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Abstract. In this paper, we study shadowing property for actions of finitely

generated groups and show that conjugacy preserves shadowing property and

in the actions with shadowing property, topologically transitive is equivalent

to chain transitive and the set of non-wandering points is equal to the set of

chain recurrent points. For actions of finitely generated free groups, we prove

that on a compact metric space of non-zero dimension, every action with chain

transitive and shadowing property is sensitive.
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1. Introduction

One of the main goal in dynamics is the understanding of the orbits structure.

The notion of shadowing property plays an important role in the investigation of

orbits structure. A dynamical system has a shadowing property if any sufficiently

approximate orbit is close to some orbit. In [4], the author introduced the shadowing

property for actions of finitely generated group, φ : G × X −→ X, and showed

that shadowing property has a more complicated nature. For example, in the case
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of finitely generated nilpotent group, if for some g ∈ G, φ(g, .) : X −→ X has

shadowing property and it is expansive, then φ : G × X −→ X has shadowing

property but in the case of finitely generated free group with at least two generators,

if φ : G×X −→ X has shadowing property then for every g ∈ G, φ(g, .) : X −→ X

has shadowing property, and if for some g ∈ G, φ(g, .) : X −→ X is expansive then

φ : G×X −→ X has not shadowing property. This implies that if φ : G×X −→ X

is Anosov action (i.e for some g ∈ G, φ(g, .) : X −→ X is Anosov, see [2]) then

φ : G×X −→ X has not shadowing property. In this paper we recall definitions of

[1] and show that every non-wandering point is a chain recurrent point and in the

actions with shadowing property, the set of non-wandering points equal to the set

of chain recurrent points and topologically transitive equivalent to chain transitive.

We also prove that on compact metric spaces of non-zero dimension, every action

of finitely generated free group, with chain transitive and shadowing property is

sensitive.

2. definitions

A dynamical system in the present paper is a triple (G,X,φ) where G is a finitely

generated group, (X, d) is a compact metric space and φ : G×X −→ X is an action

such that for every g ∈ G, φg : X −→ X is a homeomorphism. In the following, we

recall definition of pseudo orbit of [4]:

Definition 2.1. Let S be a finite generating set of G. For δ > 0, f : G −→ X is

called δ- pseudo orbit whenever,

d(f(sg), φ(s, f(g))) < δ,∀s ∈ S, ∀g ∈ G.

It is clear that every orbit of x, G(x) = {φ(g, x)|g ∈ G} is pseudo orbit. A dynam-

ical system (G,X,φ) has shadowing property whenever for every ϵ > 0 there is δ > 0

such that for any δ- pseudo orbit f , there exists p ∈ X such that d(f(g), φg(p)) < ϵ.

We say that f : X −→ X has expansivity if there is c > 0 such that if x ̸= y

then d(fn(x), fn(y)) ≥ c, for some n ∈ Z. Similar to the proof of Theorem 2 in[4],

we give another example for actions of finitely generated groups with shadowing

property.
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Proposition 2.2. Let G =< a, b|ba = a2b > be a solvable group and φ : G×R −→ R
generated by the maps fa(x) = x, fb(x) = mx. Then for m > 1, φ has shadowing

property.

Proof. It is easy to see that form > 1, fb has shadowing property and it is expansive.

Choose an arbitrarily ϵ > 0. Let c be the constant of expansivity and 2η = min{c, ϵ}.
For η > 0, there is 0 < δ < η in the definition of shadowing property fb. Let

F : G −→ R be δ- pseudo orbit for φ. For every element p ∈ G, the sequence

{yk}k∈Z defined by yk = F (bkp), is a δ- pseudo orbit for fb. Thus, there is xp ∈ R
such that

|F (bkp)− fkb (xp)| = |yk − fkb (xp)| < η.

Claim. xbp = fb(xp), xap = xp.

Proof of the claim. Since |F (bkbp)− fkb (xbp)| < η and |F (bk+1p)− fkb (fb(xp))| < η,

we have

|fkb (xbp)− fkb (fb(xp))| < 2η ≤ c, ∀k ∈ Z.

