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ABSTRACT. In this paper, firstly Njp—timelike (spacelike) slant helix in 3-
dimensional Minkowski space IE% is given by using an alternative coordinate
frame which is obtained with the help of principal direction curves to Frenet
frame {T', N, B}. Secondly, the axis of slant helix according to different condi-
tions of curves is obtained. Lastly, curves of Nj—timelike (spacelike) constant

precession which is a subfamily of Nj—slant helix are introduced.
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1. INTRODUCTION

The helix is generally known as a curve in crystal structure of molecules, DNA
double, carbon nanotubes, form of plants. In the geometry, the definition of helix
is a curve that which tangent makes a constant angle with a fixed straight line
called the axis of the general helix. The study of these curves in the Euclidean
3—space based on 1802 with the Lancret [10]. On the other hand, the slant helices

are studied by Izumiya and Takeuchi. And if any curve 7 is called a slant helix,
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then the principal normal lines of 4 make a constant angle with a fixed direction [7].
Moreover, They showed that - is a slant helix in the Euclidean 3—space if and only
if the geodesic curvature of the principal normal of a space curve 7 is a constant
function.

In there dimensional Euclidean space, using the new orthonormal frame which
is obtained under a process with the help of k—principal direction curves of -, we
introduced a spatial curve family called Ny —slant helix which has the property that
the principal normal vector of k—principal direction curves of v makes a constant
angle with a fixed direction [1]. Besides, the given generalization family contains the
slant helix and C'—slant helix which has the property that the second frame vector
makes a constant angle with a fixed direction in terms of the frame {N,C, W}.

In this paper, we research the Np—slant helix theory for spacelike and time-
like spatial curves in Minkowski 3—space. With the help of orthonormal frame
of k—timelike (spacelike) principal curve the characterization of main curve is ob-
tained as a Np—timelike (spacelike) slant helix which is the principal normal vector
of k—principal curve make a constant angle with a fixed direction. Also we give
the axis of slant helix according to the different situation of the curve and define
curve of Ni—timelike (spacelike) constant precession which has the property that
the Darboux vector of v; makes a constant angle with a fixed direction « which is
the obtained for all cases and constant speed with Minkowski 3—space. Finally, we

gave an effective example according to the theory.

2. PRELIMINARIES

Let E$ be Minkowski 3-space which endowed with the standard flat metric given
by

— —

(2.1) <’J, ’U> = U U1 + UgUsy — U3Vs

where @ = (i1, 1o, u3) and ¥ = (¥}, U2, T3) are the usual coordinate system in [E3.
Due to semi-Riemannian metric there are three different kind of vectors, namely
spacelike, timelike and lightlike (null) depending on the properties (@, @) > 0,
(@,1) < 0 and (@, 1) = 0, respectively, for any vector @ in E3 — {0}. These can
be generalized for curves depending on the casual character of their tangent vec-
tors, that is, the curve v is called a spacelike (resp. timelike and lightlike) if its
velocity vector 4/ (t) is spacelike (resp. timelike and lightlike) for any ¢t € I. The
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norm of a vector i is given by ||i@|| = /| (@, @)]. Two vectors i and @ are orthogonal,
if (@, @) =0, see [5].

Let @ and ¢ be vectors in Minkowski 3—space. The Lorentzian angle between
and ¢ are defined as follows, see [6]:

i) If @ and ¥ € E$ are spacelike vectors that span a spacelike plane,
(2.2) (@, ) = ||l |5]| cos ¢ (u, v)
ii) If @ and ¥ € E3 are spacelike vectors that span a timelike plane,
(2.3) (@, ) = ||| [|9]| cosh p(u, v)
iii) If 7 and ¥ € E$ are timelike vectors in the same time-cone,
(2.4) (i, 7) = — ||| ||t]] cosh ¢(u, v)
iv) If @ is a spacelike vector and ¥ is a future-directed timelike vector,
(2.5) (@, 0) = ||l ||v]| sinh o(u, v)

where ¢(u,v) € R is the Lorentzian angle between 4 and ©.
We denote by {T'(s), N(s), B(s)} the moving positive directed Frenet frame along

the unit speed curve v in Minkowski 3—space. Then the following Frenet formulas
1
can be given, where T'(s) = ~/(s), N(s) = ||7”ES§|| and B(s) = T(s) x N(s).
3" (s
If v is spatial curve in Minkowski 3—space, then Frenet formulas can be given as

follows, see [5]:

