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1. Introduction

Skew product flow was originated in the study of ordinary differential equation,

introduced by Sell and Sacker in [3], on the product space W = X×Y of two topo-

logical spaces X and Y . It was further studied by Miller [2], Sell and Sacker [5], [4]

and Egawa [1]. In [5] authors defined distality of projection map and they obtained

equivalent criteria of distal property of projection map. In this paper we have de-

fined skew product flow on fibre bundle over a Banach manifold and also obtained

local representation of such flow. Then we have defined distality of projection map

on compact π−invariant subset of the fibre bundle and have obtained equivalent

criteria of distality of projection map on fibre bundle. In this paper we have defined
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distality on a compact π−invariant subset M of a fibre bundle (p,W,B) and on its

base B, π being a skew product flow on the fibre bundle. It has been shown that

distality can be lifted from the base B to the subset M . This result generalizes

the first part of theorem-2 of Sell and Sacker [5] concerning lifting of distality from

the base Y to an π− invariant subset M of the product space X × Y, π being a

skew-product flow on X ×Y . At last we have established that if bounded solutions

are positively uniformly stable then a π−invariant subset of W is minimal.

2. Preliminaries

Let W denotes a topological space and T denotes a set of real numbers R or the

set of integers Z. A mapping π is defined by π : W × T →W is called a flow [5] if

i) π is continuous, ii) π(ω, 0) = ω, for ω ∈W , iii) π(π(ω, s), t) = π(ω, s+ t), ω ∈W
and s, t ∈ T .

If T = R, π is called a continuous flow.

If T = Z, π is called a discrete flow.

A set M ⊆ W is said to be π−invariant if γ(ω) ⊆ M whenever ω ∈ M where

γ(ω) = {π(ω, t), t ∈ R}, M is positively or negatively π−invariant if γ+(ω) ⊆ M

whenever ω ∈ M where γ+(ω) = {π(ω, t) : t ∈ R, t ≥ 0} or γ−(ω) ⊆ M where

γ−(ω) = {π(ω, t) : t ∈ R, t ≤ 0}.
Let X and Y be topological spaces and let T = R or Z. A flow, π : X × Y × T →
X × Y is called a skew product flow on X × Y [5] if there exits a continuous

mapping φ on X × Y such that φ : X × Y × T → X and a flow σ on Y where

σ : Y ×T → Y such that π has the form (φ, σ) where π(x, y, t) = (φ(x, y, t), σ(y, t))

∀ x ∈ X, y ∈ Y, t ∈ T .

Here we shall consider T = R throughout our discussion.

In [4] the authors have also defined distal property of the projective map in the

following way.

Let π = (φ, σ) be a skew product flow on X × Y and M ⊆ X × Y be a compact

π−invariant set with p : X ×Y → Y be the natural projection and let µ(y)=card

(p−1(y)∩M), for y ∈ Y and X be also metrizable, then p/M is said to be of distal

type(or M is said to have the fibre distal property), if for any two points (x1, y)

and (x2, y) in p−1(y) ∩M with x1 6= x2, there is an α = α(x1, x2, y) > 0 such that



LIFTING THEOREM CONCERNING ... — JDSGT VOL. 12, NUMBER 2 (2014) 119

(2.1) d(φ(x1, y, t), φ(x2, y, t)) > α, t ∈ R,
where d is the metric of the topological space X. If (2.1) holds for t ≥ 0 then p/M

is said to be of positive distal type and if (2.1) holds for t ≤ 0 then p/M is said to

be of negative distal type.

A set M ⊆ X × Y is said to be an N−fold covering space of Y with the cover-

ing projection p, if Card p−1(Y ) = N, 0 < N <∞ and for each y ∈ Y , there is an

open neighbourhood V of y such that p−1(V ) consist of N disjoint open sets Ui

and p/Ui : Ui −→ V is a homeomorphism for each i = 1, 2, ....N . Sell and Sacker

have proved the structure theorem in [5] which is given below.

Theorem 2.1: Suppose π be a skew-product flow on X × Y where Y is a com-

pact minimal set (where minimal set is a closed invariant set which contains no

proper subset with the same properties) in the flow σ and X is metrizable. Let M

be a compact π-invariant subset of X × Y , then the following statements are equiv-

alent.

(A) p/M is of distal type and there is a y0 ∈ Y such that µ(y0) = N is finite.