Thus xbp = fb(xp). Since φa(x) = x, therefore |F (ag)−F (g)| < δ, for every g ∈ G.

From ba = a2b, we have bka = a2
k

bk, thus

|F (a2k−ibkp)− F (a2k−i−1bkp)| < δ, for i = 0, ..., 2k

By Triangle inequality:

|F (a2k−ibkp)− F (bkp)| < δ(2k)

From F (a2
k

bkp) = F (bkap), |F (bkap)− fkb (xap)| < η and |F (bkp)− fkb (xp)| < η, we

have:

mk|xap − xp| < 2η + (2k)δ, ∀k ∈ Z.

Since m > 1, xap = xp. Therefore, we have proved that xbp = fb(xp) and xap =

fa(xp). This means that xp = φ(p, xe). Thus |F (p)− φ(p, xe)| < ϵ.

This shows that φ has shadowing property □

Above proposition gives an example that φ has shadowing property but for a ∈ G,

φa has not shadowing property. In the case of finitely free group actions we have:
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Theorem 2.3. . Let G be a finitely generated free group with at least two gener-

ators. Let φ be an action of G on X. If φ has shadowing property, then for any

g ∈ G, φ(g, .) : X −→ X has shadowing property.

Proof. See [4]. □

Definition 2.4. Dynamical systems (G,X,φ) and (G,Y, ψ) are topologically con-

jugate whenever there is a homeomorphism h : X → Y such that h(φ(g, x)) =

ψ(g, h(x)).

In discrete dynamical systems, conjugacy preserves shadowing property. In the

following proposition we show that in the group actions conjugacy preserves shad-

owing property too:

Proposition 2.5. Let (G,X,φ) and (G,Y, ψ) be topologically conjugate. Then φ

has shadowing property if and only if ψ has shadowing property.

Proof. Suppose φ has shadowing property. We show that ψ has shadowing property

too. Since h : X −→ Y is homeomorphism, for ϵ > 0 there is δ > 0 such that if

d(x, y) < δ then d(h(x), h(y)) < ϵ. For δ > 0 there is η > 0 by the definition of

shadowing property of φ, and because h−1 : Y −→ X is homeomorphism, for η > 0

there is ξ > 0 such that if d(x, y) < ξ then d(h−1(x), h−1(y)) < η . Let f : G → Y

be ξ-pseudo orbit for (G,Y, ψ). We define P : G → X by P (g) = h−1(f(g)). We

claim that P is η- pseudo orbit for (G,X,φ). To see it note that

d(P (sg), φ(s, P (g))) = d(h−1(f(sg)), h−1(ψ(s, h(P (g)))))

= d(h−1(f(sg)), h−1(ψ(s, f(g)))).

since d(f(sg), ψ(s, f(g)) < ξ, we have d(h−1(f(sg)), h−1ψ(s, f(g))) < η

i.e. d(P (sg), φ(s, P (g))) < η. Since φ has shadowing property for η- pseudo orbit

P : G → X, there is z0 ∈ X such that d(P (g), φ(g, z0)) < δ. Let h(z0) = z then

d(f(g), ψ(g, z)) = d(h(P (g)), hφ(g, z0)) < ϵ i.e. d(f(g), ψ(g, z)) < ϵ. Thus ψ has

shadowing property. Similarly if ψ has shadowing property, then φ has shadowing

property too. □

A dynamical system (X,G,φ) is topologically transitive whenever for any non-

empty open sets U, V ⊆ X, there is a g ∈ G such that φg(U) ∩ V ̸= ∅.

Lemma 2.6. In a dynamical system (G,X,φ) the following are equivalent:
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(1) φ is topologically transitive,

(2) {x ∈ X|Gx = X} is a dense subset of X,

(3) Gx = X, for some x ∈ X.

Proof. We show that 1 ⇒ 2.

