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ABSTRACT. The main objective in this paper is to investigate some nonlinear
integral inequalities in two independent variables on time scales. The obtained
inequalities can be used as handy tools to study the properties of certain partial
dynamic equations on time scales.
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1. INTRODUCTION

Motivated by the paper [5], many authors have extended some fundamental in-
tegral inequalities used in the theory of differential and integral equations on time
scales.

The main purpose of this paper is to obtain time scale version of some more
fundamental nonlinear integral inequalities in two independent variables used in
the theory of differential and integral equation [10]. The obtained inequalities can
be used as handy tools to study the properties of certain partial dynamic equations

on time scales.
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1.1. Preliminaries on time scales . In this section, we begin by giving some
necessary materials for our study.

A time scale T is an arbitrary nonempty closed subset of R where R is the
set of real numbers. The forward jump operator o on T is defined by o(t) :=
inf{seT:s>t} €T forallt €T, C,q denotes the set of rd-continuous functions
and the set T* which is derived from the time scale T as follows : if T has a
left-scattered maximum m, then T = T — {m}. Otherwise, T* = T.

Throughout this paper, we always assume that Tiand T are time scales and
we write 2t (t,s) the partial delta derivatives of z(t,s) with respect to t. And
T, = [to,t1]N T% | Ty = [s0,51]N T4 and Q=T xTs.

For more details about time scales, we advise the reader to refer to [1 — 2]

Lemma 1 (Theorem 1.117 in[1]). Let a € T* b € T and assume f : T x TF — R
is continuous at (t,t), where t € TF with t > a. Also assume that f2(t,.) is rd-
continuous on [a,o(t)]. Suppose that for each € > 0 there exists a neighborhood U
of t, independent of T € [a,0(t)], such that

[f(o(t),7) = f(s,7) = f2(t,7)(0(t) = 5)| < elo(t) —s| foralls €U,

where 2 denotes the derivative of f with respect to the first variable. Then

0 9): = [Fenar implies g>(0) = [1207)87 + £(6(0),1)
) )
(ii) h(t) : = /f(t,T)AT implies h™(t) = /fA(t,T)AT — flo(t),1);

Lemma 2. Assume that a >0, p>q >0 and p # 0, then

(1.1) ar <150+ Pk,
p p
for any K > 0.
Proof. see [8]. O

Definition 1. The function w(u) is said to be subadditive and submultiplicative, if
(1.2) wu+v) <w(u)+w) and wluww) <w(u)w(v) foru,v > 0.

Now we state the main results of this work.
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2. MAIN RESULT

Theorem 1. Let u(t, s),a(t, s),b(t,s) and f(t,s) are nonnegative functions defined
for (t,s) € Q that are right-dense continuous for (t,s) € Q, w(z) be a nonnegative,
nondecreasing continuous function for x € R™, with w(z) > 0 for allx > 0. Assume

that a(t,s) and b(t,s) are nondecreasing in each variable (t,s) € Q. If

(2.1) u(t,s) < a(t,s) + b(t,s) //]‘(7’7 nw (u(r,n)) AnAr for (t,s) € Q ,

to Sso

then

(2.2) u(t,5) < G4 | G (aft, s)) + bl 5) / / f(rm) Agar | |

to S0
forallty <t <ty and sg < s < s1. G is defined as follows
ul7 (7,7) &
——, (T,n) €Q.
w(u(r,n))

G~ Yis the inverse function of G and t1,s, are chosen so that

(2.3) G2 (u(r,m) =

G (a(t, s)) + b(t, s)//f(r, n) AnAr » € Dom (Gil) .

to So

Proof. Fixing any numbers t; € ﬁ‘l, 51 € 'TNI‘Q with tg < t; < t; and s < 51 < s1,

from (2.1) we have

(2.4) ut, 5) < a(fy,51) + b(F,51) / / £(r, mw (u(r, m)) AnAr,

to So

for tg <t <t; and sg < s < 5.
Define a function z(¢, s) by

(2.5) 2(t,s) = a(fr,51) + b(T1, 51) / / F(rmw (ulr, ) AnA,

to so

then we have

(2.6) z(to, 8) = 2(t, s0) = a(t1,31),
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and
(2.7) u(t,s) < z(t,s).

