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ABSTRACT. It is proved thatk- causal spacetimes, with inner continuous
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ifold topology. In particular, using the relation K T, causally continuous space-

times can be reconstructed
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1. INTRODUCTION

It is shown by Martin and Panangaden [5] that it is possible to reconstruct
globally hyperbolic spacetimes in a purely order theoretic manner, using the causal
relation J*. This has the benefit that one can study these spacetimes by domain
theory instead of geometry. In this paper the relation KT is used instead ofJ T [4].
The relation KT CMxM is defined as the smallest transitive closed relation which
contains/ * [8, 7, 3]. This definition arose from the fact that the causal relation,
Jt, is transitive but not necessarily closed and JT is closed but not necessarily

transitive. The spacetime (M, g) is K—causal if KT is antisymmetric. Recently,
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it is proved by Minguzzi that stable causality and K- causality are coincide [9].
In globally hyperbolic and causally simple spacetimes K+ = J* and in causally
continuous spacetimes K+ = J*.

We denote with int(B) and B, the topological interior and closure of B C M,

respectively.

2. PRELIMINARIES

Let us recall some basic definitions in domain theory. A poset is a set together
with a reflexive, antisymmetric and transitive relation.
In a poset (P, C), a nonempty subset S C P is called directed (filtered) if (Vx, y €
S)YFze Sz, yCz (Va, y€ S)(Fz € S) 2 C z, y). The supremum (infimum) of
S is the least of its upper bounds (the greatest of all its lower bounds) provided it
exists.

For a subset X of a poset P, set:
T X={yeP:(FrzeX)zCy}, | X={yeP:(FreX)yLz}

A dcpo is a poset in which every directed subset has a supremum. The least element
in a poset, when it exists, is the unique element | with 1 C z for all x.
Definition 2.1.[1] For elements z, y of a poset, < y if and only if for all directed

sets S with a supremum,
yEUSé(EseS)xEs.

Weset fz={aeP:axz}and fx={a€P:z<Kal
For symbol “<”, read “way below”.
Definition 2.2.[1] For elements z, y of a poset, <4 ¥y if and only if for all filtered

sets S with an infimum,
/\SE$=>(ES€S)SE$.

Weset lgz={a€P:a<ga}and fzg={a € P:x<ya}. Forsymbol “<;”,
read “way above”.
Definition 2.3.[1] A poset P is (continuous) dual continuous if (| z) fq = is

(directed) filtered with (supremum) infimum « for all x € P.
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A poset P is bicontinuous if it is both continuous and dual continuous. In addition
a poset is called jointly bicontinuous if it is bicontinuous and the way below relation
coincides with the way above relation.

Proposition 2.4.[1] If z < y in a continuous poset P, then there is z € P with
Lz Ky

Definition 2.5.[1] On a bicontinuous poset P, sets of the form
(a,b):={x € P:a<kx<yb}

form a basis for a topology called the interval topology.

3. CAUSAL STRUCTURE OF A SPACETIME

In this paper we denote with (M, g) a C” spacetime, r € {2,...,00}, of arbitrary
dimension n > 2 and signature (—,+,...,+). It and J* are the chronological
and causal relations. We recall that if U is an open neighborhood of M, then we
denote by J,J]r the causal relation on the spacetime U with the induced metric. The
spacetime M is globally hyperbolic if it is causal and J+(z) N J ™~ (y) is compact for
every x, y € M [2]. Every event p of a spacetime (M, g) admits arbitrary small
globally hyperbolic neighborhoods.

Martin and Panangaden defined an order on the spacetime M in the following

manner:

pCqg=qe Jt(p).

They proved the following theorem about Globally hyperbolic spacetimes:
Theorem 3.1.[5, 6] If M is a globally hyperbolic spacetime, then (M,C) is a
bicontinuous poset with /T =< whose interval topology is the manifold topology.
This theorem suggests a formulation of causality independently of geometry.

In this paper, using the relation K+, we try to generalize theorem 3.1.

3.1. Inner and outer continuity of K. Let F' be a function which assigns to

each point p € M an open set F(p) C M. We say that F' is inner continuous (outer

continuous) if for any p and any compact set C C F(p) (C € M — F(p)), there

exists a neighborhood U of p with C' C F(q) (C C M — F(q)), for every g € U.
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Remark. 1) I*(.) are inner continuous but not necessarily outer continuous [2].
The spacetime (M, g) is causally continuous if the relations I*(.) are outer contin-
uous.

2) In globally hyperbolic spacetimes, K+ = J* and int(K*(.)) = I*(.) which are
inner continuous.

Lemma 3.1.1.[10] In a K- causal spacetime (M, g), int(K*(.)) and int(K~(.))
are inner continuous if and only if for every p, ¢ € M, p € int(K~(¢)) & q €
int(K* ().

Lemma 3.1.2. int(K"(.)) and int(K(.)) are outer continuous.

3.2. K- Alexandrov topology. The following topology plays an important role
in general relativity.
Definition 3.2.1. Let (M, g) be a spacetime. Alexandrov topology on M is the

one which admits as a base,
Ba={I"(p)N I (q9): p, g€ M}

Theorem 3.2.1.[2] For a spacetime (M, g), the following properties are equivalent:
(a) (M, g) is strongly causal.

(b) Alexandrov topology is equal to the original topology on M.

The spacetime M is strongly K- causal at p if it contains arbitrary small K- convex
neighborhoods of p, and it is strongly K- causal if it is strongly K- causal for all
p € M. K- causality implies strong K- causality [8, 7]. The converse is trivial.
Using the relation KT, we define K- Alexandrov topology with the base,

By = {int(K*(p)) Nint(K~(q)) : p, q € M).