Let {Ui}i∈N be a countable basis for the compact metric space (X, d). For x ∈ X,

we have:

Gx ̸= X ⇔ Gx ∩ Un = ∅ for some n

⇔ ∀g ∈ G, gx ∈ X \ Un for some n

⇔ x ∈
∩
g∈G

g−1X \ Un for some n

⇔ x ∈
∞∪

n=1

∩
g∈G

g−1X \ Un

Since φ is topologically transitive, it is easy to see that GUn is dense in X, thus∩
g∈GX \ g−1Un is nowhere dense. So

∪∞
n=1

∩
g∈G g

−1Un is a first category. Since

X is a compact metric space, {x ∈ X|Gx = X} is dense in X.

The proofs of 2 ⇒ 3 and 3 ⇒ 1 are clear. □

Definition 2.7. A dynamical system (G,X,φ) is chain transitive whenever for

every x, y ∈ X and δ > 0, there exists δ- pseudo orbit f : G −→ X such that

f(g1) = x and f(g2) = y for some g1, g2 ∈ G.

It is clear that if (G,X,φ) is chain transitive then for δ > 0 and every x, y ∈ X

there is δ- pseudo orbit f : G −→ X such that f(e) = x, f(g1) = y for some g1 ∈ X.

Proposition 2.8. In a dynamical system (G,X,φ), topologically transitive implies

chain transitivity.

Proof. Fix ϵ > 0 and x, y ∈ X, for ϵ > 0 there exists 0 < δ < ϵ
2 such that for every

s ∈ S if d(a, b) < δ
2 then d(φ(s, a), φ(s, b)) < ϵ

2 . By topologically transitivity, there

is p ∈ X such that φ(g1, p) ∈ B( δ2 , x) and φ(g2, p) ∈ B( δ2 , y) for some g1, g2 ∈ G.

Put z1 := φ(g1, p) and z2 := φ(g2, p). For simplicity, assume that z1 ̸= z2. Define:

• J1 = {g ∈ G|φ(g, p) = z1},
• J2 = {g ∈ G|φ(g, p) = z2},
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• J3 = {g ∈ G|φ(g, p) /∈ {z1, z2}}

Define f : G −→ X in the following way:

• f(g) := x,∀g ∈ J1,

• f(g) := y, ∀g ∈ J2,

• f(g) := φ(g, p), ∀g ∈ J3

Claim. f : G −→ X is a ϵ- pseudo- orbit

Proof of claim.

Case 1. g ∈ J1 and sg ∈ J2. It means that φ(s, z1) = z2. In this case f(g) = x,

f(sg) = y. Note that d(f(sg), φ(s, f(g))) = d(y, φ(s, x)) ≤ d(y, z2)+d(z2, φ(s, z1))+

d(φ(s, z1), φ(s, x)) < ϵ. Thus d(f(sg), φ(s, f(g))) < ϵ

Case 2. g ∈ J1 and sg ∈ J3. In this case f(g) = x and f(sg) = φ(sg, p) =

φ(s, φ(g, p)) = φ(s, z1).

d(f(sg), φ(s, f(g)) = d(φ(s, x), φ(s, z1)) < ϵ.

Case 3. g ∈ J2 and sg ∈ J3. This case is similar to the Case 2.

Case 4. g ∈ J3, sg ∈ J1, in this case f(g) = φ(g, p), f(sg) = x. Note that by

definition of J1, φs(φ(g, p)) = z1. Indeed, d(f(sg);φ(s, f(g))) = d(x, z1) ≤ δ
2 < ϵ.

Case 5. g ∈ J3, sg ∈ J2. This case is completely similar to the Case 4.

Case 6. g ∈ J1, sg ∈ J1. In this case f(g) = f(sg) = x. By definition of

J1, φ(s, z1) = z1. We have d(f(sg), φ(s, g)) = d(x, φ(s, x)) ≤ d(x, z1)+d(z1, φ(s, z1))+

d(φ(s, z1), φ(s, x)) < ϵ

Case 7. g ∈ J2, sg ∈ J2. This case is completely similar to the Case 6.

Thus f : G −→ X is ϵ-pseudo trajectory joining x and y. □

Lemma 2.9. If φ has shadowing property then chain transitivity implies topologi-

cally transitive.