From ( 2.5), a delta derivative with respect to ¢ yields
(28) A(t5) =00 51) [ e ult.) An,
S0
it follows from (2.8) and (2.7) that
(29) (5) < 00m) [ e () An
S0

the fact that z(¢,s) is nondecreasing in s € [sg,31] N T, the inequality (2.9)

implies the estimate

(2.10) A (0,5) <003 w (:(6,9) [ £t
Dividing both sides of (2.10) by w (z(t, s)), we obtain
28 (t, s) - /
(2.11) e < b(t1,31) /f(t,n)An-

Setting ¢t = 7 in (2.11) and integrating both sides of (2.11) with respect to 7, by
using (2.3) and (2.6), we get

t s
(2.12) G (=(t,5)) < G (a(f,51)) + b(F1, 1) / / F(rm)AnAT
to S0
Letting ¢t = ¢; and s =5 in (2.12), we have
1 51
(2.13) G (2(t1,51)) <G (a(ty,51)) + b(fljl)/ /f(T, n)AnArT.
to  so
Since tg < t1 < t; and sg < 51 < s1 are arbitrary chosen and from (2.13), we

obtain

(2.14) G (2(t, ) < G (alt, s)) + b(t, 5) / / F(rm)AnAT,

for all tg <t <t; and s < s < 37,
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from (2.14), we have

(2.15) 2(t,s) <G| G (alt,s)) + b(t,s)/ /f(T, n)AnAT

S0

Combining (2.7) and (2.15), we obtain the desired inequality (2.2). O

Remark 1. Letting Ty = Ty =R, tg = sg = 0, then Theorem 1 reduced to Lemma
3.1in [7].

Theorem 2. Assume that u(t,s), a(t,s) and b(t, s) are nonnegative functions de-
fined for (t,s) € Q that are right-dense continuous for (t,s) € Q. Iff : QxR+t — Rt
is right-dense continuous on Q and continuous on RT such that

(216) 0< f(tv 8755) - f(ta S, y) < h(tv s,y)w(x - y)a

for (t,s) € §~2, x>y >0 whereh : Q x Ry — Ry s right-dense continuous on Q
and continuous on RY and w € C (RY,R") is nondecreasing and satisfying (1.2).

If

(217)  wP(t,s) <alt,s) + bt s) / / F(r o (r ) AnAT for (t,5) € O,

to So
then
¢ s »
(2.18) ult,s) < 4 |alt,s) +b(t, )1 | G (A, ) + / / B(r,n)AnAr ,
to So
where
t s .
(2.19) A(t,s)z//f(r,n,f (K v a(T,n)+WK£))AnAT,
o $o p "
and
(2.20) B(t,s) = h(t, s,g (Kwa(t,s) + p;TK;>)w(;Krsz(t,s))7

forp#0and 0<r <p. G is defined as in (2.3), G~ Lis the inverse function of G,

for all tg <t <ty and sp < s < s1, where t1,81 are chosen so that

G (A(t, s)) +/ /B(T, n)AnAT » € Dom (G_l) .
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Proof. Define a function z(t, s) by

t s
(2.21) z(t,s) = //f(T,’I],ur(T, n))AnAr for (¢,s) € Q,

then, we observe that
(2.22) uP(t, s) < al(t,s) + b(t, s)z(t, s),

we have also

u'(t,s) = (u”(t,s))g < (a(t,s) +b(t,s)z(t,s))",

L~ 1h

using Lemma 2, we obtain

(2.23) u'(t,s) < DK (alt, s) + b(t, 8)z(t,s)) + LK K > 0,
p p

by the assumptions on f and w, we have

T r-p p—r

f(rym,u"(r,m)) < f(T,n»;DK » (a(r,m) +b(r,n)z(T,n)) + K7)
< h(T,n,;(KT;pa(T,n)—i—p;rK;))x
WK T b)) x w(a(r )+
r =k D—r __r
(224) +f(7—a7775 (K CL(T, 77) + r Kp))a

integrating (2.24) with respect to 7,7, we get

t s t s
//f(ﬂnvur(T,n))AnATS //f(ﬂn,% (K ! a(T,n)erT_rK;))AnAT

to so to so
t s e
—|—// [h(T,n,T (K i a(T,T])—FpTK;))
p r

to So

(2.25) xw(%K% b(7,n))w(z(T, 77))] AnAT.
So (2.21) can be written as

t s

(2.26) (9) < A(ts) + [ [ Blrmw(e(rm)Anar,

to so

where A(t, s) and B(7,n) are defined as in (2.19) and (2.20) respectively.
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The above inequality is similar to (2.1), by using Theorem 1 from (2.26), we

easily see that
t s
(2.27) 2(t,s) < G| G (A(t,s)) —|—/ /B(T, n)AnAT |,
to  so
from (2.27) and (2.22), we have
t s
(2.28) uP(t,s) < a(t,s) +b(t,s)G' | G(A(t,s)) —|—/ /B(T7 n)AnAT
to  so

The inequality (2.28) implies (2.18). O

Remark 2. Letting Ty = T = R, tg = so = 0, we can see easily that Theorem 2
reduced to (bz) of Theorem 2 in [6].

