike if the induced

metric has index 1 and lightlike if the induced metric is degenerate. On the other
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hand, P is called a spacelike subspace if all vector v # 0 are spacelike on P, a
timelike subspace if P has at least one timelike vector, a lightlike subspace for

otherwise [11].

3. On Generalized Timelike Mannheim Curves in E}

In this section, we define generalized timelike Mannheim curves in Minkowski
space-time (see also [1]) and obtain some explicit parameter equations of such
curves. We also give the necessary and sufficient conditions for timelike curves

to be generalized timelike Mannheim curves in terms of their curvature functions.

Definition 1. A timelike curve o in Minkowski space-time E} is called a gener-
alized timelike Mannheim curve if there exists a curve o in Ef such that, at the
corresponding points of the curves, the principal normal line of « is included in the

plane spanned by the first binormal line and the second binormal line of a*.

By principal normal (binormal) line, we mean the straight line in direction of the
principal normal (binormal) vector field. Let o : I —E{ be the generalized timelike
Mannheim curve in E} with the Frenet frame {T,N, By, Bo} and o* : I — E{ the
generalized Mannheim mate curve of o with the Frenet frame {T*, N*, B, B;}.
Then the principal normal vector N(s) is a spacelike vector lying in the plane
spanned by {Bj,Bj}. Hence N(s) is given by N(s) = a(s)Bi(s) + b(s)B3(s),
where a(s) and b(s) are some differentiable functions. Depending on the causal

character of the plane span{ By, B3}, we distinguish the following three cases:
Case 1. The plane span{Bj, B3} is spacelike;
Case 2. The plane span{B7, B3} is timelike;
Case 3. The plane span{ BT, B3} is lightlike;

In what follows, we consider these three cases separately.

Case 1. Let the plane span{Bj, B} be spacelike.

Theorem 1. Let a : I C R — Ef be a generalized timelike Mannheim curve and
a* : I* C R — Ef be the generalized Mannheim mate curve of o such that the

principal normal line of a lies in the spacelike plane spanned by { B}, B5}. Then o*
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is a non-null Frenet curve such that the curvatures of o and o« satisfy the relations

(3.1) NEZ — (14 Mk)? #0,
(3.2) ki = —X\(ki — k3),

e A[=(K)? 4 (k)2 + k3K3] — €1 (f)?
(33) (kl) - 6;(]3/)4 )
(3.4) gy = MEaky — kaky)

aeski(f')3
—aes[2(k7) k5 (f')° + 6k1 ks (f)*f" + K5 (k3)' (f')°]
beskiks (f)*
+2>\(/€1/€i' — koky) + M((k1)? — (K5)?) + Ak3k3
beskiks (f)* '
where A € Ry, a =g (N, BY), b=g(N,B3) and f(s) = f(f [l (t)]| dt.

Proof. Since the principal normal line of « lies in the spacelike plane spanned by
{B5, B3}, a* is a spacelike or a timelike curve whose the Frenet frame satisfies (2.1)

for €] = —€3, €5 = €; = 1. In particular, the curve o can be parameterized by
(3.6) a*(f(s)) = a(s) + A(s)N(s).
where s is arc-length parameter of a, s* = f(s) = [; [|a*’(t)|| dt is the arc-length
parameter of a*, f : I C R — I* C R and A\ are some smooth functions. We
distinguish two cases: (A.1) ko = 0 and (A.2) ky # 0.

Case (A.1) k2 =0

Differentiating the relation (3.6) with respect to s and applying (2.1), we find
(3.7) T f" = (14 Xe1)T + N'N.
By taking the scalar product of (3.7) with N = aBj + bBj, we get
(3.8) N =0.
Substituting (3.8) in (3.7), we have
(3.9) T*f = (14 Xey)T.

If we denote

(1+ Mky)
5:7
o
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we get
(3.10) T* = oT.
Differentiating the relation (3.10) with respect to s and applying (2.1), we obtain
(3.11) FREN* = 8T + ki N.

By taking the scalar product of (3.11) with N = aBj + bBj, we get dk; = 0 which
is a contradiction.

Case (A.2) k2 #0

Differentiating the relation (3.6) with respect to s and applying (2.1), we find

(3.12) T*f = (14 Mey)T + X' N + Ak By.