T = kN,
(2.6) N = —ee1wT + 7B,
B/ = 751527‘N,

where k and 7 are curvature and torsion of the timelike curve -y, respectively and
(27) <TﬂT> = €0, <Nv N> = &1, <BaB> = &2, <T7N> - <Ta B> = <Na B> =0.

All of this study, for the sake of generality we used the future directed timelike

vector.

Definition 1. Let v : I — E$ be a unit speed space curve with k(s) # 0. Then v
is called a slant heliz if there exists a non-zero constant vector field @ in E3 such

that the function (N (s), @) is constant [4]. A curve v : I — E$ with x(s) # 0, is
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called a helix if the tangent lines of v make a constant angle with a fixed direction

Jthat is, (T (s), @) is a constant function [9].

Theorem 1. Let vy be a unit speed timelike curve in E3. Then v is a slant heliz if

and only if either one the next two functions
2 2 /

(2.8) a(s):”i(Z)/ or  ols)=—"— (7

(12 — H2)3/2 K (K2 — 7.2)3/2 K

2 — k2 does not vanish.

is constant everywhere T
If v be a unit speed spacelike curve in E3. Then the following two conditions can
be given:
(a) If the normal vector of v is spacelike, then ~y is a slant helixz if and only if

either one the next two functions
2 / 2 /

(2.9) o) = (5) o ol = SR (D)

(12 — H2)3/2 K

2

is constant everywhere 72 — k2 does not vanish.

(b) If the normal vector of ~y is timelike, then v is a slant heliz if and only if the

function
(2.10) ols)=—" (Z)
is constant [4].

The Darboux vector W is the areal velocity vector of the Frenet frame of a space
curve and it can be expressed as in terms of the Frenet apparatus as follows:

If spatial curve v is timelike (¢ = —1), then
(2.11) W =— (7T + kB)

If spatial curve v is spacelike (g = 1) and its principal normal vector spacelike or

timelike, then

(2.12) W = —7T + kB.

3. k—PRINCIPAL DIRECTION CURVE AND Nj—TIMELIKE(SPACELIKE) SLANT

HELIX IN MINKOWSKI 3-SPACE

In this section, it will be given the generalization of slant helix called Ny —timelike

(spacelike) slant helix in Minkowski 3—space with the help of principal direction
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curves. Moreover substantial relation will be obtained between characterization of

curve and alternative coordinate frame {7}, Ny, By} .

Definition 2. Let v(s) be a reqular unit-speed curve in terms of {T, N, B}, then
the integral curves of T(s), N(s) and B(s) are called the tangent direction curve,

principal direction curve and binormal direction curve of 7, respectively [3].

Actually, in [1], it is showed that any (n+2)—differentiable curve v has k—principal
direction curve for 1 < k < n in Euclidean space. On the other hand in Minkowski

space, the following definitions and theorems can be obtained.

Definition 3. Let v(s) be a unit-parametrized and (n + 2)—differentiable curve in
terms of {T, N, B} in Minkowski 3—space and ~y be the tangent direction curve of
~v. Then the k— principal direction curve of v is defined as

(3.1) Yi(s) = /Nk,lds, 1<k<n,

where Ni_1 is the principal normal vector of yix_1. Also 7y is called the main curve

of V-

The Frenet frame and curvatures of 7 can be given as

N/
(32) Tk:Nkfla Nk:L, Bk:TkXNk
I Ny |
(3.3) K =/ |kE_1 £ T21]s Th = Ok—16k,

where Ny_1,Kkr_1,Tk_1,0k_1 are the principal normal vector, curvature, torsion

and geodesic curvature of Ny_1, respectively, and By is the unit Darboux vector of
Yg—1- Also, the norm of the Darboux vector W can be given as 4/ ’/iiA — 7'1371‘ or

\/Ki_, + 12, for timelike v,_1 or spacelike y;_1, respectively.