Theorem 3. Let u,a,b, f and w be defined as in Theorem 1. Let o(x) be a non-
negative, nondecreasing continuous function for x € RY, with ¢(z) > 0 for all

x> 0.

If
(2.29)  o(u(t,s)) <alt,s)+ b(t,s) //f(T, nw (u(,n)) AnAr for (t,s) € Q.
Then
230 u(ts) ¢t |07t o) +bies) [ [ ) dnar )],
where
AL B u? (71, 5) =
(2.31) 27 (u(r, 8)) = (1,8) €

w(p™! (u(r,9))) ’

and ®~'is the inverse function of ® and ti,s1 are chosen so that

® (a(t,s)) + b(t, 5)//f(7', n) AnAt 3 € Dom (®71).

to so

Proof. Define a function z(t, s) by

t s

(2.32) +(t5) = alt, s) + b(t, 5) / / F(rm)w (u(r, 1)) AnAr,

to so
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then

(2.33) p(ult, ) < z(t ),
so that

(2.34) u(t,s) < @7 (2(L, ),

in (2.32) fixing any numbers #; € 'ﬁ‘l, 5 €Ty withtg <f <t; and sg < 5 < $1,

we obtain

(2.35) At 5) = a(fr,51) + b(Tr, 51) / / F(rm)w (u(r,n) AnAr,

to so

with
(2.36) 2(to, s) = z(t, s0) = a(t1,51)-

Combining (2.34) and (2.35), we get

(237)  2(ts) <a(f,5) + b(Er,5) / / f(rmw (91 (x(r, ) AgAr,

to So

from ( 2.37), a delta derivative with respect to ¢ yields
(239) (t,9) < 0T [ St (o7 el m) A
Using the fact that w, ¢ and z are nondecreasing, (2.38) become
S
(239) (1) < bl (07 (o (00) [ f) A
Dividing both sides of (2.39) by w (¢ (z(¢, s))), we obtain

2B o 2R(ts)
(2.40) TG b(t1,351) /f (t.n)

Setting ¢ = 7 in (2.40) and integrating both sides of (2.40) with respect to 7, by
using (2.31) and (2.36), we get

(2.41) B(x(t, ) < D(aty,51)) + b, 51) //f(T,n) Ap Ar.

to so
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Letting ¢t = ¢; and s = 57 in (2.41), we have

(2.42) ¢@@5mé¢@@5m+Mha)//ﬂﬂmAnNi

to so

Since tg < t; < t; and sy < 57 < s1 are arbitrary chosen then (2.42) implies

(2.43) B(2(t, s)) < D(alt, s)) + b(t, 5) / / F(rn) An A7,

to So

thus

(2.44) 2(t,s) < @71 | D(alt,s)) + b(t, s) //f(T, n) An At

to S0

Combining (2.34) and (2.44), we obtain (2.30).

139

O

Theorem 4. Assume that u(t,s), a(t,s) and b(t,s) are nonnegative functions de-

fined for (t,s) € Q that are right-dense continuous for (t,s) € Q, k(t, s, T,m),

kATt s,7,m), kA7 (t,s,7,1), KA"A7(t,s,7,m) are nonnegative and right-dense con-

tinuous functions for (t,s,T,m) € Q x ?27 w(x) be a nonnegative, nondecreasing

continuous function for x € RT, with w(x) > 0 for all x > 0 and satisfying (1.2).

If
(2.45)

uP(t,s) < alt,s)+ b(t,s)//k(t,s,T, nw(u" (1,n))AnAT for (t,s,1,m) € Q x (NZ,

to S0
for 0<r <np.
Then
(2.46)

u(t,s) < < a(t,s) +b(t,s) |[G™* G(C(t,s))+/ /D(T,n)AnAT ,

50
foralltg <t <ty and sg < s < 81, where G is defined as in (2.3),

t s

cts) = [ [ Atmmanar,

to  so
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Alt,s) = W(%K%)//kA”A’(t,S,T, nw(a(r,n)) AnAT+

to so

t s
—|—w(p;TKg)//kA"AT(t,s,T,n)AnAT

to So

t

y/kﬁ*aﬁfnazwnwauns»AT

to

+ uw( K5

.

p
t

+w(p_rK£)/kAT(t7s,T,ag (s)AT

to

+wE= TK%)/kAn(t, s 00 (1), n)An

p
+ w(gK%) k (t,s,01 (1), 00 (s))w(a(t, s))
(2.47) +w(p;TK§)k (t,5,01 (1), 00 (5)),
and
D(t,s) = w(;KT;p)t//k;A”AT(t,S,T,n)w(b(T,n))AnAT
e ATt s, 7,09 (8))w(b(T, s)) AT
oK >/k (t, 5,7, 72 (5))w(b(7, 5)) A
+ng%U/%Mw&mummMMmmAn
(2.48) + w(gK'”;”) k (t, 5,01 (t), 02 (s)w(b(t, 5)),

G~ lis the inverse function of G and t1,s1 are chosen so that

{G (A(t, s)) + b(t, s)/ /B(T, n)AnAT} € Dom (G™1).

