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ABSTRACT. In this work, we study time-evolution equations that the intrinsic
quantities of curves to construct binormal spherical curves as surfaces in terms
of inextensible flows in E3. Using the Frenet frame of the given curve, we
present partial differential equations. We give necessary and sufficient condi-
tion for a binormal spherical curves as surfaces to be a Bonnet surface. Finally,

we draw some pictures of our main results.
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1. INTRODUCTION

A three-dimensional heat transfer model of flows was developed to predict the
temperature fields, the weld geometry and the shape of the solidified weld rein-
forcement surface during hybrid laser-MAG arc welding of fillet joints. Melt pool
deformation due to arc pressure was calculated by minimizing the total surface
energy. A series of hybrid welding experiments was conducted on S355 steel for

different welding speeds and wire feeding rates. A high speed video camera was

JOURNAL OF DYNAMICAL SYSTEMS & GEOMETRIC THEORIES
VOL. 12, NUMBER 2 (2014) 145-157.

© 9P Penu PusLicamions e Taylor & Francis

Taylor & Francis Group

145



146 T. KORPINAR AND E. TURHAN

used to measure weld pool depression and surface weld pool geometry. Visualiza-
tion of the weld pool during welding has also allowed for a better understanding of
the interaction between the keyhole and droplets. The various weld bead shapes
were explained through these observations. The arc pressure, the surface energy
distribution, and arc efficiency were evaluated by comparing experimental data and
numerical results for a wide range of welding operating parameters. Good correla-
tion was found between the calculated and experimental weld bead shapes obtained
for the hybrid laser-MAG arc welding process as well as for laser or MAG alone,
[4,5,9,13].

For centuries, fluid flow researchers have been studying fluid flows in various
ways, and today fluid flow is still an important field of research. The areas in which
fluid flow plays a role are numerous. Gaseous flows are studied for the development
of cars, aircraft and spacecrafts, and also for the design of machines such as turbines
and combustion engines. Liquid flow research is necessary for naval applications,
such as ship design, and is widely used in civil engineering projects such as harbour
design and coastal protection. In chemistry, knowledge of fluid flow in reactor
tanks is important; in medicine, the flow in blood vessels is studied. Numerous
other examples could be mentioned. In all kinds of fluid flow research, visualization
is an key issue, [1,2,5,7,8].

The local theory of space curves are mainly developed by the Frenet—Serret the-
orem which expresses the derivative of a geometrically chosen basis of E? by the
aid of itself is proved. Then it is observed that by the solution of some of spe-
cial ordinary differential equations, further classical topics, for instance spherical
curves, Bertrand curves, involutes and evolutes are investigated. One of the men-
tioned works is spherical images of a regular curve in the Euclidean space. It is
a wellknown concept in the local differential geometry of curves. Such curves are
obtained in terms of the Frenet—Serret vector fields, [3,6,11,12].

This study is organized as follows: Firstly, we study time-evolution equations
that the intrinsic quantities of curves to construct binormal spherical curves as
surfaces in terms of inextensible flows in E3. Using the Frenet frame of the given
curve, we present partial differential equations. We give necessary and sufficient
condition for a binormal spherical curves as surfaces to be a Bonnet surface. Finally,

we draw some pictures of our main results.
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2. PRELIMINARIES

The Euclidean 3-space E3 provided with the standard flat metric given by
(,) = do? + dx3 + dx3,

where (11,72, 73) is a rectangular coordinate system of E3. Recall that, the norm

of an arbitrary vector a € E? is given by

lall = V/{a, a).

« is called a unit speed curve if velocity vector v of « satisfies ||v]| = 1. Let a = «(s)
be a regular curve in E3. If the tangent vector of this curve forms a constant angle
with a fixed constant vector U, then this curve is called a general helix or an inclined
curve. The sphere of radius » > 0 and with center in the origin in the space E3 is
defined by

S2 = {p: (p15p25p3) S ES : <p’p> = r2} .

Denote by {T,N, B} the moving Frenet-Serret frame along the curve « in the
space E3. For an arbitrary curve o with first and second curvature, x and 7 in
the space E2, the following Frenet-Serret formulae are given in [10] written under

matrix form

T’ 0 k 0 T
N |=| - 0 7 N |,
B’ 0 -7 0 B
where
(T, Ty = (N,N)=(B,B)=1,

(T,N) (N,B) = (T,B) = 0.