By taking the scalar product of (3.12) with N = aBj + bBj, we have
(3.13) N =0.

Substituting (3.13) in (3.12), we obtain
(3.14) T*f = (14 Ae1)T + Mo By.

From (3.14), we get the relation (3.1)
(3.15) g (T T ) = & (1) = =(1+ M) + (Ma)? £0.
Differentiating the relation (3.15) with respect to s and applying (2.1), we find
(3.16) T*f +€5(f )2 kiN* = (1+Mey) T+ (ky + A2 — Ak2)N + My By + ko3 Bs.

By taking the scalar product of (3.16) with N = aBj + bBj, we have the relation
(3.2)

(3.17) k= —\k? —k3).

Substituting (3.17) in (3.16), we obtain

(3.18) T*F" 4+ e5(f)2kiN* = (14 Mey) T + My By + Mgk Bs.

By taking the scalar product of (3.18) with itself , we have the relation (3.3)

oz _ NIk + (ky)* + K3R3] — €5 (f")?
(3.19) (k)2 = L .
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Differentiating the relation (3.19) with respect to s and taking the scalar product
with N = aBf 4 bBj, we find the relation (3.4)
Akiky — kaky)
aeski(f')?
Differentiating the relation (3.20) two times with respect to s and taking the scalar

product with N = aBj + bBj, we obtain the relation (3.5)
—acy [2(k7)' K5 (') + 6kTR3 (f1)2 " + ki (B3)'(f')°]

(3.20) ks =

G20 = bRk ()"
DAY = hak) + 0 () = (B5)7) + W33
beskiks (f')*
Therefore, the proof is complete. O

From theorem 1, we give the following corollaries.

Corollary 1. If k5 = 0, then « is a timelike curve with constant k1, ke and o™ is

a timelike curve with constant ki and any function k3 where

A2k2k2
3.22 5 A
(3.22) o =70
—(ab)’ £ \/[(ab)/]2 — [(a’)2 + (V)2 + k3 — k%}
(3.23) ki = : .
f
Proof. From (3.20), we get
(3.24) k? — k2 = c € Ry (constant)

Using (3.15), (3.20) and (3.24), we obtain that k1, ko and f’ are constant. From
(3.18), we have

(3.25) e5(f )2kIN*® = Mgk Bs.

Since Bs is a spacelike vector, N* is also a spacelike vector. That is, €5 = —ef = 1.
Thus, o* is a timelike curve. By taking the scalar product of (3.25) with itself , we
have the relation (3.22)
/\2 k2 k2
(3.26) (k7)) = 223,
(f")

Differentiating N = aB} + bB3, we have

(3.27) k1T + ko By = (o' — bf'k%) BT + (b + af'k}) B
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By taking the scalar product of (3.27) with itself , we have the relation (3.23)

(a1 ] = [@) + @2+ 47 - 13]
: |

Therefore, the proof is complete. O

(3.28) k=

Theorem 2. Let o be a timelike Frenet curve in Ef such that its first and second
curvature functions satisfy the relations ky = —A(k2—k2) and —(1+Mk1 )2+ (Nka)® #

0. If the spacelike or timelike curve a* can be defined by
a”(f(s)) = als) + A(s)N(s),
then o is a generalized Mannheim mate curve of .

Proof. The proof of the theorem can be found in ([1]). O

Corollary 2. Let a be a generalized timelike Mannheim helix and o be the Mannheim
mate curve of o in Ef. Then N = bBj where b = 1 and oa*(f(s)) = a(s) +
A(s)N(s) is also a timelike heliz with

e MR
(3.29) () = P2,
. - )\2k2k4+(k*)4(f/)6
(3:30) e G
(3.31) PR L

S kiR ()
Proof. Since ki, ko and ks are constant, f’ =constant. From (3.19), we get

Ak2k32
(k7)? = 2, 43 = (constant) and €5 = —e] = 1.
(/)
From (3.20),we find a = 0, that is N = bB3 where b = £1. Using (3.18) and

that k1, ko and k3 are constant, we have

(3.32) (f V2EEN* = MkoksBs.
Differentiating the relation (3.32) with respect to s and applying (2.1), we find

(3.33) (K))* (f)°T" + kK5 (f)° By = —Akok3 B,
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By taking the scalar product of (3.33) with N = bBj, we have

_ mk (k)"

3.34 E%)? = (constant).
From (3.21), we obtain
. Mk3kS
(335) kg = W = (Constant).
Thus, a* is a timelike helix. O

Corollary 3. Let a and o be timelike heliz curve mentioned in Theorem 1. It is

clear from (3.32) that o and o* are the Mannheim mate curves of each other.