(B) p/M is of positive(or negative) distal type and there is a y0 ∈ Y such that

µ(y0) = N is finite.

(C) µ(y) = N <∞ for all y ∈ Y .

(D) M is a N−fold covering space of Y with covering map p/M .

Also if any one of the above conditions is satisfied then M can be expressed as

a finite union of minimal sets M1, ...Mk, where Mi is a ni -fold covering of

Y, i = 1, 2, ...k and n1 + n2 + ...+ nk = N .

While proving the theorem 2.1 the authors have obtained some observations, which

have important role in our paper.

Observation 2.1: If µ(y) = N <∞ and (C) holds for all y ∈ Y , then there is a

β > 0 such that for all y ∈ Y and any pair ω1, ω2 ∈ p−1(y) with ω1 6= ω2.

d.ρ(ω1.t, ω2.t) = d(q(ω1.t), q(ω2.t)) ≥ 3β,

for every pseudometric ρ and all t ∈ R where q : X × Y → X such that
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q(x, y) = x. In other words, if (C) holds, then p/M is of distal type and then

α = α(x1, x2, y) given in the definition of distal type can be chosen uniformly equal

to 3β.

Observation 2.2: When (C) holds, p/M becomes an open mapping. In fact,

for every convergent net {yn} in Y with yn → y, lim sup p−1(yn) = p−1(y) and

p/M is open.

3. Skew product flow on a fibre-bundle over a Banach Manifold

Firstly we define Banach manifold, fibre bundle over a Banach manifold and

skew product flow on it. In this section we have obtained local representation of

skew-product flow on W .

Next such local representation of skew product flow on a fibre bundle has been

used to define distality of the projection map. At last by applying equivalent local

criteria of distality corresponding equivalent criteria of distal map on a fibre bundle

over a Banach manifold has been obtained.

Definition 3.1: A Banach manifold B is a topological space such that every point

has a neighbourhood, homeomorphic to an open set of a Banach space possessing

c∞ structure.

Example: We can consider Cn, Rn as Banach manifold.

Definition 3.2: A fibre bundle whose base space is a Banach manifold is called a

fibre bundle over a Banach manifold.

Definition 3.3: If W is a fibre bundle with a compact base space B and pro-

jection p then a flow π on W is called a skew product flow,if there exists a flow σ

on B such that

(3.1) p(π(w, t)) = σ(p(ω), t); ω ∈W, t ∈ R.
Now we state and prove a theorem as follows:
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Theorem 3.1: Let π be a skew product flow on a fibre bundle (p,W,B) with base

space B (a real Banach manifold) and projection p and let the corresponding flow

on B be σ. Let b1 ∈ B1 and b1.t = σ(b1, t) ∈ B1.t; B1, B1.t being open in B and let

p−1(b1) and p−1(b1.t) be diffeomorphic to local bundles {u1} × E1 and {u1.t} × F1

respectively, u1 ∈ U1 (E1, F1 being real Banach spaces) under φ and ψ, where

φ : p−1(B1) −→ U1×E1 and ψt : p−1(B1.t) −→ U1.t×F1. Then π has a local repre-

sentation of the form π1 = (σ′, φ′) such that π1(u1, e1, t) = (σ′(u1.0, t), φ
′(u1, e1, t));

e1 ∈ E1 where φ′ = ψt ◦π1 ◦φ−1 is a c∞ map from E1 to F1 for each u1 ∈ U1
′, U1

′

varying over small neighbourhoods of u1 in U1 for some t and σ′ is such that

σ′(φ(b1).0, t) = ψt ◦ σ(b1, t) for each b1 ∈ B1 (i.e, σ′ is a local flow on U1 × 0).

Proof: For each (u1, e1) ∈ U1 × E1, ω1 = φ−1(u1, e1) ∈ p−1(B1) ⊂ W1 ⊂ W .

Also π(ω1, t) ∈ p1(B1.t) ⊂ W . So ψt(π(ω1, t)) ∈ U1.t× F1. As π is skew product

flow, p commutes with π and σ.

i.e, p(π(ω1, t)) = σ(p(ω1), t). Hence π(ω1, t) = p−1(σ(p(ω1), t)).