Let u = (uy,ug,u3), v = (v1,v9,v3) and w = (wy,ws,w3) be vectors in E? and
er,e,,e; be positive oriented natural basis of E3. Cross product of u and v is
defined by
e €y e3
UXv=|u uz u3

V1 V2 U3
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Mixed product of u, v and w is defined by the determinant

Uy U2 U3
[w,v,wl=| v; vy w3
w; w2 w3

Torsion of the curve « is given by the aid of the mixed product

[al7 a//’ a///]

T= 5

K
Definition 2.1. Let a be a unit speed reqular curve in Euclidean 3-space with
Frenet vectors T, N and B. The unit binormal vectors along the curve a generate
a curve (B) on the sphere of radius 1 about the origin. The curve ¢ = (B) is called
the spherical image of B or more commonly, (B) is called binormal spherical image
of the curve «, [3,10].

3. TIME-EVOLUTION EQUATIONS OF BINORMAL SPHERICAL IMAGES IN E?

Let wg be the standard unit normal vector field on a surface ¢ (s,t) defined by

¢s/\¢t .
19 (05 A ps s N D)2

Then, the first fundamental form I and the second fundamental form II of a

(3.1) g (s,t) =

surface ¢ are defined by, respectively,

I Eds® + 2Fdsdu + Gdt?,

11

eds? + 2fdsdu + gdt?,

where

E =g (¢s7 (bs) )
F =g ((bs? (bt) )
G =g ((btv ¢t) )

e = —g ((bsaws) = g(¢ss7w)7
f = —g(ds, @) =9(ds, @),

g = —9(¢p,mw) =9 (b, ™).
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Definition 3.1. A-net on a surface such that, when this net is parametrized, the
conditions E = G, F =0, f = ¢ =const. = 0 are satisfied, is called an A-net, where
E,F, G are the coefficients of the first fundamental form of the surface and e,f, g
are the coefficients of the second fundamental form.

Theorem 3.2. Necessary and sufficient condition for a surface to be a Bonnet

surface is that the surface can have an A-net, [5].

On the other hand, the Gaussian curvature K and the mean curvature H are
LN — M?
K=——9,
EG - F
~ EN - 2FM + GL
~ 2(EG-F?)

respectively.

The principal curvatures k; and ky are given by
kh=H+vH?-K, kL =H-vVH?-K.

Let « (u,t) is a one parameter family of smooth curves in E3.

Any flow of « can be represented as

0
a*(; = H, T + HoN + H3B,

where H1,Ho, Hs are smooth functions of time and arclength.

Theorem 3.3. Let ¢ be binormal spherical image of «. Then,

V. T? = —V,N=(Hik— Hst + %)T — (B,
VN = (Gl (e + T
Hel ]+ (Haw = Har + ) IN
H(ar + S ] - ST IB. (32)
ViBY = [l - (e + )T
(0 = Har + T =] — (LN
Higloms ]+ (ar + S L IB.
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where Hi, Ho, Hs are smooth functions of time and arc length and
C=(V:N,B).

Proof. By using Frenet-Serret equation and definition 2.1 we easily obtain (3.2),
which completes the proof.

Proposition 3.4.

0 OH
8—f = —(HoT + a—:’)T —CN,
where Ha, Hs are smooth functions of time and arclength.

Any flow of ¢ can be represented as

% = H{T? + HIN? + HEB?,

where ’Hf, 7—[3’, Hg’ are smooth functions of time and arclength.

Lemma 3.5. Let ¢ be binormal spherical image of a. Then,

E=g(4,,¢,) =1,
F=g (¢, ¢,) = H,
G=g (¢, 6;) = (H])? + (H)? + (H3)?,

where H(f,?—lg),?—lf are smooth functions of time and arclength.
Lemma 3.6. Let ¢ be binormal spherical image of «. Then, ¢ is developable if

and only if

Proof. By using Lemma 3.5 and definition of Gaussian curvature, we obtain above
equation.

Moreover, (3.1) imply that

(5.0 T? A (H{T? + HYN? + HB?) (3.3)
d\5 = T :
|9 (65 A &y, 05 N )]

HYB? — HIN?

a2y + (02|

Then, we have

wg (s,t) = PPHIB? — PPHIN?,
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where
PP = ! .
(H3)2+ (H9)2|”

Theorem 3.7. Let ¢ be binormal spherical image of a. Then,

9 6
5 =0,
OH? OHE oM
[ 1 [ 2 ¢ 3 _

where Hf,?—[f,?—[gf are smooth functions of time and arclength.
Proof. It is obvious from Theorem 3.3.