Example 1. Let a be the following timelike heliz in E}

= <\/§Sinh s, \/gcosh s, % sin (\/gs) , —% cos (\/§8>>

with the Frenet vector fields and the curvature functions

(
Bi(s) = (—IQCOShS,—\}isinhS,—\/»COb fs) \/gsm >
-

1 1 1 1
—— sinh s, — cosh s, sin (\fs) ,
2 V2 V2

l\J
Q
e}
173}
~~
B
V2]
~——
~_

and
ki =3, ko =2, ks = 1.

It is clear that ky and ky satisfy the relations (3.1) and (3.2). So, for A = /3, we
can define o by

a*(f(s)) = a(s) + A(s)N(s)

that 1is,

a*(s) = <\/68inh s,V/6 cosh s, —\/zsin (\/gs) , —\/zcos (\/§S)> .
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It can be easily calculated that

<\/§ cosh s, \/gsinh s, —% cos (\fSS) , —% sin (\/§8)> ,

1 1 1 1
——sinh s, — cosh s, — sin (ﬁs) , ——=COS (\/gs)) ,
V2 V2 V2

(
Bi(s) = <—12 cosh s, —% sinh s, \/gcos (V3s), \/gsin (\/§S)> 7
(

T (s)

1 1 1 1
B;(s) = ——sinh s, — cosh s, ——— sin V3s , cos \/gs)
and /3
k1=7;k2=17k3:§~

It is clear that o is a timelike heliz and also is the Mannheim mate curve of a.

Case 2. Let the plane span{Bj, B3} be timelike.

It is known that a timelike plane can be spanned by the spacelike and the timelike
mutually orthogonal unit vectors or else by two linearly independent null vectors.
Thus, in this case, we have two subcases:

(2.1) By is a timelike (spacelike) and Bj is spacelike (timelike),

(2.1) B} and Bj are null vectors.

In what follows, we consider these two subcases separately.

Case (2.1). Let Bf be a timelike (spacelike) and B3 be spacelike (timelike).
Then the curve a* is a spacelike Frenet curve satisfying (2.1). In this case, we
omit the proof of the following theorems since they are smiliar to the proof of the

theorem in Case 1.

Theorem 3. Let a: I C R — E} be a generalized timelike Mannheim curve and
a* : I* € R — E} be the generalized Mannheim mate curve of o such that the
principal normal line of « lies in the timelike plane spanned by { B}, B3}. Then o*

is a spacelike Frenet curve such that the curvatures of a and o satisfy the relations

(3.36) NES — (14 Mkp)? >0,

(3.37) ki =—\(k? - k3),

/

N[ (k))” + (ky)* + k3K3] — (")
es(f1)* ’

(3.38) (kD)2 =
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o Alkiky — kaky)

(339) k2 - a/kT(f/)3 ’

al2(k7)'k3 (f')° + 6kik3 (f1)2f" + ki (k3)"(f)°]
exbkiks (1)1

2A(kakl = koY) + A2 = (k)?) + M3K3
e3bkTR3 (f1)* '

(3.40) -

where A € Ry, a = €59 (N, BY), b =€;g(N, B3) and f(s) = fos [la*'(t)]] dt.
From theorem 3, we have the following corollaries.

Corollary 4. If k5 =0, then « is a timelike curve with constant ki, ke and o* is

a timelike curve with constant ki and any function k3 where

A22K32
3.41 k)? = 22208
(3.41) (k1) Gy

—(a'b—ab') £ \/(a’b —ab)? — [k% R te <(b’)2 - (a’)Qﬂ
f '
Theorem 4. Let o be a timelike Frenet curve EY such that its first and second

curvature functions satisfy the relations ky = —A(k2—k2) and —(1+Mk1 )2+ (Ako)? >

(3.42)  ki=

0. If the spacelike curve a* can be defined

a*(f(s)) = als) + A(s)N(s),

then o is a generalized Mannheim mate curve of «.