Specially, for k = 1, the first principal direction curve ~; is

N/
—— B
I Nl
where the frame {17, N1, B1} is equal to {N,C, W} in terms of Minkowski metric.

(3.4) = /N(s)ds with the frame {Tl =N,N; = 1=T x N}

Also, for k = 2, the second principal direction curve vy is
Ni

(35) v = /N1(8)d8 with the frame {Tz = N1, Ny = mv
1

BQZT1><N1}.
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This generalization to be continued for 2 < k < n. Unfortunately, the characteriza-
tion of principal direction curves in terms of being timelike or spacelike is difficult
to classify since the ramification of normal vector field of .

We denote by {T%(s), Ni(s), Bi(s)} the moving Frenet frame along the unit

speed curve 7 in the Minkowski space E3, then the following formulas can be

given:
T]; 0 KR 0 Tk
(3.6) N,; = | —eoc1kk 0 T Ny,
B, 0 —e189m; 0 By

where ki, 7 are curvature, torsion of the curve 7, respectively, and
(Tk, Tk) = €0, (N, Ni) =1, (Bi, Bi) = €2, (T, Ni) = (T, Be) = (N, Bx) = 0.

The Darboux vector Wy, provides the following equations

Wk X Tk = T,é
(37) Wk X Nk = ]\7,/C
Wk X Bk = B,’c

Also, the unit Darboux vector of 7; is denoted as Wy, 1 < k < n. Now, we talk

about relation between k—principal direction curve and its main curve.

Definition 4. Let v be a (n+ 2)— differentiable timelike(spacelike) spatial curve,
Yo and v, be the tangent direction curve and k— principal direction curves of v,
1 < k < n, respectively. The curve v is called Np—timelike(spacelike) slant helix
which has the property that the principal normal vector of yi. makes a constant angle

with a fized line called the axis.

Remark 1. As it is known if the normal vector of any spatial curve makes a
constant angle with a fived direction, then the curve is called a slant helix. The
condition of a curve, in terms of the alternative frame {Ty, Ny, By}, to be a slant
heliz is k = 0.

After giving the necessary definitions, we will give the following theories and
results according to the types of curves in Minkowski 3—space, and complete the

theory.
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Theorem 2. Lety be a (n+2)— differentiable timelike(spacelike) curve in Minkowski
3—space, and 7y be the k— principal direction curves of v, 1 < k < n. The curve
v is a Np—timelike(spacelike) slant heliz if and only if the k— principal direction

curve Y 1S a slant heliz.

Proof. Let v, be a unit speed curve in Minkowski 3—space. From definition 4., if
v is a Nji—timelike(spacelike) slant helix, then the principal normal vector of ~i

makes a constant angle with a fixed direction @
(N, @y = constant

So, this definition coincides with being the slant helix of .

This completes the proof. O

Corollary 1. The main curve v is a Ni—timelike slant helix if and only if o =

! !/
< (%) 5 (%)
———— or oy, = —————= which is the geodesic curvature of Ny are a
2 243/2 2 2\3/2
(7 — k%) (k% — %)

constant function everywhere T]? — mi does not vanish.

Corollary 2. The main curve v is a Ni—spacelike slant heliz with the spacelike

!/ !
. o R(®) iz
normal vector if and only if o), = MOk =E o which is the
(7 — k%) (ki . i)

geodesic curvature of Ny, are a constant function everywhere T —ni does not vanish.

Corollary 3. The main curve v is a Ni—spacelike slant helix with the timelike

/
2 (1
i (7)

2 532 which is the geodesic curvature of
(7i + £i)

normal vector if and only if o =

Ny is a constant function.