Proof. Let U, V be none empty open subsets of X. For x ∈ X and y ∈ Y , suppose

that Bϵ(x) ⊆ U and Bϵ(y) ⊆ V . For ϵ > 0 there is δ > 0 in the definition of

shadowing property of φ. Suppose that f : G→ X is δ-pseudo orbit, f(g0) = x and

f(g1) = y, by shadowing property of φ, there is z ∈ X such that d(f(g), φ(g, z)) < ϵ.

For g = g0, g1 we have d(y, φ(g0, z)) < ϵ and d(x, φ(g1, z)) < ϵ, this means that

φ(g1g
−1
0 , V )

∩
U ̸= ∅ i.e. φ is topologically transitive. □
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A point x ∈ X is called a non-wandering point whenever for every non-empty

open set U in X, there is g ∈ G such that φ(g, U)
∩
U ̸= ∅ and the set of non-

wandering points denotes by Ω(φ). We also denote by R(f), the set of all x ∈ X

such that for every δ > 0, there is δ- pseudo orbit from x to x (x is called to be

recurrent point).

Lemma 2.10. In (G,X,φ), Ω(φ) ⊆ R(φ).

Proof. For ϵ > 0 there is 0 < δ < ϵ
4 such that if d(x, y) < δ then d(φ(s, x), φ(s, y)) <

ϵ
2 for all s ∈ S. Let x ∈ Ω(φ) thus for δ > 0, there are y ∈ X and h ∈ G such that

d(x, y) < δ and d(x, φ(h, y)) < δ. Define:

• J1 = {g ∈ G|φ(g, y) = φ(h, y)},
• J2 = {g ∈ G|φ(g, y) = y},
• J3 = {g ∈ G|φ(g, y) /∈ {y, φ(h, y)}}.

Define f : G −→ X by the following:

• f(g) := x,∀g ∈ J1 ∪ J2,

• f(g) := φ(g, y), ∀g ∈ J3.

Claim. f : G −→ X is ϵ- pseudo orbit.

Case1. sg, g ∈ J1

We have φ(s, φ(h, y)) = φ(h, y). Thus, d(f(sg), φ(s, f(g))) = d(x, φ(s, x)) ≤
d(x, φ(h, y)) + d(φ(h, y), φ(s, x)) < ϵ.

Case2. g ∈ J1, sg ∈ J2. In this case, φ(s, φ(h, y)) = y. Thus, d(f(sg), φ(s, f(g))) =

d(x, φ(s, x)) ≤ d(x, φ(h, y)) + d(φ(h, y), φ(s, φ(h, y))) + d(φ(s, φ(h, y)), φ(s, x)) < ϵ

Case3. g ∈ J1, sg ∈ J3. In this case, φ(sg, y) = φ(s, φ(h, y)). Thus

d(f(sg), φ(s, f(g))) = d(φ(s, φ(h, y)), φ(s, x)) < ϵ.

Case4. g ∈ J2, sg ∈ J3. In this case, φ(g, y) = y and φ(sg, y) = φ(s, y). Thus we

have d(f(sg), φ(s, f(g))) = d(φ(sg, y), φ(s, x)) = d(φ(s, y), φ(s, x)) < ϵ.

Case5. g, sg ∈ J2. In this case, φ(g, y) = φ(s, y) = y. Thus d(f(sg), φ(s, f(g))) =

d(x, φ(s, x)) ≤ d(x, y) + d(φ(s, y), φ(s, x)) < ϵ.

Case6. g ∈ J2, sg ∈ J1. In this case, φ(g, y) = y, φ(s, y) = φ(h, y). Thus,

d(f(sg), φ(s, f(g))) = d(x, φ(s, x)) ≤ d(x, φ(h, y)) + d(φ(s, y), φ(s, x)) < ϵ.

Case7. g ∈ J3, sg ∈ J1. In this case, φ(sg, y) = φ(h, y). So d(f(sg), φ(s, f(g))) =

d(x, φ(sg, y)) = d(x, φ(h, y)) < ϵ.
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Case8. g ∈ J3, sg ∈ J2. In this case d(f(sg), φ(s, f(g))) = d(x, y) < ϵ.

Case9. g, sg ∈ J3. In this Case d(f(sg), φ(s, f(g))) = 0.