Corollary 5. Let « be a generalized timelike Mannheim and o* be the Mannheim
mate curve of o in EY. Then N = bBj where b = 1 and o*(f(s)) = a(s) +
A(s)N(s) is also a spacelike heliz with

N
(343) (kl) - (f,)4 )
. )\2k2k4 _ (k*)4(f/)6
) k 2 _ 273 1
(344 Wl = gwrrr
(3.45) k3 Mgk

37 egbkiks(f)T
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Example 2. Let a be the following timelike heliz in E}
afs) = (\/5 sinh s, v/2 cosh s, sin s, cos s)

with the Frenet vector ﬁelds and the curvature functions

~
—~
VA
NG

|

V2 cosh s, V2 sinh §,C08 s, — sin s)

N(s) = (smhscoshs,—\/gsins,—\ggcoss>,

3
Bi(s) = ( cosh s, — sinh s, —v/2 cos s, \fsms>
1 6 6
By (s) = ( 351nhs cosh s, %blns {coss)

and 7 .
k1 =3, ko =20, k3:ﬁ'
It is clear that ky and ko satisfy the relations (3.36) and (3.37). So, for A = —3+/3,
we can define o by
a”(f(s)) = a(s) + A(s)N(s)
that is,
a*(s) = (—2\@Sinh s,—2v/2cosh s, 4sin s, 4 cos s) .

It can be easily calculated that

T*(s) = (—coshs,—sinhs, ﬁcoss,—x@sins),

N*(s) =

V3

B;(s) = | —sinhs, — coshs ——sins, —— cos s)
3

Bi(s) = ( V2coshs, —ﬂsinh&coss,—sins) ,
(5 3

and
1 1
RISV SV S
4 V3 2v/6

It is clear that o is a spacelike helix with timelike BT and also is the Mannheim

mate curve of a.

Case (2.2). By and Bj are null vectors. Then the curve o* is a partially null

Frenet curve satisfying (2.4).
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Theorem 5. Let o : I C R — E} be a generalized timelike Mannheim curve
and o* : I* C R — Ef be the generalized Mannheim mate curve of o such that
the principal normal line of « lies in the timelike plane spanned by null vectors
{Bf,B3}. Then o* is a partially null Frenet curve such that the curvatures of o

and o satisfy the following relations

(3.46) NE2 — (14 Mkp)2 >0,
(8.47) k= =) (K2 = 3) .
(3.48) (k)2 = X"+ (kf}f)j kK3 — (")*
o _ Akiky — kaky)
o SV
(3.50) —b[2(kT)' k3 (F)° + Ok k3 (f)2 " + k1 (k3)'(f')’]
' bR 3 ()"
L MBI — hokt) + M(k)® — (K5)*) + MRBRE _
bk R3 (f')*

where X € Ry, f(s) = [y ||a*'(t)|| dt and b= g(N, B}).

Proof. Since the principal normal line of « lies in the timelike plane spanned by
null vectors { By, B3}, o is a partially null curve whose the Frenet frame satisfies

(2.4). In particular, the curve o* can be parameterized by
(3.51) a*(f(s)) = a(s) + A(s)N(s).

where s is arclength parameter of o, s* = f(s) = [; || ’(t)|| dt is the arc-length
parameter of o*, f : I C R — I* C R and A are some smooth functions. We
distinguish two cases: (2.2.1) ko =0 and (2.2.2) k2 # 0.

Case (2.2.1) k2 =0

Differentiating the relation (3.51) with respect to s and applying (2.1), we find

(3.52) T*f' = (14 \k1)T + NN.
By taking the scalar product of (3.52) with N = aBy + bB3, we get

(3.53) N =0.
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Substituting (3.53) in (3.52), we have
(3.54) T f' = (1+ Xex)T.

From (3.54), g (T*f',T*f') = (f)* = — (1 + Ak1)” which is a contradiction.
Case (2.2.2) k2 #0
Differentiating the relation (3.51) with respect to s and applying (2.1), we find

(3.55) T*f = (14 M1)T + A N + Mo By.

By taking the scalar product of (3.55) with N = aBj + bBj, we have
(3.56) N = 0.

