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ABSTRACT. This work addresses the problem of uniform practical exponential
stability for nonlinear perturbed systems on time scales. Based on Lyapunov
techniques and LMI’s approach, new sufficient conditions are derived, to find
the positive definite function which the derivative is negative definite and pro-
vides the uniform practical asymptotic aspect for the system. We present

numerical examples to illustrate the proposed result.

AMS Classification: 34N05, 34D20
Keywords: Time scales; Practical stability; Uniform exponential stability; Per-

turbed systems; Quadratic stability.

1. INTRODUCTION

Stability theory in sense of Lyapunov of general nonlinear dynamical systems
and applications to control theory, has been widely studied during the last decades
resulting in important progression both in analysis and control. For an excellent
introduction to stability for differential equations and difference equations, we refer
the reader to monographes [10, 12] and [2], respectively. In this sequel, Hilger

introduces in 1988 the theory of dynamic equations on time scales in order to unify
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the analysis for the two classes of equations. The general idea for the stability theory
is to prove result for a dynamical equation where the domain of the drift function is
a so-called time scale T. This latest set is an arbitrary closed subset of R. Bohner
and Peterson [6] give an overview of time scale dynamical systems. The work of
Aulbach and Hilger [1] presents the theory with a particular focus on linear systems.
Time scale methods allow the examination and manipulation of dynamical systems
according to particular domains of the system, e.g. continuous, discrete or mixed.
Let n be a positive integer, consider the regressive non-autonomous perturbed time-

scale system described by the following equation
(1) 2 (t) = A(t)x + F(t,x)

where x € R", t € T. The value function A : T — R™*" is a regressive matrix and
F : T xR™ — R™ a rd-continuous valued vector in its first argument. The function

F is considered as a perturbation of the nominal system
(2) o2 (t) = A(t)z.

Many research has been devoted to the analysis of system whom the origin is an
equilibrium point, i.e F(¢,0) = 0, for all t € T , using Lyapunov techniques. For
instance, recently Dacunha [8] uses Lyapunov-type functions to investigate some
suitable conditions that ensure all trajectories to be uniformly asymptotically stable.
Earlier, K. Mukdasai and P. Niamsup [11] use some similar ideas to obtain, in
addition to this, other stability types: h-stability and i-stability.

In this work we are interested to develop stability for some special cases where
the origin is not required to be an equilibrium point for the system (1) below.
We study the uniform asymptotical stability problem not for the origin but for a
neighborhood of the origin approximated by a small ball of radius R. The stability
is given by matrix inequalities involving a symmetric definite positive matrix that
provides quadratic stability in practical sense. We perform numerical examples to
demonstrate the efficiency of the proposed method.

The rest of this paper is organized as follows. In section 2, we introduce some
general definitions and results for time-scale dynamical theory. Section 3 is devoted
to general notions of Lyapunov stability and results from the literature. In section 4,

we present the main results. Finally, in section 5 we give some illustrative examples.
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2. TIME SCALE CALCULUS

We start by introducing definitions and notations related to time scales theory.

Definition 2.1. ([5]) Let t € T. We define the forward jump operator o : T — T
by
o(t) :=inf{s € T;s >t} forallte T,

while the backward jump operator p:=T — T by
p(t) :==sup{s € T;s <t} forallt € T.

In this definition, we put inf@ = sup T (i.e., o(M) = M if T has a mazimum M)
and sup® = infT (i.e., p(m) = m if Thas a minimum m), where O denotes the
empty set. If o(t) > t, we say that t is right-scattered, while if p(t) < t, we say
that t is left-scattered. Also, if t < supT and o(t) =t, then t is called right-dense,
and if t > inf T and p(t) = t, then t is called left-dense. If T has a left-scatted
mazimum M, then we define TF = T — M, otherwise TF = T. The graininess

function p: T — [0,00) is defined by
p(t) :=o()—t, VteT.

Definition 2.2. ([5]) A function f : T — R is called A-differentiable at a point
t € TF if there exist v € R such that for any € > 0 there exists a W -neighborhood
of t € T satisfying

ILf(e(®)) = f(s)] = lo(t) = s]| < elo(t) — 5| forallseW

In this case we shall write f2(t) =

Theorem 2.1. Assume that f,g: T — R are differential att € T. Then
(i) For any constant a and b, the sum af + bg : T — R is differential at t with

(af +b9)2(t) = af2(t) +bg™ (1).