Thus f : G −→ X is ϵ-pseudo orbit and x ∈ R(φ).

□

Proposition 2.11. If φ has shadowing property then Ω(φ) = R(φ).

Proof. By Lemma 2.10, Ω(φ) ⊆ R(φ). We show that R(φ) ⊆ Ω(φ). Suppose

x ∈ R(φ) and ϵ > 0, let δ be in the definition of shadowing property φ. For δ0 and

x ∈ R(φ), there is a δ-pseudo orbit f : G −→ X such that f(e) = f(h) = x, thus by

shadowing property there exists z ∈ X such that d(f(g), φ(g, z)) < ϵ. This means

that d(x, z) < ϵ and d(x, φ(h, z)) < ϵ. Thus φ(h,B(ϵ, x)) ∩ B(ϵ, x) ̸= ∅. Therefore

x ∈ Ω(φ). □

If every point of X has dense orbit then (G,X,φ) is called minimal dynamical

system.

Definition 2.12. A point x ∈ X is called an equicontinuous point if for ϵ > 0 there

exists δ > 0 such that for any y ∈ X, d(x, y) < δ implies d(φg(x), φg(y)) < ϵ for

all g ∈ G. We denote by Eq(X) the set of equicontinuous points in the dynamical

system (G,X,φ).

A system is said to be equicontinuous if every point of X is equicontinuous point

i.e. Eq(X) = X. A point which is not an equicontinuous point will be called a

sensitive point, thus x is sensitive point if there are ϵ > 0, {xn} ⊆ X and {gn} ⊆ G

such that xn −→ x and d(φ(gn, xn), φ(gn, x)) ≥ ϵ , in this case x is called ϵ-sensitive

point.

Definition 2.13. A dynamical system (G,X,φ) is said to have sensitive depen-

dence on initial conditions (or is sensitivity) if there is some ϵ > 0 such that for all

x ∈ X and for every neighborhood U of x there exists y ∈ U and g ∈ G such that

d(φg(x), φg(y)) > ϵ.

It is clear that the assumption that a system has sensitive dependence on initial

condition is stronger than the assertion that every point is sensitive. Also, it is clear

that if two dynamical systems (G,X,φ) and (G,Y, ψ) are topologically conjugate

with the homeomorphism h : X → Y , then x in (G,X,φ) is a transitive point,
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equicontionous point, sensitive point if and only if h(x) in (G,Y, ψ) is a transitive

point, equicontinuous point, sensitive point respectively.

Lemma 2.14. Let Aϵ denote the set of ϵ-sensitive points, then Aϵ ⊆ A ϵ
2
.

Proof. Suppose x ∈ Aϵ, thus there is {xn} ⊆ Aϵ such that xn −→ x. Since

xn ∈ Aϵ, there are {ynk } ⊆ X and {gnk } ⊆ G such that limk−→∞ ynk = xn and

d(φ(gnk , xn), φ(g
n
k , y

n
k )) ≥ ϵ. Thus:

d(φ(gnk , xn), φ(g
n
k , x)) ≥ ϵ

2 or d(φ(gnk , x), φ(g
n
k , y

n
k )) ≥ ϵ

2

(otherwise d(φ(gnk , y
n
k ), φ(g

n
k , xn)) < ϵ, which is a contradiction). Thus x ∈ A ϵ

2
, i.e.

Aϵ ⊆ A ϵ
2
. □

In (G,X,φ), it is easy to see that if x ∈ X is ϵ-sensitive point, then for every

g ∈ G, φ(g, x) is ϵ-sensitive point. Thus if x is ϵ- sensitive point, then Gx is ϵ
2 -

sensitive point. This means that:

Corollary 2.15. If (G,X,φ) is minimal and contains a sensitive point then there

exists ϵ > 0 such that every point is ϵ- sensitive point.

Let Trans(X) = {x ∈ X|Gx = X}.

Proposition 2.16. If Eq(X) ̸= ∅ then Trans(X) ⊆ Eq(X).