Theorem 3. Let v be a (n+2)— differentiable spatial curve, i be the k—principal
direction curve of v, 1 < k < n. The curve v is a Ny—timelike(spacelike) slant helix

if and only if the tangent indicatriz of vx is a helix.

Proof. Let v be a Ny —timelike(spacelike) slant helix, then from the theorem 2 the
k—principal direction curve -y is a slant helix. So, it is clear that tangent indicatrix

T} is a helix.
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Conversely, if Ty is a timelike(spacelike) helix so the rate its curvature and torsion
is constant function. This means that,

’ I I
2 [ 7 2 ([ Tk 2 Tk
T K (I{k) T K (nk) Tr K (nk)
@) L _F\m) mr TRAm) T RAm)

KT (r2— k)Y R (62— 2P R (22 4 k2)Y
where the ratios are defined according to type of the k—principal direction curve
k- Thus from the Eq.(3.8) and theorem 2, it is obvious that v is a Ni—slant helix.

This completes the proof. O

4. THE AXIS OF Nj—TIMELIKE(SPACELIKE) SLANT HELIX

The alternative frame {7}, Ny, B} which is parametrized with s the parameter
of the main curve ~ is an orthonormal basis for Minkowski 3—space. In this section,
with the aid of this frame, we arrange the axis of the Ny—timelike(spacelike) slant
helix according to the different conditions of v and types of axis of the principal
direction curve ~g.

Case 1. Let the main curve v be a Nj—timelike(spacelike) slant helix with
timelike k—principal direction curve ~; in Minkowski 3—space. In this condition the
axis of v is either timelike or spacelike with different constant functions (Ng, @) =
cosf, (N, @) = cosh or (N, @) = sinh.

Now, we give the following theorems to show that difference between the equa-

tions of the axis of v in terms of the Darboux vector and the spacelike principal

normal vector Ny.

Theorem 4. Let the main curve v be a Ny—timelike(spacelike) slant heliz with the
spacelike axis U in Minkowski 3—space. If Ny, and the axis @ span a spacelike plane

or a timelike plane, then the axis of v is defined as
(4.1) @ = —sin Wy, + cos 0N}, or i = —sinh OW, + cosh 0N},
respectively, where Wy, is the unit Darbouz vector of .

Proof. Let the main curve y be a N —timelike(spacelike) slant helix with the space-

like axis i, then
(4.2) (N, @) = cosb

where Sp{Ny, @} is a spacelike plane.
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After the twice derivatives of Eq. (4.2),
(4.3) Kik{T, @) + T1(Bg, @y = 0,
(4.4) ki (Ty, W) + 7,.(Bg, @) = (’7']3 — mz) cos 0,
then from the Eq. (4.3) and (4.4) it is obtain that,
2

2 12) ens ~ 2 eos
(T, @) = Tk (77 l-@k)lcose and (B, @) — (Tkm—k)c/osﬁ

2 (1 T
() ()

Hence,
u = (AlTk + AN + AgBk) ,
Tk Kk
= ——————Ty + Ny + ————=Dy, | cosb,
(Uk\/mi_ﬂf ory/|k: — 1|
1 T, B
= (2 (TSR AR LN coso,
ok \ VIkg — 7
Since 1 is spacelike, (i, ) = —A? + A2 + A3 = 1 holds. If necessary operations are
done, — = tan# is provided. So the axis of 7 is obtained as
Ok

% = —sin Wy, + cos Ny,.

On the other hand, while Sp { Ny, @} is a timelike plane, then (Ny, @) = cosh§ and

1
— = tanh . So, the proof is similarly done and the axis is obviously obtained that
Ok

% = —sinh W}, + cosh ON},.
This proof is completed. a

Theorem 5. Let v the main curve of vy, be a Np—timelike(spacelike) slant heliz

with the timelike axis @ in Minkowski 3—space. The axis of v is
(4.5) @ = — cosh OW, + sinh O N,
where Ny, W, are the principal normal vector, the unit Darbouzx vector of .

