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A dynamical system is a pair (X, f) in which X is a compact metrizable space

with metric d and f is continuous self map on X. A dynamical system (X, f) is

said to be equicontinuous if for each x ∈ X and for each ε > 0, there exists δ > 0

such that d(f j(y), (f j(x)) < ε for all j ≥ 0 and for all y such that d(x, y) < δ. A

dynamical system (X, f) is said to be sensitive if there exits ε > 0 such that for

all x ∈ X and for all δ > 0, there exists y ∈ Bd(x, δ) such that d(f j(y), f j(x)) ≥ ε

for some j ≥ 0. A dynamical system (X, f) is said to be expansive if there exists

δ > 0 such that for any two distinct points x, y ∈ X there exists some integer j ≥ 0

such that d(f j(x), f j(y)) ≥ δ. A dynamical system (X, f) is said to be distal if for

x, y ∈ X, inf{d(f j(x), f j(y)) : j ∈ N ∪ {0}} = 0, then x = y. In [1],[3], [2], one can

find the detail discussion of equicontinuity, expansiveness, sensitivity, distality. In

this paper we use the notation N for the set of positive integers.

Let (Xi, fi), i = 1, 2, ..., n be a finite sequence of dynamical systems with respective

metrics di. Let X =
∏n
i=1Xi, F =

∏n
i=1 fi. Then F is a self map on X defined by

F (x) = f1 × f2 × .. × fn(x1, x2, .., xn) = (f1(x1), f2(x2), .., fn(xn)) for all x =

(x1, x2, .., xn) ∈ X. (X, d) is the product space of

(Xi, di), 1 ≤ i ≤ n and the corresponding product metric d is defined by d(x, y) =

d((x1, x2, .., xn), (y1, y2, .., yn)) =
∑n
i=1 di(xi, yi). It is well known that (X, d) is

compact metric space and F is continuous if and only if each fi is continuous.

Therefore (X,F ) is a dynamical system and it is called finite product dynamical

system.

We use the notation Fm(x1, x2, .., xn) = (fm1 (x1), fm2 (x2), .., fmn (xn)). The open

ball of radius ε and center (x1, x2, .., xn) in the product metric space (X, d) is de-

fined by

Bd((x1, x2, .., xn), ε) = Bd1(x1, ε/n)×Bd2(x2, ε/n)× ..×Bdn(xn, ε/n),

where Bdi(xi, ε/n) , for each i, is an open ball of radius ε
n and center xi in the

space (Xi, di). If (Xi, fi)
∞
i=1 is an infinite sequence of dynamical systems, we

put X =
∏∞
i=1Xi, F =

∏∞
i=1 fi. F is a self map on X defined by F (x) =

f1 × f2 × ..(x1, x2, ..) = (f1(x1), f2(x2), ..) for all x = (x1, x2, ..) ∈ X. The cor-

responding countable product metric d is defined by

d(x, y) = d((x1, x2, .., ), (y1, y2, .., )) =
∑∞
i=1

di(xi,yi)
2i . Without lost of generality we

assume that di(s, t) ≤ 1 for all s, t ∈ Xi and for each positive integer i. It is well

known that (X, d) is a compact metric space and the metric topology Td is identical
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with the product topology T on X. It is well known that F is continuous if and

only if each fi is continuous and therefore (X,F ) is a dynamical system. We call

this dynamical system a countable product dynamical system.

A dynamical system (Y, g) is said to be a factor of the dynamical system (X, f)

if there exists a continuous surjection h : X → Y such that hof = goh. The dy-

namical system (X, f) is a factor of its product dynamical system (X ×X, f × f)

in which the factor map h : X × X → X is the projection map h(x, y) = x. If

the factor map h is a homeomorphism then we say that the two dynamical system

(X, f) and (Y, g) are conjugate to each other and the map h is a conjugacy. Then

it is well known that the two dynamical systems (X, f) and (Y, g) have the same

dynamical properties [3].