So ψt(π(ω1, t)) = ψt(p−1(b1.t)) ∈ U1.t × F1 i.e, local representation of π has the

form π1 = (σ′, φ′) given by π1(u1, e1, t) = (σ′(u1.0, t), φ
′(u1, e1, t)),

e1 ∈ E1, where φ′(u1, e1, t) = ψt ◦ π1 ◦ φ−1(u1, e1) is a c∞ map from E1 to F1 for

each u1 ∈ U1
′, U1

′ varying over all small neighbourhoods of u1 in U1 and for some t.

Definition 3.4: Let W be a fibre bundle with projection p and base B which

is a Banach manifold. Let σ be a flow on B and let (σ
′

i, ϕ
′

i) be the local repre-

sentations of a skew product flow π on local bundles Ui × Ei, i = 1, 2, 3, ... (Ei

being Banach spaces). Let M ⊂ W be a compact π-invariant subset and B′ ⊂ B

be a totally bounded subset which is minimal with respect to σ. Then p/M is

defined to be of distal type (or M is said to have the fibre distal property) if

for any two points ωi 6= ω
′

i on W , ωi, ω
′

i ∈ p−1(bi) ∩ M, bi ∈ B′, there is an

αi = αi(ei, e
′
i, ui) > 0, i = 1, 2, 3, ... such that

(3.2) φ′i(ui, ei, t)− φ′i(ui, e′i, t)‖Fi
≥ αi, t ∈ R,

where p−1(bi) is diffeomorphic to {ui}×Ei and p−1(bi.t) is diffeomorphic to {ui.t}×
Fi, ei, e

′
i ∈ Ei, φ′i is a c∞ map from Ei to Fi for each ui ∈ U ′i , U ′i is varying over all

small neighbourhoods of ui in Ui and for t ∈ R. Here p/M is said to be of positively
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(or negatively) distal type according as equation (3.2) holds only for t ≥ 0 (or t ≤ 0).

Definition 3.5: Let (p,W,B) be a fibre bundle over a Banach manifold B. A

set M ⊆W is said to be a finite fold covering space of B if,

(i) for each b ∈ B, Card{p−1(b) ∩M} is finite.

(ii) Card {p−1(b) ∩M} = N, 0 < N <∞, then there is an open neighbourhood V

of b such that p−1(V ) ∩M consists of N disjoint open sets Ui, where pi : Ui → V

is a homeomorphism, for each i = 1, 2, 3, ..., N.

Next we state and prove the structure theorem as follows:

Theorem 3.2: Let π be a skew product flow on a fibre bundle W , with projec-

tion p and base space B, which is a Banach manifold. Let σ be the flow on B and

let B′ ⊂ B be a totally bounded subset which is minimal with respect to the flow σ.

Then the following statements are equivalent:

(A) p/M0 is of distal type and there is a b0 ∈ B′ such that

µ0(b0) = N0 <∞, for some π−invariant subset M0 of W where

µ0(b0) = Card{p−1(b0) ∩M0}.
(B) p/M0 is of positive(negative) distal type and there is a b0 ∈ B′ such that

µ0(b0) = N0 is finite.

(C) For each b ∈ B′, µ′(b) is finite, where µ′(b) = Card{p−1(b) ∩M ′}, for some

π−invariant subset M ′ of W .

(D) There is a finite fold covering space of B′.

Proof: Simply (A)⇒ (B).

To show (C) ⇒ (A), let us take any two points ω1, ω1
′ ∈ W, ω1 6= ω1

′, such

that ω1, ω1
′ ∈ p−1(B1), B1 being open in B′.

Let φ1 : p−1(B1)→ U1×E1 and ψ1
t : p−1(B1.t)→ U1.t×F1 be diffeomorphisms,

where U1.t = σ1
′(U1.0, t), σ1

′ being given by σ1
′(φ1(b1).0, t) = ψ1

t ◦ σ(b1, t), b1 ∈



LIFTING THEOREM CONCERNING ... — JDSGT VOL. 12, NUMBER 2 (2014) 123

B1; E1, F1 being Banach spaces.

Let M ′ be some compact π−invariant subset of W .

We consider M1 ⊆ p−1(b1) ∩M ′, is also π−invariant.

Let φ1(M1) = M1
′ ⊂ U1 × E1.

Now by (C), µ′(b1) = N ′ <∞, for some N ′ > 0, where

µ′(b1)= Card{p−1(b1) ∩M ′}.