Proof. Let @ be timelike axis , (@, @) = —A\7 + A3 + A\ = —1 for the main curve

1

v. Also v is a Np—timelike(spacelike) slant helix with — = coth §. After similar
Ok

operations such as theorem 4, the axis is obtained in form

i = — cosh OW, + sinh ON,.
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Case 2. Let the main curve v be a Ni—timelike(spacelike) slant helix and
k—principal direction curve 7, be spacelike with Nj the future directed timelike
normal vector field. In this instance the axis of v is specified with the constant

functions (N, @) = sinh @ or (Ng, @) = — cosh 6. O

Theorem 6. Let v the main curve of vy be a Ny—timelike(spacelike) slant heliz in

Minkowski 3—space. The axis of v is
(4.6) U= — (cosh W}, + sinh 9Nk) or i = sinh Wy, + cosh AN},

when @ is spacelike or timelike, respectively and Wy, is the unit Darboux vector of

Vk-

Proof. Let the main curve v be a Ni—spacelike slant helix with the axis «, then
(4.7 (N, i) = sinh 0

After the twice derivatives of Eq. (4.7),

(4.8) ki (Tk, @) + 7 (Bg, ) = 0,

(4.9) K5 (Ti, @) + 74,(By, @) = — (ki +77)sinho,

then from the Eq. (4.8) and (4.9) it is obtain that

<Tk,t_[> _ Tk ('fi +Tl§) S,inhe and <Bk7ﬁ> — _M_

2 (T T
% (i) ()

Hence,
@ = (MTk+ AN+ X3By),
Tk K .
= ——————T, — Ny — —————=DBy; | sinh 6,
<ak\//€%+7',f i g ok Ky + TR k)
1 [ 7Ty — ki By .
= — [ ————=—=] — N, | sinh ¥,
<0k < N
Since @ is spacelike, (iZ,%) = —A\? + A% + A3 = 1 holds. If necessary arrangements
are made, — = tan is provided. So the axis of v is obtained as
Ok

U= — (cosh OW i, + sinh 9Nk) .
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On the other hand, if the axis @ is timelike and the normal indicatrix N is in the
1

same timelike cone with @, then (Nj, @) = —coshf and — = tanh@. After similar
Ok

calculations, the axis is

@ = sinh W, + cosh ON,.

This completes the proof. O

Case 3. Let the main curve v be a Ny—timelike(spacelike) slant helix and
k—principal direction curve i be spacelike with Nj the spacelike normal vec-
tor field. If the axis of v is spacelike or timelike, then the constant function is

(N, @) = cos@ (Ny, @) = cosh@ or (Nj,u) = sinh 6, respectively.

Theorem 7. Let v the main curve of vy, be a Np—timelike(spacelike) slant heliz
in Minkowski 3—space. If Ny which is the unit spacelike normal vector of v, and

the spacelike azis @ span a spacelike plane or a timelike plane, then the axis of 7y is
defined as

(4.10) @ = sin Wy, + cos N, or @ = —sinh W, + cosh 0Ny,
respectively, where Wy, is the unit Darbouz vector of Y.
Proof. From the other proofs, the proof is clear. O

Theorem 8. Let v the main curve of v be a Ni—timelike(spacelike) slant heliz in

Minkowski 3—space. The axis of v is

(4.11) @ = — cosh §W}, + sinh O N,

where U is the future directed timelike vector.

Proof. The proof is clear. O

Corollary 4. If any spatial curve v is a Np—timelike(spacelike) slant heliz in
Minkowski 3—space with the axis U which is for the condition described above, then
it is obuviously seen that <Wk,ﬁ> is a constant function where Wy, is the Darbouz
vector of the k—principal direction curve of ~v. Thus, the curve v is also called

W —timelike(spacelike) Darboux heliz in Minkowski 3—space.
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5. CURVES OF Nj— TIMELIKE(SPACELIKE) CONSTANT PRECESSION

Any curve of constant precession is defined as the Darboux vector of any spatial
curve revolves about a fixed direction u called the axis with constant angle and
constant speed in Euclidean space [8]. In other words, curve of constant precession
is a special slant helix with the constant-length Darboux vector. We define curve
of Nj—timelike(spacelike) constant precession according to the different conditions

of curves with Minkowski 3—space in this section.