A dynamical system (X, f) is said to be mean equicontinuous if for every ε > 0,

there exists a δ > 0 such that whenever x, y ∈ X with d(x, y) < δ,

lim supn→∞
1
n

∑n−1
i=0 d(f ix, f iy) < ε. In [4], there is a detailed study of mean

equicontinuity. They have investigated the existing results of an equicontinuous

dynamical system when the equicontinuity is replaced by mean equicontinuity. The

concept of mean distality has been introduced in [6]. In this paper we investigate the

dynamical properties such as mean equicontinuity, mean sensitivity, mean distal-

ity, mean expansiveness of a finite as well as countable product dynamical system

(X,F ) vis a vis the dynamical systems (Xi, fi) for each i. We use the notation

(X,F ) both for finite product and countable product. For finite product we take

X =
∏n
i=1Xi, F =

∏n
i=1 fi and the corresponding metric d is given by

d(x, y) = d((x1, x2, .., xn), (y1, y2, .., yn)) =
∑n
i=1 di(xi, yi). For countable product,

we take X =
∏∞
i=1Xi F =

∏∞
i=1 fi. The corresponding metric d is given by

d(x, y) = d((x1, x2, .., ), (y1, y2, .., )) =
∑∞
i=1

di(xi,yi)
2i .

2. Definitions and Theorems

The countable product dynamical system (X,F ) is equicontinuous if and only if

(Xi, fi) is equicontinuous for each positive integer i [5]. We investigate the similar

result for mean equicontinuity. The following is a result for mean equicontinuity.

Theorem 2.1. The countable product dynamical system (X,F ) is mean equicon-

tinuous if and only if (Xi, fi) is mean equicontinuous for each positive integer i.
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Proof. Suppose (X,F ) is mean equicontinuous. For each k, let xk ∈ Xk be a point

and ε > 0. Let x = (x1, x2, ..), then by the mean equicontinuity of (X,F ), there

exists δ > 0 such that whenever x, y ∈ X with d(x, y) < δ ,

lim supn→∞
1
n

∑n−1
i=0 d(F ix, F iy) < ε

2k
,

i.e. lim supn→∞
1
n

∑n−1
i=0

∑∞
j=1

dj(f
i
jxj ,f

i
jyj)

2j < ε
2k

.

This implies that lim supn→∞
1
n

∑n−1
i=0

dk(f
i
k(xk),f

i
k(yk))

2k
< ε

2k

i.e. lim supn→∞
1
n

∑n−1
i=0 dk(f ik(xk), f ik(yk)) < ε. This shows that (Xk, fk) is mean

equicontinuous.

Conversely suppose for each k, (Xk, fk) is mean equicontinuous. Let ε > 0 , then

for each k there exists δk > 0 such that whenever x, y ∈ X with d(x, y) < δk,

lim supn→∞
1
n

∑n−1
i=0 dk(f ik(yk), f ik(xk)) < ε

2k
. It follows that

lim supn→∞
1
n

∑n−1
i=0 d(F i(y), F i(x)) <

∑∞
k=1

ε
2k

= ε . Hence (X,F ) is mean equicon-

tinuous. �

Definition 2.2. A dynamical systems (X, f) is said to be mean sensitive if there

exists δ > 0 such that for every x ∈ X and every ε > 0 there exists y ∈ X with

d(x, y) < ε satisfying lim supn→∞
1
n

∑n−1
i=0 d(f ix, f iy) > δ.

As in [5], we prove that product dynamical system is mean sensitive if each of

the constituent dynamical system is mean sensitive.

Theorem 2.3. The countable product dynamical system (X,F ) is mean sensitive

if (Xi, fi) is mean sensitive for each positive integer i.

Proof. Suppose (Xk, fk) for each k, is mean sensitive with sensitive constant δk.

Let xk ∈ Xk and ε > 0. Then there exists yk with dk(yk, xk) < ε such that

lim supn→∞
1
n

∑n−1
i=0 dk(f ikx, f

i
ky) > δk. It follows that

lim supn→∞
1
n

∑n−1
i=0

∑∞
k=1

dk(f
i
kxk,f

i
kyk)

2k
>

∑∞
k=1

δ
2k

= δ, where δ = inf{δi : i ∈
N}. It follows that lim supn→∞

1
n

∑n−1
i=0 d(F i(x), F i(y)) > δ for some y ∈ X with

d(x, y) < ε. Hence (X,F ) is mean sensitive with sensitive constant δ. �

The result is true for finite product dynamical system so we have the following

corollary and the proof is similar to the above theorem.

Corollary 2.4. The finite product dynamical system (X,F ) is mean sensitive if

(Xi, fi) is mean sensitive for each positive integer i ≤ n



MEAN EQUICONTINUITY ... JDSGT VOL. 13, NUMBER 1 (2015) 31

The converse, both for finite as well as infinite product, is not true . The following

is a counter example.

Example 2.5. Let (X1, f1) be a mean sensitive dynamical system with sensitive

constant ε > 0. fi : Xi → Xi for i 6= 1 are constant functions. Then each of

them is not a mean sensitive function whereas F : X → X is mean sensitive with

sensitive constant 2ε.