(i) If f2(t) exists, then f is continuous at t.
(iii) If F2(1) exits, then f(o(t) = £(2) + u(t) 15 (1)
(iv) The product fg: T — R is differential at t with

(f9)2(t) = f2Dg(t) + f(a()g(t) = F(t)g™ () + F2()g(o (1))
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Definition 2.3. A function f : T — R is called rd-continuous provided it is con-
tinuous at right-dense points in T and left-sided limits exists( finite) at left-dense
points in T and denotes by Crq = Crq(T) = Cpq(T, R).

Definition 2.4. If FA(t) = f(t), t € T, then it is said that F is a (delta) anti-
derivative of f and the Cauchy (delta) integral by

/S f@)At = F(s) — F(r),Vs,7 € T.
¢
For a more general definition of the delta integral, see [5] and [6].
Definition 2.5. A function f: T — R is called regressive provided that
1+ u(t)pt) #0 forall t €T

the set of all regressive and rd-continuous function is denoted by R = R(T,R). The

set R™ of all positively regressive function is
RT ={peR:1+ut)p(t) >0 forallt c T}

We use the cylinder transformation to define a generalized exponential function

for an arbitrary time scale T.

Definition 2.6. Ifp € R(T,R), then we define the generalized exponential function
ep(tv 5) by

¢
ep(t,s) = exp(/ Eur)(p(7))AT for all s,t € T

where &(2) is the cylinder transformation given by

£h(z)={ 3 log(1 4+ zh) z:fh;éo
z if h=0.

Here log is the principal logarithm function.
Remark 2.1. Consider the regressive dynamics initial value-problem
(3) 22 (t) = p(t)z, x(to) = xo, to € T.

The exponential function x(t) = ep(t,to)xo is the unique solution of (3).
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Remark 2.2. For convenience of notation we let throughout , for a tg € T the set
TS :={s € T;s >to}.
The inner product of the vector space R™ is a function {.,.) defined by

<£B,y> =Z1Y1+ ... T Tp¥n fO’/‘ T = (xlax% cee ,:En)T: Y= (yl,y% s 7yn)T eR™.
For each vector x € R™, the norm (also called the length) of x is defined as the

number
z]| = V(z,2) = VaTz.

It is clear that the next result cited by Bohner and Peterson [6], in each case,
reversing the inequalities in the assumptions yields corresponding lower (instead of

upper) estimates for the solution.

Theorem 2.2. (Comparison Theorem [6]). Let to € T, x, f € Cpq and p € RT,
then

a®(t) < p(t)a(t) + f(t)

implies

(1) gx(to)e,,(t,to)+/ ep(t,0(r) (1) A, forall t € T

to
Now, we find a comparison relation in [4] between the general exponential func-

tion on a time scale and the classical exponential function.

Lemma 2.1. For nonnegative p with —p € R* we have the inequality
(4) 1-— /tp(u)Au <e_p(t,a) < exp{— /tp(u)Au} forall teT/.
Lemma 2.2. ([9]). If z,y € R", A,B € R"*", then
forall § >0, 22T ABy < 62T AAT 2 + %yTBTBy.
3. LYAPUNOV STABILITY THEORY
We consider the dynamic system defined on a time scale T as below :
(5) 22(t) = f(t,z), t € TF, x(to, to,w0) = wo, to € T, w € R”

where z € R™, f : T x R®" — R"™ is rd-continuous in its first argument with
[If(t,0)]| < fo. Also we assume that conditions for the existence of a unique solution
of system (5) on T} are satisfied for all initial state (fo,zo) € T x R™. Let denote
this solution by x(t) = z(t,tg, zo)-
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Definitions of stabilities of time-scale systems are obtained by a slight modification
of the standard definitions for ordinary differential equations.

In that follow, we give some definitions

Definition 3.1. FEquation (5) is said to be uniformly stable if there exists a constant

v > 0 such that for every initial state xqg € R™ the corresponding solution satisfies
(6) 2@l < yllwoll, ¥ ¢ € T,

For the next definition, we define a stability property that is not concerning only
the boundedness of a solution to (5), but also the asymptotical aspect of trajectories

as well.

Definition 3.2. Equation (5) is said to be uniformly exponentially stable if there
exists A > 0 with —\ € RT and v > 1 independent on any initial point to such that

(7) |zl < ve—a(t,to)||lxoll forallte T;E.