Substituting (3.56) in (3.55), we obtain
(3.57) T*f = (14 Aky)T + Mo By.

From (3.57), we get the relation (3.46)
(3.58) g (T T ) = (1) = =(L+ M) 4 (Aka)® > 0.
Differentiating the relation (3.57) with respect to s and applying (2.1), we find
(3.59) T*f + (f )2k N* = (1+X1) T + (k1 + Me? — Me3)N + Ay By + Nkoks Bo.

By taking the scalar product of (3.59) with N = aBj + bBj, we have the relation
(3.47)

(3.60) ky = — k3 — k3).
Substituting (3.60) in (3.59), we obtain
(3.61) T*f" + (f)2k;N* = (14 Me1)' T + My By + AkoksBo.
By taking the scalar product of (3.61) with itself , we have the relation (3.48)
N[ (ky)? + (ko)? + K3K3] — ()
(f1* '
Differentiating the relation (3.61) with respect to s and taking the scalar product
with N = aBf + bBj, we find the relation (3.49)

(3.62) (k1)* =

A(krky — kaks)

(3.63) k= b T
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Differentiating the relation (3.61) two times with respect to s and taking the scalar
product with N = aBj + bBj, we obtain the relation (3.50)

—b[2(k})'k5 (f')* + 6k k3 (f)* " + ki (k3)"(f')°]

(364 R R (/)"
+2/\(k1k;i' — kokl)) + A((K})? — (K5)?) + Nk3k3 ~0
by k3 (f')*
Therefore, the proof is complete. O

From theorem 5, we get the following corollaries.

Corollary 6. If k3 =0, then « is a timelike curve with constant ki, ke and o* is

a partially null curve with constant kI where

2
(3.65) <1> _ (AP
' k3 (Aka)® — (14 Mkp)2’
(3.66) (k)2 = AE2H
(f")
(3.67) bEL = toeVFITRES 1 € Ry, K2 > K3,
1
(3.68) ab= 5

where X € Ry, N = aBj 4+ bBj and f(s) = [; ||’ (t)]| dt.

Proof. Differentiating the relation (3.61) with respect to s and taking the scalar
product with N = aBj + bBj, we have

(3.69) ki — k3 =t € Ro.
From (3.58), (3.69) and (3.60), we have that ki, ko and f’ are constant. Then,
(3.61) can be rewritten as
(3.70) (f )2k N* = NkgksBs.
By taking the scalar product of (3.70) with itself , we have the relation (3.66)
_ N2 k3k3
("

Differentiating the relation (3.70) with respect to s, we obtain

(3.71) (k)?

(3.72) — (K2 (f")’ T* = —Meok3By + Mok Bo.



ON GENERALIZED TIMELIKE ... — JDSGT VOL. 13, NUMBER 1 (2015) 87

By taking the scalar product of (3.72) with itself and using (3.71), we have the
relation (3.65)

2
1\ _ (1+ k)2
(373) <<k‘3) ) © (Mk2)® — (14 k)2

Here, k3 #constant. Differentiating N = aB7 + bBj with respect to s, we get

(374) le + ]CQBl = a’Bf + b/B;,
1

3.75 b = -

(3.75) ab = 3

By taking the scalar product of (3.74) with itself and using (3.75), we have the
relation (3.67)

(3.76) b = tgeVFI TR 1y € R, k2 > k2.
0

Corollary 7. There exists no generalized timelike Mannheim heliz such that its

Mannheim mate curve is a partially null curve.

Proof. In theorem 5, let o be a generalized timelike Mannheim helix. Then, from

(3.58), f/ =constant. Rewriting (3.61), we get

(3.77) (f )2k N* = MkgksBs.
Differentiating the relation (3.77) with respect to s, we obtain
(3.78) — (K07 (')’ T + ks (F)° By = —\kok3 By,

y taking the scalar product of (3.78) with N = a By + bBj, we get
(3.79) bkiks (f)° = 0.