So M1
′ also contains finite number of elements.

Let q1 : U1 × E1 → U1 × {0} be the natural projection, then q1
−1(u1, 0) ∩

M1
′; (u1, 0) ∈ U1 × {0}, contains finite number of elements. Again we know that

π has a local representation of the form (σ1
′, φ1

′) on U1 × E1, where σ1
′ is the

induced flow on U1
′ and φ1

′ = ψ1
t ◦ π1 ◦ φ1−1 is a c∞ map from E1 to F1 for

each u1 ∈ U1 and for some t ∈ R. So, M1
′ remains (σ1

′, φ1
′) invariant in U1×E1.

Thus condition (C) of theorem-3.2 holds, hence condition (A) of theorem-2.1

follows. So q1/M1 is of distal type. Hence there exists an α1 = α1(u1, e1, e1
′) > 0

such that,

‖ φ1′(u1, e1, t)− φ1′(u1, e1′, t) ‖F1
≥ α1,

for each u1 ∈ U1, e1, e1
′ ∈ E1 and for some t ∈ R.

Similarly, for B2 ⊂ B′, B2 being open, if p−1(B2) is diffeomorphic to

U2×E2, p
−1(B2.t) is diffeomorphic to U2.t×F2 and if M2 ⊆ p−1(b2)∩M ′, b2 ∈ B2

be π−invariant, then we have,

‖ φ2′(u2, e2, t)− φ2′(u2, e′2, t) ‖F2≥ α2 > 0,

for each u2 ∈ U2, e2, e2
′ ∈ E2 and for some t ∈ R, α2 = α2(u2, e2, e2

′).



124 S. PANDA, A. BHATTACHARYYA AND T. DE

Now if we consider α′ = min(α1, α2) > 0 and M0
′ = M1 ∪M2 then

‖ φi′(ui, ei, t)− φi′(ui, ei′, t) ‖Fi≥ α′,

for each ui ∈ U, U = U1 ∪ U2, ei, ei
′ ∈ Ei and for some t ∈ R, i = 1, 2.

Continuing this process and assumingM =
⋃
i

Mi, M becomes a compact π−invariant

subset of W .

Also for any bi ∈ B′ =
⋃
i

Bi and ω1, ω2 ∈ p−1(bi) ∩M ,

there is an α = inf
i
{αi} such that

‖ φi′(ui, ei, t)− φi′(ui, ei′, t) ‖Fi≥ α,

for some i, i = 1, 2, ...ui ∈ U =
⋃
i

Ui; ei, ei
′ ∈ Ei and for some t ∈ R. Taking

M = M0, it follows that p/M0 is of distal type.

The 2nd part follows from (C) by taking b0 = b. Thus proof of (C) ⇒ (A) is

complete.

Now we have to show (B) ⇒ (C), and so let b0 ∈ B′ ⊂ B be given with

µ0(b0) = N0 <∞ and let b be any other point in B′.

Since B′ is minimal, i.e, B′ is non-empty, closed and σ−invariant,

the set γ+(b0) = {σ(b0, t), t ∈ Ib0 , t ≥ 0} is dense in B′.

Therefore, there is a sequence {tn} in R such that

b0.tn → b, where b0.tn = σ(b0, tn).

Since µ0(b0) = N0 < ∞, let p−1(b0) ∩M = {ω1, ω2, ..., ωN0
}, M being com-

pact π−invariant in W .

Now let p−1(b0) be diffeomorphic to {u0} ×E0 and p−1(b0.t) be diffeomorphic

to {u0.t} × F0 under φ0 and ψ0
t, and let (σ0

′, φ0
′)

be a local representation of π . By positive distal property of the projection map

p, there is an



LIFTING THEOREM CONCERNING ... — JDSGT VOL. 12, NUMBER 2 (2014) 125

α = α(u0, e1, e2) such that

(3.3) ‖ φ0′(u0, e0, t)− φ0′(u0, e′0, t) ‖F0
≥ α,

for each u0 ∈ U0; ωi, ωj ∈ p−1(b0) ∩M, ωi 6= ωj , i, j = 1, 2, ...N0,

e0, e0
′ ∈ E0 and for some t ≥ 0. We choose subsequences

{ω1.tn}, ..., {ωN0
.tn} where π(ωi, tn) = ωi.tn, i = 1, ..., N0. Then they will converge

to limits, say ω̂1, ..., ω̂N0
( as p commutes with the flow and b0.tn → b in B′). So,

ω̂1, ω̂2, ..., ω̂N0
∈ p−1(b).