It is obvious by inspection of the previous definitions that trajectories approach

zero exponentially as t — oo.

Definition 3.3. Equation (5) is said to be globally uniformly practically stable if
there exists a class KC function g, and a constant r > 0 such that, given any initial

condition xg, the trajectory satisfies
2@l < e(llwoll) +7, V€T,

Definition 3.4. Equation (5) is said to be globally uniformly practically asymp-
totically stable if there exists a class IC function o, constants 0 < A < v, w > 0 and
r > 0 such that

(8) lz@®)l < ellzoll)(excw (t,t0))” + 1 forall t € Tf.

This stability aspect relates the case where the size of initial states may be at random
increase and the corresponding trajectories converge, in a stable way by a decaying

time scale exponential function, to a small neighborhood for the origin.

Now, we present results of Dacunha [8] stating sufficient criteria for uniform

stability and uniform exponential stability of perturbed systems.
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Theorem 3.1. If there exists a continuously differentiable positive definite function
V(t,z(t)) € Cra(T x R",RT), and a,b € RT such that

(i): VA(t,z) <0,

(ii): allz(®)]? < V(t,2) < bllz ()],

then equation (5) is uniformly stable.

Theorem 3.2. If there exists a continuously differentiable positive definite function
V(t,z(t)) € Cra(T x R™,RT), and a,b,c € RT with 3¢ € RT such that

(D): VAt 2) < —clz(t)]?,

(i1): allz(®)|* < V(t,z) < bllz(t)]?,

then equation (5) is uniformly exponentially stable.
4. MAIN RESULTS
In this section we present the main results of the paper.

4.1. Lyapunov function for GUPAS. The ensuing result delivers sufficient con-
ditions in terms of Lyapunov function to ensure global uniform practical asymptotic
stability for dynamical equations (5). Here, we suppose that T is a time scale with

bounded graininess, that is to say p(t) < i < oo for all t € T.

Theorem 4.1. Suppose there exists a continuously differentiable function Lyapunov
V :T x R* — R that satisfies

(9) arllz|® < V(t 2) < azlla|® + A(L + p(t)d)eo, (t to)
(10) VA(t2) < ﬁllﬂf

where A, a1, a9, as,0,p are positive constants with ¢ + g—z < 4.

Then the system (5) is globally uniformly practically asymptotically stable.

Proof. Letty € T, t € T} and z € R". Designate W(t,z) = V(t,x)es(t, to).

Then, with time scale differentiating
WA(t,x) = VA(t,x)es(a(t), to) + SV (¢, x)es(t, to)
Taking into account inequality (10), we obtain

(11) WA(t7:L‘) < —a3||x||265(t,t0) + 6V (¢, z)es(t, to)
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By the left-side of relation (10) and (11), we deduce that

WA(t,a) < (6~ %)V(t,l’) + %3(1 +pt)d)ecy(t,to))es(t, to)

It’s equivalent to
A 7 Aag
(12) W2t @) < Wt @) + === (1 + plt)d)esgies(t to)

, where ¢’ = § — §2. Note that ¢’ > 0 implies 0’ € R*.

To further simplify (12) we resort to comparison theorem (2.2), we get
AOég t
W(t,x) < W (to,xo)es (t,to) + o es (o(t),s)(1+ pu(s)d)ecpms(s, to)As
to

Since V (t,x) = W(t,x)eas(t, to) the last inequality gives
(13)

%0;3 / es (t,0(s))(14p(s)d)ecp)ms (5, to) Asless(t, to)

to

V(t7 1‘) < [V(to, ':EO)B(S’ (ta t0)+

It’s easy to see ,with ¢ < ¢’, that for all s € ']I‘;g, s<t

€(op) (5:to)
(1+ p(s)p)

Using the fact that eq,(t,t9) — 0,t — oo with p € RT, we have

(14 p(s)d)es (£ 0(s))eapyms(s: to)ees (t to) < (1 4 fid)

1

As = fe@‘p(s,to)moo =

t/+“>qe¢xatw
o (L+p(s)e)

From (10), we obtain
W(to,xo) = V(to,xo) < ()[2”on2 + A(l + ﬂ(;)

By substituting the above inequality into (13), we arrive at

Aaz(1+ id)

(14) V(t,z) < asl|lzo|®esios(t, to) + A(1 + ud) + o

Combining with the left inequality in relation (9) the last estimation leads to to the

desired asymptotic aspect

(%)) A(]. + /:L(S) Qs
D) <4/ — ras(t, T — 1+ —
nmmmhm|%@uw+¢ )