Corollary 3.8. Let ¢ be binormal spherical image of «. Then,
OMHy  HG OMY

ot HY Ot

where ’H(f,?—[g),?—[f are smooth functions of time and arclength.

Lemma 3.9. Let ¢ be binormal spherical image of a. Then,

L = —k*P%H],

M= [P (Han— Har + )] - el
(PR Cl ] + (e — Har + 2y L)

N = g M ) - (e + 2 )
M (R — Har + S2) 4 S = [ ]
+(ar + Z2 L NP =L~ PoHg )
HHgl(Har + T2 - Sl -

HIC+ oS Hg[;[\/ﬁiﬁ] +(r+ 208
T P s + PO )

where Hf,?—lg,?—[f are smooth functions of time and arclength.

Proof. Firstly, we have

VtZU¢ (S, t)
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Also,

“lt e

+[(PYHD)[(H1k — HsT +

+(
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= (PR [ | s N
OHs )[\/K;:_ﬁ
—(P¢H§>[§[W1

)
vk

T -
—<P¢’H§>mﬁ1
(M — Har + 8}‘2)[\/%21772

]

—(Har + 1]

(7‘[27’ +

0
— $q/9
at(P?—[)
0

99
T (PH2)

0s
1o} K

A=

0 0
SR V] { <o R —

+HE (Hik — HsT + %)
o m g d_t
* V2 +72+H2[8t[\/m2+72} (Har +
.

+[H§[C[ﬁ]
aHg K )
Hik H3T+¥)[\/ﬁ“ §”H +

OHo T

+

Sy

JIN + [(PP#)

8H3)[ T
0s ""\/K2 4 72

HY[(Hak — HaT

] - Cl= N
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gl + GO ) - gl - M
—HiC+ %H;jiﬁ
[ g + (ar + T LB

Corollary 3.10.

Vims (s,t) = (PP = (Har+ T
P o)
+HHar + Sl - P =
+;(P¢H§’)\//{2T+772]T
HPH (= Har + ) =) = L)
(PO Cl g + (Par = Har + T =N
HPHY G s+ (a7 + GO
P ((Har + ) - =)
+;(P¢’Hg)\/nz":_7ﬂ
4 (POHS) B

Theorem 3.11. Let ¢ be binormal spherical image of a. If ¢ have an A-net, then

(H9)* + (H$)* =1, H{ =0,
CPOUN (o — Hor + OF2N T o B

—(Pd”Hg’)[C[ﬁ] + (Hik — HaT + 687?)[\/1‘;’_772]]} = const.,

where Hf,’Hg),’Hg) are smooth functions of time and arclength.

Proof. It is obvious from Theorem 3.9.
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Corollary 3.12. Let ¢ be binormal spherical image of «. ¢ is a Bonnet surface if

and only if
(H3)? + (M3)* =1,
_ D P\[(_ r 0H2 T B K
(PH)[(=Har + 5 D =Lg) — Cl =]
—(P¢H§)[C[ﬁ] + (—HaT + 85'7?)[¢,;|_7T2]]] = const.,

where Hf,?—lg,?—[f are smooth functions of time and arclength.
Proof. By using Theorem 3.11 and Definition 3.1, we obtain above equations.
4. SOME PICTURES

In this section we draw some pictures corresponding to different cases of A (t)
that appeared in the following example.

Example 4.1. The time-helix is parametrized by
o (uyt) = (A (t) cos (u), A (t) sin (u) , B (£) u),

where A, B are functions only of time. The arc-length derivative is

10 0
A2 82 2 7 _ 2
( + ) ds Ou
and the evolution of 7y is explicity given by
(% cos (u) , % sin (u) , aa—?u) = ﬁ(—A cos (u), —Asin (u) ,0).

By using above equations for binormal spherical curves, we obtain

5. CONCLUSION

Physically, inextensible curve and surface flows give rise to motions in which no
strain energy is induced. The swinging motion of a cord of fixed length, for example,
or of a piece of paper carried by the wind, can be described by inextensible curve
and surface flows. Such motions arise quite naturally in a wide range of physical
applications.

In this article, we construct time-evolution equations that the intrinsic quantities
of curves to construct binormal spherical curves as surfaces in terms of inextensible

flows in E3. Using the Frenet frame of the given curve, we present partial differential
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FIGURE 2

equations. Additionally, we obtain necessary and sufficient condition for a binormal
spherical curves as surfaces to be a Bonnet surface.
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FIGURE 4
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