The converese of the above theorem is still an open problem.

Definition 2.6. A dynamical systems (X, f) is said to be mean expansive if there

exists δ > 0 such that for any two distinct points x, y ∈ X,

lim supn→∞
1
n

∑n−1
i=0 d(f ix, f iy) ≥ δ.

The product dynamical system (X,F ) is expansive if and only if (Xi, fi) is ex-

pansive for each positive integer i [5]. We prove the similar result for mean expan-

siveness.

Theorem 2.7. The product dynamical system (X,F ) is mean expansive if and only

if (Xi, fi) is mean expansive for each positive integer i.

Proof. Suppose (X,F ) is mean expansive with expansive constant δ. For each pos-

itive integer k, let xk, yk be two distinct points of Xk. Let zj ∈ Xj , j 6= k and put

x = (z1, z2, .., zk−1, xk, zk+1, ..), y = (z1, z2, .., zk−1, yk, zk+1, ..) . By the mean ex-

pansiveness of (X,F ) we have

lim supn→∞
1
n

∑n−1
i=0 d(F ix, F iy) ≥ δ. This implies that

lim supn→∞
1
n

∑n−1
i=0

dk(f
i
kxk,f

i
kyk)

2k
≥ δ. This shows that (Xk, fk) is mean expansive

with expansive constant 2kδ.

Conversely suppose for each positive integer k, (Xk, fk) is mean expansive with

expansive constant δk. Let x = (x1, x2, .., xk, ..), y = (y1, y2, .., yk, ..) be two distinct

points. Now by the mean expansiveness of (Xk, fk), we have

lim supn→∞
1
n

∑n−1
i=0 dk(f ikxk), f ikyk) ≥ δk and it implies

lim supn→∞
1
n

∑n−1
i=0

dk(f
i
kxk,f

i
kyk)

2k
≥ δ

2k
.

Therefore lim supn→∞
1
n

∑n−1
i=0

∑∞
k=1

dk(f
i
kxk,f

i
kyk))

2k
≥

∑∞
k=1

δk
2k
≥ δ, where δ ∈

{δ1, δ2, ...}. It follows that lim supn→∞
1
n

∑n−1
i=0 d(F i(x), F i(y)) ≥ δ. Hence (X,F )

is mean expansive. �
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The result is true for finite product dynamical systems and it can be shown in

the similar line as in theorem 1.7. We have the following corollary.

Corollary 2.8. The finite product dynamical system (X,F ) is mean expansive if

and only if (Xi, fi) is mean expansive for each positive integer i ≤ n.

Definition 2.9. A dynamical system (X, f) is said to be mean distal if for each

pair of distinct points x, y ∈ X, we have lim supn→∞
1
n

∑n−1
i=0 d(f i(x), f i(y)) > 0

The product dynamical system (X,F ) is distal if and only if (Xi, fi) is distal for

each positive integer i [5]. The following is a result for mean distality.

Theorem 2.10. The product dynamical system (X,F ) is mean distal if and only

if (Xi, fi) is mean distal for each i ∈ N .

Proof. Suppose (X,F ) is mean distal. Let k be a positive integer and xk, yk ∈ Xk

be any two point. Let zj ∈ Xj where j 6= k then x = (z1, z2, .., zk−1, xk, zk+1, ..), y =

(z1, z2, .., zk−1, yk, zk+1, ..) are two distinct points of X. By the mean distality of

(X,F ), we have lim supn→∞
1
n

∑n−1
i=0 d(F i(x), f i(y)) > 0.

It follows that lim supn→∞
1
n

∑n−1
i=0 d(f ik(xk), f ik(yk)) > 0. Hence (Xk, fk) is mean

distal.

Conversely suppose (Xk, fk) is mean distal for each positive integer k.

Let x = (x1, x2, ...), y = (y1, y2, ...) be two points such that xk 6= yk, then by mean

distality of (Xk, fk), we have lim supn→∞
1
n

∑n−1
i=0 d(f ik(xk), f ik(yk)) > 0. It follows

that lim supn→∞
1
n

∑n−1
i=0 d(F ik(xk), F ik(yk)) > 0. Hence (X,F ) is mean distal. �

The result holds true for finite product dynamical system and it can be shown

in the similar line as in above theorem. We have the following corollary.

Corollary 2.11. The product dynamical system (X,F ) is mean distal if and only

if (Xi, fi) is mean distal for each i ≤ n.
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