Assume that b = 0. Then N = aBj where N is spacelike and B7 is null, which is
contradiction. If k] = 0, then from (3.77) which is a contradiction. Lastly, if k5 = 0,
then (3.65) and (3.60) lead to a contradiction. Thus, There exists no generalized
timelike Mannheim helix such that its Mannheim mate curve is a partially null

curve. 0

Case 3. Let the plane span{Bj, B3} be lightlike.
In this case, we obtain two theorems depending on the causal character of the

basis vectors of a lightlike plane span{Bj, B3} which can be spanned by a null
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vector B} and a spacelike vector B3, or else by a null vector B3 and a spacelike

vector BY.

Theorem 6. Let a: I C R — E} be the generalized timelike Mannheim curve with
curvatures ki,ko,ks and o* : [* CR — E‘ll be the generalized Mannheim mate curve
of a such that principal normal N lies in the lightlike plane spanned by a null vector

BY and a spacelike vector Bs. Then the following conditions hold:

() v is a timelike curve with k1 # 0, ka = 0, k3 # 0 and o* is a Cartan null curve

with k7 = 1 such that the curvatures of o and a* satisfy the relations

(3.80) () = (14 \ky)?

B N LK+ 3)\’]@% + 3k k] —af”

(3.81) k; a(f’)3 ?
and
Ky = G[G(f/)Qf”k§+(f')3(k;)/+f(4>]zk'1’7/\(4)76)\"kf712k1k'1>\’
= —
(3.82) _ 4k k3/+32((;?/'1)f+k§+/\;9;1 .
where
a = e[ﬁ:(f’€1(8)d8)+252]7 ty €R,
b = £l
ki+ARZ 4N
Fo= (5 d6>+t3}7t3€R.

(#4) « is a timelike curve with non-zero curvature ki,ko.ks and its Mannheim
mate o* is a Cartan null curve with ki = 1 such that the curvatures of o and a*

satisfy the relations

(3.83) af’ =N +ki+ X (ki —k3)

LN B 43N (k2 — K2) + 3A(ki k) — kakh) — af"”

(3.84) ks T
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and

g o= S f G+ () () +f P kY
- b(fH4
712)\’(’6’1’617’6&]{)2)4’4)\(’61]6’{71?21{3’2,)

b(f)2
(3.85) BNk —k3)+3A((K))? = (k))?)+AKS kS
b 7\4

_ kAR K3)) (K —K3)
b(f/)4

where

KI kliﬂ(k%;k%)ﬂﬁ d5> +trj
€ ,ts € R.

Proof. By assumption, the principal normal line of « lies in the lightlike plane

f/

spanned by a null vector Bf and a spacelike vector B;. Therefore, a* is a null
Cartan curve whose the frame satisfies (2.2). The curve o* has parametrization of

the form
(3.86) a*(f(s)) = als) + A(s)N(s).

where s is arclength parameter of o, s* = f(s) = [; || ’(t)|| dt is the arc-length
parameter of o*, f : I C R — I* C R and A are some smooth functions. We
distinguish two cases: (C.1) ko = 0 and (C.2) kg # 0.

Case (C.1) ko =0

Differentiating the relation (3.86) with respect to s and applying (2.1), we find

(3.87) T*f = (14 Xe1)T + N N.
By taking the scalar product of (3.87) with N = aBj + bBj, we get
(3.88) af = \.

From (3.87), g (T*f',T*f') = 0= — (1 4+ Ak1)> + (X)®. Then
(3.89) () = (1 + Mky)?
Differentiating (3.87) with respect to s and applying (2.1) , we have

(3.90) T f" 4+ (f)2N* = ((1 k) - /\’kl) T+ (ky + M2 + \') N.
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By taking the scalar product of (3.90) with N = aB} + bB3, we obtain
(3.91) af" =N+ Xki + Ky

Using (3.88) and (3.91), we find

(3.92) o= e[<f klﬂf’%wds>+t3]7t3 €R,

0 = EUREd)+a] oo R

Differentiating (3.90) with respect to s and taking the scalar product with N =
aBT + bB3, we get

N k! 3)\/k2 3Nk k' — "
(3.93) i T a(lffg?) ks —af”

Differentiating (3.90) two times with respect to s and taking the scalar product
with N = aB{ + bB3, we have

P 00 AN N I o e R N eV

(3.94)

ANk EY 3N (KD 2 +HES kY
- (f)* ’

This completes the proof of (i) .
Case (C.2) ko #0
Differentiating the relation (3.86) with respect to s and applying (2.1), we find

(3.95) T*f = (14 Me))T + AN + My By

By taking the scalar product of (3.55) with N = aBj + bBj, we have
(3.96) af = \.