Theorem 3.2.2.[4] Let (M, g) be a spacetime, with inner continuous int(K*(.)).
The following are equivalent:

(a) (M, g) is K- causal.

(b) K- Alexandrov topology is equal to the original topology on M.

Proof. Assume that (M, g) is K- causal. K- causality implies strong K- causality.
Definition of strong K- causality implies that each point has arbitrary small K- con-
vex neighborhoods. Let V' be an open neighborhood of p in the manifold topology.
There exists a causally K- convex neighborhood U C V of p, contained in a glob-
ally hyperbolic neighborhood. Indeed, K (p) = J (p) and int(K (p)) = I} (p).
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Thus K- Alexandrov topology on (U, g|y) agrees with Alexandrov topology. Using
theorem 3.2.1 and the fact that a strongly K- causal spacetime is strongly causal
demonstrate that the manifold topology on U agrees with K- Alexandrov topology.
Hence K- Alexandrov topology agrees with the manifold topology.

Conversely, suppose that M is not strongly K- causal at p. There is a neighbor-
hood V of p such that if W is any neighborhood of p with W C V| there exist
points p’, ¢ € W, Kt(p') N K~ (¢') € W. Thus all open sets in K- Alexandrov
topology contain points outside of V. Indeed, if for ¢, ¢ € M, W = int(K*(c)) N
int(K~(c')) C V then by assumption, there is a point d € KT (p') N K~ (¢') that
d ¢ W. But since int(K*(.)) are inner continuous, d € W. This is a contradiction.
As a consequence, K- Alexandrov topology is different from the given manifold

topology.

4. SPACETIME AND DOMAIN THEORY

Let M be a K- causal spacetime. We write the relation KT as:

pC qg= (pq) € KT.

Lemma 4.1. Let p, ¢ and r € M. Then:

iypC qandr e int(KT(q)) = r €int(KT(p)).

i) peint(K (¢)) and ¢ C r = p € int(K (r)).

Lemma 4.2. Let gy, be a sequence in M with y, C y (y, C y) for all n and
limpoo yn = y; then | |yn =y (Ayn = y).

Proof. Let y, C z for every n € N. Since KV is closed and y, € K~ (z),
Yy =limp—oo Yn € K~ (). Thus y C x and this proves y = | |y,. The proof for the
dual part is similar to this.

Note that the above lemma is true for every causal closed relation.

Lemma 4.3.[5] For any x € M, I~ (z) (I (x)) contains an increasing (decreasing)
sequence with supremum (infimum) z.

Lemma 4.4.[7] Let B be an open set with compact boundary B. Let (z,z) € K+,
if z € B and z ¢ B, then there is y € B such that (z,y) € KT and (y,2) € K.
Lemma 4.5. Let S be a directed set in the K- causal spacetime (M, g) with supre-

mum | | S. Then there is an increasing sequence {s, } in S such that lim,.o$n =

LS.
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Proof. Let A = {{sn} : sp € S,8n C Spt1 ¥n € N}. We define an equivalence

relation on A in the following manner:
{sn}~{si}&ImeN :s,=s,Vn>m.
Now we define a partial order on A/ ~.
HsnHH i [{s),}] & ImeN: s, Cs,,Vn>m.

Suppose that {amtmen = {[{Sm.n}nen] : m € N} is a chain in A/ ~. We show

that it has an upper bound. We define the sequence {b,,} in the following manner:
b1 =51, : Sin C S2, V0> ny,

bi = Sin, : Sin C Sit1.,Yn >m and n; = maz{m,n,...,n;_1}.

It is easy to show that [{b,,}] is an upper bound of {a,,}. Hence by Zorn’s lemma
A/ ~ has a maximum element ¢ = [{¢;, }]. Suppose by contradiction that there is
a neighborhood U of | | S with compact closure such that SNU = (). Let {¢,,} be
a representation of [{¢,,}]. Since ¢, C || S, using lemma 4.4, there is d,,, € 9U,
such that ¢, C d,, and d,,, C | |S. {d;,} has an accumulation point like d since
U is compact. ¢, C ¢ypt1,Yn € N and KT is closed. Hence ¢; C dj, Vi, j € N
and consequently ¢; C d, Vi € N. But [{¢p}] is a maximal element of A/ ~ and
this implies that d is an upper bound of S which is a contradiction to the fact that
dC | ]S and d#|]S.

Theorem 4.6. Let M be a K- causal spacetime. Then
r< ys yeint(K(z) &z <ay.

Proof. Let y € int(K ' (x)). If for the directed set S, y C | | S, then by assumption
and lemma 3.1.1, | | S € int(K*(z)). By lemma 4.5 and the fact that int(K*(x))
is open, there exists s € S such that s € int(K*(x)). Consequently, z < y.

If x < y, by lemma 4.3 there exists an increasing sequence y,, in I~ (y) such that
L] yn =y. Thus z C y,, for some n. Since I is an open relation, z € int(K ~(y)).
The proof of the other part is similar.

Now we are ready to obtain the main result of this paper.

Theorem 4.7. If M is a K- causal spacetime, with int(K*(.)) inner continuous,
then (M,C ) is a jointly bicontinuous poset with < = int(K (.)) whose interval
topology is equal to the manifold topology.
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Proof. By lemma 4.6, |} x = int(K(z)). In addition, Using lemma 4.3, for
every € M there is an increasing sequence x,, C I~ (x) C int(K (x)) ={ = with
| |, = x. Hence M is continuous. In a similar way we can prove that it is dually
continuous. In addition, Using theorem 4.6 and 3.2.2, the interval topology is equal

to the manifold topology.
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