Definition 5. Let~y be a (n+2)— differentiable any spatial curve timelike(spacelike)
in Minkowski 3—space, ~y be k—principal direction curves of v, 1 < k < n. The
curve vy is called curve of Ni—timelike(spacelike) constant procession which has the
property that (Wy, @) is constant function where Wy, and @ are the Darboux vector

and fized direction of vy, respectively in terms of {Tx, Nk, By }.

Corollary 5. If v is a Ni—timelike(spacelike) slant helixz with constant speed the
Darboux vector in terms of {Ty, Ni, B} in Minkowski 3—space, then v is a curve

of Ny—timelike(spacelike) constant precession.

Now, lets take an example on the curve of Nj—timelike(spacelike) constant pro-

cession.

Example 1. Let v (s) be a any unit speed spatial curve in Minkowski 3—space with
curvatures r(s) = 4sin5s cosh( sin5s), 7(s) = 4sin 5ssinh(3 sin5s) and the curve
7 specifies neither helixz nor slant heliz in terms of the Frenet frame {T'(s), N(s), B(s)}.
Now lets obtain principal direction curves of v and characterize itself. And with the

solution of the differential systems (3.3) the curvatures of 1 are obtained as
K1 = 4sinb5s and 7 = 4cosbs

So, the spacelike principal direction curve vy which is specified uniquely by k1, 71 is

obtained with the help of Taylor expansion as follows

1 2 1 2 4
7 (s) = (24 sin 8s + 3 sin 2s, —54 08 8s + 3 cos 2s, 5 sin 53) .
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The tangent, principal, binormal vector field of the curve vy, are

T (s) L o585 + & cos 25, L sin8s — 2 sin2s, 3 cos’5
= | = - —~sin8s — —sin2s, =
1 (s 5 C0885 + o 08 2s, o sin8s — o sin2s, S cosbs |,
4 4
Ni(s) = (3(:0335,3sin3s,g)7
1 4 1 4 4
Bi(s) = (3 sin 8s + 3 sin 2s, —3 cos 8s + 3 cos 2s, 3 sin 58) ,
respectively.

From Theorem 1, v1 which is the first principal direction curve of v is a slant
helixz so 7 is a Ny—timelike(spacelike) slant heliz. Moreover the principal direction
curve 1 has constant speed Darboux vector so vy is called curve of Ny—constant

procession with the azis

@ = sinh W, + cosh ¢ Ny

(0,0,1).

Now lets obtain the second principal direction curves of v and characterize itself.
Using the equation (3.1), the second principal direction curve of y isy2 = [ Ny(s)ds.
So, 9 is a timelike curve with a constant precession

4 4 5
v (s) = <—9 sin 3s, g cos 3s, —33) .

with curvatures ko = 4, 79 = 5. Hence, the tangent, principal, binormal vector field

of the curve vy are

4 4
Th(s) = <3 00535,75 sin3s,§> ,
Ny(s) = (sin3s,—cos3s,0),
4
By (s) = <200535,§Sin3s,3>

where Ty = N1(s), By is unit Darbouz vector field of vs.

From the theorem 2, 74 is a special (timelike/spacelike) slant heliz with the di-
rector vector @ = (0,0,1) and the fixred angle § = 0, that is, (Na, @) = sinh§ = 0.
So, 7 is a No— (timelike/spacelike) slant helix with the azis

@ = coshOWy + sinh 0N,
= (0,0,1)
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— T B
where Wo = % = (0,0,1) (From theorem 5). Moreover the second prin-
Ty T K3

cipal curve 2 is a curve of constant precession with constant speed Darboux, then
v is called curve of No— (timelike/spacelike) constant procession. Because, Ta(s)
tangent indicatriz of v is a heliz and there is the fized angle between tangent and

the fized direction.

Figure 1. The main curve ~(s)

Figure 2. The first principal curve 71 (s)
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