Proof. Let x ∈ Trans(X), i.e Gx = X. For y ∈ Eq(X) and ϵ > 0 there is

δ > 0 such that if d(z, y) < δ then d(φ(g, z), φ(g, y)) < ϵ, for every g ∈ G. Since

Gx = X, there is h ∈ G such that φ(h, x) ∈ B δ
2
(y). Since φh : X −→ X is a

homeomorphism, for δ
2 > 0 there is 0 < δ′ < δ

2 such that d(w, x) < δ′ implies that

d(φh(w), φh(x)) <
δ
2 . Therefore, φh(w) ∈ Bδ(y). Since y ∈ Eq(X), for every g ∈ G,

d(φ(gh,w), φ(g, y) <
ϵ
2 . On the other hand for g ∈ G, d(φ(gh, x), φ(g, y)) < ϵ

2 . This

means that dsup(w, x) < ϵ, i.e x ∈ Eq(X). □

The condition Eq(X) ̸= ∅ in the above proposition is essential, because there

exist some systems that are topologically transitive and sensitive dependence i.e.

Eq(X) = ∅ and Trans(X) ̸= ∅. If Eq(X) = X then φ is called almost equicontin-

uous. By Lemma 2.6 and Proposition 2.16, every topologically transitive is either

sensitive or almost equicontinuous and by Corollary 2.15 every minimal dynamical

system is either sensitive or equicontinuous.
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Theorem 2.17. If φ : G ×X −→ X, is chain transitive with shadowing property

such that Eq(X) ̸= ∅, then φ is minimal and equicontinuous.

Proof. Suppose φ is not minimal, there is x ∈ X such that Gx ̸= X. It is easy to see

that for every y ∈ X \Gx, Gx∩Gy = ∅. Suppose d(Gx,Gy) > 3η > 0. By Lemma

2.9, φ is topologically transitive. Thus from Eq(X) ̸= ∅ we have Eq(X) = X.

Choose h ∈ Eq(X) such that d(h, x) < η
2 . There is 0 < ϵ < η

2 such that If

d(y, h) < ϵ then d(φ(g, y), (φ(g, h)) < η
2 . For ϵ > 0 there is δ > 0 in the definition of

shadowing property φ. Let f : G → X be δ- chain from h to y such that f(e) = h

and f(g0) = y.

Since φ has shadowing property, there is z ∈ X such that d(f(g), φ(g, z)) < ϵ.

Since f(e) = h and d(h, z) < ϵ, we have d(x, z) < η, This means that d(Gz,Gy) >

2η. But from f(g0) = y we have d(y, φ(g0, z)) < ϵ, which is a contradiction, i.e.

Trans(X) = X implies that Eq(X) = X. So we have proved that φ is minimal and

equicontinuous. □

It is clear that if (G,X,φ) is equicontinuous then for every h ∈ G, φh : X → X

is equicontinuous and by Theorem 2.3, if G is a finitely generated free group with

at least two generators and (G,X,φ) has shadowing property then for every h ∈ G,

φh : X → X has shadowing property. By Theorem 4 in [3] any equicontinuous

surjective dynamical system (X, f) has the shadowing property if and only if X is

totally disconnected, thus we have:

Proposition 2.18. Let (X, d) be a compact metric space, G be a finitely gener-

ated free group with at least two generators and (G,X,φ) is equicontinuous with

shadowing property. Then X is totally disconnected.

In [4] Authors present the following conjecture :

Conjecture 2.19. Any uniformly continuous action of a finitely generated free

group with at least two generators on a manifold does not have the shadowing

property.

By Proposition 2.18, we give a positive answer to the above conjecture in the

case of equicontinuous action:

Corollary 2.20. Let G be a finitely generated free group with at least two generators

and dim(X) ≥ 1 then equicontinuous action, (G,X,φ), has not shadowing property.
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A compact metric space (X, d) is totally disconnected if and only if it has zero

dimension. By Theorem 2.17 and Proposition 2.18 we have:

Corollary 2.21. Let (X, d) be compact manifold with dim(X) ≥ 1 or connected

compact metric space and (G,X,φ) is chain transitive with shadowing property then

(G,X,φ) has sensitive dependence.

Acknowledgment: The author wishes to thank Alexey Osipov for his help to
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