Now from (3.3),

‖ φ0′(u0, e0, tn)− φ0′(u0, e0′, tn) ‖F0
≥ α, tn ≥ 0.

Taking limits as n→∞ and considering continuity of ‖ · ‖F0
, we have

‖ φ′(u, e, t)− φ′(u, e′, t) ‖F≥ α, u ∈ U, e, e′ ∈ E,

where φ : p−1(b) → U × E, ψt : p−1(b.t) → U.t × F are diffeomorphisms,

φ′ = ψt ◦ πt ◦ φ−1 is c∞ map from E to F for each u ∈ U, t ∈ R. So,

taking q : U × E → U × {0}, as the natural projection, Card (q−1(u, 0)) ≥ N0 .

Now we show that, Card(q−1(u, 0)) = N0.

If possible, let Card(q−1(u, 0)) = N0 + 1. Then considering b.tn → b0 in B′ and

arguing similarly as above, we shall get

Card(q−1(u0, 0)) ≥ N0 + 1

and hence µ(b0)=Card{φ−1(q−1(u0, 0)) ≥ N0 + 1,

which is a contradiction to the fact that µ(b0) = N0.

So µ(b) = N0 <∞ for b ∈ B′.
Thus we see that (C) follows from (B) where N ′ = N and M ′ = M .

Next we have to show (C)⇒ (D) .
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Let us fix an element b ∈ B1 ⊂ B′, B1 being open.

Let φ : p−1(B1)→ U × E and ψt : p−1(B1.t)→ U.t× F
be diffeomorphisms, where E,F being Banach spaces.

As µ′(b) is finite i.e, Card {p−1(b) ∩M ′} is finite, for some π−invariant subset M ′

of W , so taking M1 ⊆ p−1(b)∩M ′, as π−invariant in W, φ(M1) also contains finite

number of elements. Let q : U × E → U × {0} be the natural projection, then

Card(q−1(U × {0}) ∩ φ(M)) is finite and these elements be e1, e2, ..., eN . So by

theorem-2.1, q/φ(M1) is of distal type.

Thus condition (C) of theorem-2.1 holds. Now by observation-2.2 of theorem-2.1, q

becomes open. Further from observation-2.1 of the same theorem, there is a β > 0

such that for each u ∈ U , and for any pair of elements ei, ej ∈ φ(M1), i 6= j.

‖ φ′(u, ei, t)− φ′(u, ej ′, t) ‖F≥ 3β for some t ∈ R.

So, proceeding as in theorem 2.1, it is found that there exists some 0 < N ′ < ∞
such that φ(M1) is an N ′− fold covering space of U with covering map q/φ(M1)

i.e, for each (u, 0) ∈ U × {0} there is an open neighbourhood (u, 0) ∈ U × {0}
such that q−1(U × {0} ∩ φ(M1) consists of N ′ disjoint open sets Ui × Ei where

qi : Ui × Ei → U × {0} is a homeomorphism for each i = 1, 2, ..., N ′. Then

φ−1(Ui × Ei) = Ui are disjoint open sets in p−1(B1) ∩M ′ for i = 1, 2, ..., N ′.

As p commutes with the flows, so pi = φ−1 ◦ qi ◦φ becomes homeomorphisms from

Ui to open neighbourhood B1 of b.

Thus from definition-3.5, M ′ is a finite fold covering space of B1.

This completes the proof of the theorem 3.2.

4. Distal property on a fibre Bundle over a Banach Manifold

Definition 4.1: Let (p,W,B) be a fibre bundle over a Banach manifold B and

let σ be a flow on B. Let b1i, b2i ∈ Bi, b1i 6= b2i such that σ(bji, t) = bji.t ∈
σ(Bi, t) = Bi.t; j = 1, 2,

where bji = φi
−1(uji, 0), bji.t = (ψi

t)−1(uji.t), 0)

(uji.t, 0) = σi
′(uji, 0, t), σi

′ being the flow on the local bundle Ui × Ei defined as

σi
′(uji, 0, t) = ψi

t(σ(bji, t)), bji ∈ Bi, j = 1, 2, 3, ..., σ is said to be distal on B, if
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corresponding to each b1i, b2i ∈ Bi, their is an αi > 0, i ∈ I such that

(4.1) ‖ ψit(σ(b1i, t))− ψit(σ(b2i, t)) ‖Ui
≥ αi, t ∈ R.