From (3.96), we get
(3.97) g (T*f/,T*f,) =0=—(14 M)+ N)”+ (Mo)?
Differentiating the relation (3.95) with respect to s and applying (2.1), we find
(3.98)  T*f + fEEN* = ((1 k) - )\’kl) T+ (V' 4k + A2 — AE2)N

(2N'ks + \k) By + Neaks Bo.

By taking the scalar product of (3.98) with N = aB{ + bBj, we have

(3.99) af’ =N+ ki + X (ki — k3)
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Using (3.96) and (3.99), we obtain

(oG o) |
a = e , t4 €R

Kf k1+A(k?;k§)+A” ds) +t3}
e ,t5 € R

Differentiating the relation (3.98) with respect to s and taking the scalar product
with N = aB] + bB3, we find
N KL A4 3N (K — k3) + 3A(k1 k| — kokb) — af””
a(f')? '
Differentiating the relation (3.61) two times with respect to s and taking the scalar

product with N = aBj + bBj, we obtain

fl

(3.100) i

g = AU F R+ () S DA kY
3 DE
12X (ki k1 —kbka)+4N (ki kY —kokY)
- £}

7

_SA“(kfw%)%A((kiff(k;f)ﬂkéké‘
!

_ (>\”+k1+>\(kf—k(§))(kf—k§)
(4

Also, g(N, N) = 1 = b?. Therefore, the proof is complete. a

Theorem 7. Let a: I C R — Ef be the generalized timelike Mannheim curve with
curvatures ki,ko,k3 and o* : [* CR — E‘f be the generalized Mannheim mate curve
of a such that principal normal N lies in the lightlike plane spanned by a spacelike
vector By and a null vector B5. Then o is a pseudo null Frenet curve such that

the curvatures of a and o satisfy the relations
—(1 4 Me1)? + (Mk2)® > 0

K+ 3A(k1k, — kakl) — 3F b

(3.101) k= ke
(3.102) k= kY + A\ (ke by b_(f]fjflij FAK + kD)
(3.103) 3M [(k7)? ;(%2;]2 — 2AK2k2

(3.104) | ARSRS — ki + blc(i;/—);;(j( P24 Af
(3.10) Caforses + (0]

b(f")*k3
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where

a® = 1
ky 4+ A (k3 — K3)
(Mk2)? — (1 + Mkp)?

Proof. We omit the proof of the theorem because it is so similiar to other proofs. [J

Corollary 8. There exists no generalized timelike Mannheim heliz such that its

Mannheim mate is a pseudo null curve.

Proof. Assume that there exists a generalized timelike Mannheim helix such that its
Mannheim mate is a pseudo null curve. Let o be a generalized timelike Mannheim
helix and its Mannheim mate curve a* be a pseudo null curve satisfying (2.3). In

particular, the curve a* can be parameterized by
(3.106) a*(f(s)) = a(s) + A(s)N(s).

Differentiating the relation (3.106) with respect to s and using the relation (2.1),

we get
(3.107) T*f' = (1 + Net)T + NN + Mo By
By taking the scalar product of (3.107) with N = aB; + bBj, we have
(3.108) N =0.
Substituting (3.108) in (3.107), we find
(3.109) T*f' = (1 + Ne1)T + Ao By
By taking the scalar product of (3.109) with itself, we have
(3.110) () = —(1+ Me1)? + (Mk2)? = constant

Differentiating the relation (3.110) with respect to s and using the relation (2.1),

we get
(3.111) (f)2N* = [ky + A (k3 = k3)] N + Akoks Bs.

Differentiating the relation (3.111) with respect to s and using the relation (2.1),
we find

(3.112) (f)’ k3B; = ky [kr + A (k2 — k2)] T+ [ko (k1 + A (K — k2)) — Mkok?] By
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By taking the scalar product of (3.112) with N = aBj + bBj, we have k3 = 0.

Then, from (3.112), we see that ko = 0 or k3 = 0 which is a contradiction. Thus,

there exists no generalized timelike Mannheim helix such that its Mannheim mate

is a pseudo null curve. O
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