S0
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Proof. Define a function z(t, s) by

(2.49) (t5) = [ [ btos,mutu (o) Anar,

to so

then we have

(2.50) z(to, s) = z(t,s0) =0
(2.51) uP(t,s) < a(t, s) + b(t, s)z(t, s),
(2.52) u(t,s) < (a(t, s) + b(t, s)z(t, s)) 7,

by Lemma 2, (2.52) become

(2.53) W(ts) < ZK 7 (a(t,s) +b(t,s)z(t,s)) + =L K", K > 0.
p p
It’s follows from ( 2.49), that

(2.54)

S

zAt(t,s) = //kAT(t7S7T7 nw(u” (T, ’I’}))A’I’}AT—I—/k(t,&O’l ) ,mw(u"(t,n))An,

to So S0
with
(2.55) 28t (t, 50) = 0,
and
t s
SR (1 5) = [ [ R s mmatar o) nar+
tU So
t
—l—/kAT (t,s,7,09 (s))w(u"(1,5)) AT
to
* / kA" (t’ S,01 (t) ) U)W(ur(ta U))AU
(2.56) + k(t,s,01(t), 02 (s))w(u"(t, s)).

From (2.53) and the assumptions on w, we have

(257wl (t,5)) < w(%K? Jeolalt, )+ w(blt, l=(1,5))) +

—7r %

K

).
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Combining (2.57), (2.56) and taking into account that z(¢, s) is monotonic non-

decreasing in both variable ¢, s and w(u) is nondecreasing for u € RT, we obtain
(2.58) 228 (1 5) < A(t, s) + D(t, s)w(z(t, s)),

where A(t, s) and D(t, s) are defined as in (2.47) and (2.48) respectively,
integrating (2.58) with respect to t and s, using (2.55) and (2.50), we get

(2.59) z(t, s) S/t/SA(T,n)AnAT—I—/t/SD(T,n)w(Z(T,n))AnAT,

to so to so

putting in (2.59)

C(t,s) :/t/SA(T,n)AnAT,

to so

then (2.59) can be rewritten as follows

(2.60) z(t,8) < C(t, ) —|—//D(7’7 nw(z(T,n))AnAr.

to so

The inequality (2.60) is similar to (2.1), letting a(t, s) = C(t,s), b(t,s) = 1 and
f(t,s) = D(t,s) in Theorem 1, we obtain

(2.61) 2(t,s) <G |G (C(t,s) + //D(T, n) AnAr

to So
Combining (2.61) and (2.51), we get

(2.62)  WwP(ts) < alt,s) + b(t, )G~ |G (C(t5)) + / / D(r,m) ApAr] |

to so

thus (2.62) implies (2.46). O

Remark 3. Letting Ty =Ty =R, to = so =0, 7 = 1, we easily see that Theorem
4 reduced to Theorem 3.2 in [7].

Remark 4. If we take Ty =To =R, tg =50 =0, p=7r =1 and b(z,y) = 1, we
obtain (bs) of Theorem 2 in [6].
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3. APPLICATION

In this section we give an application of Theorem 1. We Consider the following

partial dynamic equation on time scales

(3.1) (u(t, s))22 = F(t,s,u(t,s)) for (t,5) € Q

with the initial boundary conditions

(3.2) u(t, s9) = a(t), u(ty, s) = B(s), u(ty, s0) = ¢

where I : 'ﬁ‘l X 'ﬁ‘g x R — R is right-dense continuous on Q and continuous on R,
a: 'ﬁ‘l — R and §: TNI‘Q — R are right-dense continuous, ¢ € R is a constant.

Assume that

(3-3) [F(t, s,u)] < f(t, s)w(lul),
la(t) + B(s) — ] < a(t, s),

where a(t, s) is non negative function and nondecreasing in each variable (¢, s) €
Q. f(t,s) is nonnegative right-dense continuous function defined for (¢,s) € Q=
ifl X ﬁ‘g. And w be a nonnegative, nondecreasing continuous function for x € R,
with w(z) > 0 for all > 0, satisfying (1.2).

The solution of (3.1)-(3.2) satisfies :

(3.4) u(t,s) = a(t) + B(s) — ¢ +/t /F(Tm,u(T, n))AnAr,

then by plugging (3.3) in (3.4), we have

(3.5) [u(t, 5)| < a(t, s) + / / f(rmyw(ju(r,n)|) AnAr.

Applying Theorem 1, we obtain the bound on the solution of (3.1)-(3.2).
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