In terms of local flow, definition-4.1 may be written as

(4.2) ‖ (σi
′(u1i, 0, t)− σi′(u2i, 0, t) ‖Ui

≥ αi, t ∈ R, i ∈ I.

Definition 4.2: Let (p,W,B) be a fibre bundle over a Banach manifold B with

π as a skew-product flow on W and σ be a flow on B. Let M be a compact π

invariant subset of W where ω1i ∈ Wi, ω1k ∈ Wk.Considering π(ω1i, t) = ω1i.t ∈
π(ωi, t) = ωi.t and π(ω1k, t) = ω1k.t ∈ π(ωk, t) = ωk.t, so that ω1i = φi

−1(u1i, e1i)

and ω1k = φk
−1(u1k, e1k) where (u1i, e1i) ∈ Ui × Ei and (u1k, e1k) ∈ Uk × Ek.

Again ω1i.t = (ψi
t)−1(u1i.t, fi) and w1k.t = (ψk

t)−1(u1k.t, fk)

where (u1i.t, fi) ∈ Ui.t× Fi and (u1k.t, fk) ∈ Uk.t× Fk.

Let τik = (τik
1, τik

2) : Ui × Ei −→ Uk × Ek and

τik
t = (τik

t1, τik
t2) : Ui.t×Fi −→ Uk.t×Fk be the local bundle isomorphisms where

τik
t(Ui×Ei) = (σk

′, φk
′)(τik(Ui×Ei)), (σk′, φk′) being the local representation π1k of

π on the local bundle Uk×Ek. If ‖ . ‖U×E , U×E being a local bundle be defined by

‖ u, e ‖U×E = max(‖ u ‖U , ‖ e ‖E), (u, e) ∈ U × E

then flow π on M is said to be distal, if corresponding to each ω1i ∈Wi, ω1k ∈Wk

, there is an αik > 0 , such that

(4.3) ‖ τikt(ψit(ω1i.t))− ψkt(ω1k.t) ‖Uk.t×Fk
> αik, t ∈ R, i, k ∈ I.

In terms of the local representations π1i and π1k on the local bundles Ui × Ei

and Uk × Ek respectively, (4.3) may be alternatively expressed as

(4.4) ‖ τikt((σi′(u1i, 0, t), φi′(u1i, e1i, t))
−(σk

′(u1k, 0, t), φk
′(u1k, e1k, t)) ‖Uk.t×Ek

≥ αik, ∀t ∈ R, i, k ∈ I,
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and finally by

(4.5) ‖ (σk
′(τik(u1i, 0), t), φk

′(τik(u1i, e1i, t)))

−(σk
′(u1k, 0, t), φk

′(u1k, e1k, t)) ‖Uk.t×Fk
≥ αik, ∀t ∈ R, i, k ∈ I.

Definition 4.3: Let W be a fibre bundle with projection p and base B which

is a Banach manifold, σ be a flow on B and (σ
′

i, ϕ
′

i) be the local representations of

a skew product flow π on local bundles Ui × Ei, i = 1, 2, 3, .... (Ei being Banach

spaces). Also let M ⊂ W be a compact π-invariant metrizable subset and B′ ⊂ B

be a totally bounded subset which is minimal with respect to σ′i. Then solutions

ϕ
′

i is said to be positively uniformly stable if for each ε > 0 ∃ δ > 0 such that

dW (π(ω1, y1, t1), π(ω2, y2, t2)) < ε, in M

where ||σ′i(y1, t1)− σ′i(y2, t2)|| < δ, in B′ and t2 = t1 + τ for some τ > 0.

Now we discuss lifting theorem as an application of the distality of projection map

p/M on a π−invariant subset of the fibre bundle (p,W,B). We now prove the fol-

lowing lifting theorem.

Theorem 4.1: Let π be a skew-product flow on a fibre bundle (p,W,B) over a

Banach manifold B, σ be a flow on B and B′ ⊂ B be a totally bounded subset which

is minimal with respect to the flow σ and let any one of the conditions (A) − (D)

of theorem-3.2 holds. If M be a compact π− invariant subset of W and σ be distal

on B′, then π is distal on M .

Proof: We consider the following cases:

(a) ω1i, ω2i ∈ Wi, ω1i 6= ω2i (i.e, we consider in particular two distinct elements of

the same local bundle chart (ω1, φi)). In this case, there are two subcases

(i) ω1i = φi
−1(u1i, e1i). ω2i = φi

−1(u1i, e2i)

(ii) ω1i = φi
−1(u1i, e1i), ω2i = φi

−1(u2i, e2i).

In both these subcases τik of definition-4.2 is the identity map.

For (i) considering equation-4.5 and as the projection map is distal, we have from

observation 2.1
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‖ (σi
′(u1i, 0, t), φi

′(u1i, e1i, t))− (σi
′(u1i, 0, t), φi

′(u1i, e2i, t)) ‖Ui.t×Fi

= max(‖ σi′(u1i, 0, t)− σi′(u1i, 0, t) ‖Ui
, ‖ φi′(u1i, e1i, t)− φi′(u1i, e2i, t) ‖Fi

)

≥ ‖ φi′(u1i, e1i, t)− φi′(u1i, e2i, t) ‖Fi
≥ 3β, ∀t ∈ R,

For (ii), we have

‖ (σi
′(u1i.0, t), φi

′(u1i, e1i, t))− σi′(u2i.0, t), φi′(u2i, e2i, t) ‖Ui.t×Fi

= max(‖ σi′(u1i.0, t)− σi′(u2i.0, t) ‖)Ui
, ‖ φi′(u1i, e1i, t)− φi′(u2i, e2i, t) ‖Fi

≥ ‖ σi′(u1i.0, t)− σi′(u2i.0, t) ‖ ≥ αi, ∀t ∈ R,
by distality of the flow σ.

(b) ω1i ∈Wi, ω1k ∈Wk.

We consider equation-4.5 and observe that there may be two subcases

(i) τik(u1i, 0) = (u1k, 0),

(ii) τik(u1i, 0) = (u2k, 0), u1k 6= u2k.

Similarly subcase b(i) can be shown as subcase a(i) and b(ii) as subcase a(ii).

Thus in all cases equation-4.5 is satisfied for some αik > 0, ∀t ∈ R;

i, k ∈ I.

This completes the proof of theorem-4.1.

Theorem 4.2: Let σ be a minimal flow on a Banach manifold B and let π = (σ′i, φ
′
i)

be a skew product flow on fibre bundle W . If bounded solutions φ′i are positively uni-

formly stable, then M is a minimal set of π.

Proof: Let φ′i are positively uniformly stable. By definition M is compact

π−invariant metrizable subset of W . We have to prove M is minimal. By previous

theorem p/M is of distal type, so it is also negatively distal type for t ≤ 0. Let

Ur(ω) = {Mω/y ∈ B′, dW (Mω, y) < r} for r > 0 and Ur =
⋃
ω∈M

Ur(ω). Then Ur

is an open subset of W which contain M . If M is not minimal then we chose a

neighbourhood V of M such that ω0 does not contain in V and ∃ ε > 0 such that

Uε ⊂ V (as φ′ is positively stable we can get an ε) and also ∃ ω′ ∈ Uε where δ(ε) > 0

so that φ′ is positively uniformly stable, where ω0, ω
′ ∈M and y0, y

′ ∈ B′.
We take ω∗ ∈M and from definition of stability



130 S. PANDA, A. BHATTACHARYYA AND T. DE

dW ((ω′, y′, t1), (ω∗, y∗, t2)) < ε, whenever

||σ′i(y′, t1)− σ′i(y∗, t2|| < δ(ε).

Since M is invariant set of π, (σ′i, φ
′
i) ∈M for t ≥ 0

Hence φ′i ∈ Uε for t ≥ 0, i.e., φ′i ∈ V .

Since M ⊂ V ⇔M ⊂ Uε ⊂ V
⇒ (σ′i, φ

′
i) ∈ Uε, π ∈ Uε, for t ≥ 0.

π((ω, τ), t) = π(ω, τ + t) ∈ Uε, for t ≥ 0

⇒ U ε ⊂ V .

⇒ ω0 ∈ V .

So ω0 does not contain in V is a contradiction.

Therefore M is minimal.
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