The proof is completed. [
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4.2. Quadratic Stability. The classical approach for studying the stability of
nonlinear systems consists in finding a definite positive function which decreases
along the trajectories of the considered system. Related to quadratic stability of
perturbed time scale systems (2), we can illustrate works of K. Mukdasai and P.
Niamsup [11] in which they have investigated sufficient conditions to ensure uniform
asymptotic stability using scalar functions of the form V; (¢, z(t)) = 2T (t)B(t)x(t),
with B(t) € C,(T,R"*™). We focus on the practical stability of system (2), that is
to say, we ask whether all trajectories of system (1) converge to a neighborhood of
the origin as t — oo. Our main contribution consists in guaranteeing some adequate
hypothesis for both global uniform stabilities: practical and asymptotical practical.
The conditions are formulated in terms of two linear matrix inequalities moderated
by integrability of relaxing term to upper bound perturbation . Precisely, we discuss
boundedness properties and asymptotic behavior of trajectories for systems with

perturbing mapping satisfying the growth rate condition

(15) IE@ )| < Pt ||=])) + 8(2), t € T, xeR"

where P verifies the relation

(16) 0 < P(t,u) — P(t,v) <Q(t,v)(u—wv), teT, u>v>0

with 8(.),Q(.,u), € Crq(T,Ry) Vu € R, P(t,0) =0Vt € T.

It is trivial to see that the growth rate condition of perturbed term F' has the form,

(17) 1E(E @) || < a@)llz(@)]] + 5(2)

where «(t) := Q(¢,0) for all t € T. The asymptotical aspect of any solution z(t) of
system (1) results from the evolution of the quadratic energy function mentioned

below.
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The delta derivative of the quadratic function Vi (t,2(t)) is given by
Vit,a@)]® = T OB@®)] () + " (o(t)Blo(t)z2(1)
= o' () B2z (t) + 2T () AT () B(t)a(t) + " () B()A(t)z(t)
t)al () B2 (D) A(t)a(t) + p(t)z” (1) AT (1) B2 (D)2 (t)
) (

+u(

+u(t)x" (AT (B A)(t) + p(t)*a” () AT (£) B2 (1) A(t)a(t)
+u(t)FT (t,2) Bt)F(t, ) + p(t)?FT (t, z) B2 (t)F(t, x)
Fu()FT (1, 2) B Atz (t) + p(t)a” () AT () B(t) F(t, )
+u(t)FT (8, 2) B2 ()2 (t) + p(t)x” (1) B2 (8 F(t, )
+FT(t,2)B(t)x(t) + 2" (1) B()F(t, )

+u(t)2FT(t, 2) BA(t) A(t)x(t) + p(t) 2z (t) AT (t) B (t) F(t, x).

Assumption 4.1. There exists a positive definite symmetric matriz function
B(t) € C},(T,R™*™) and positive constants a1, az, by, by such that
arI, < B(t) < aol, and arI, < BA(t) < azl,.

Assumption 4.2. Suppose that Wi (t) < —cl,,. where
Wi(t) = bl + AT(1)B(t) + B(H)A(t) + u(t) B (1) A(t) + p(t) AT () B2 (¢)
+u(t) AT (OB A() + u(t)? AT (£) B2 () A(t) + 2a(t)*i(t) [
+0, B2 (t) B2 (t) + 61 AT (t) B(t) B(t) A(t) + 03 AT (1) B2 () B2 (1) A(t),
c € Ry with 3¢ € RT,
and i(t) == agp(t) + bopu(t)® + 3 p(t)® + gu(t)? + p)* + 5
Assumption 4.3. Assume that [, fi(s)[B(s)]?As < 5.

Theorem 4.2. Under Assumptions 4.1-4.8 with ¢ = 0, the time-scale perturbed
system (1) is globally uniformly practically stable.

Proof. Let us consider z(.) = z(., tg, o) an arbitrary trajectory of system (1).
Define @ : M, 1 (R) x M,,(R) x M,, 1 (R) — R*,

(x, M, y) — [2T My + y MTx)

We can estimate some of the quantities of time-scale derivative [Vi (¢, z(¢))]” in this

way, by using lemma (2.2)

B(e(t), AT() B(1), n(D) F(t,2))
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< %u(tfllF(t’ 2)|* + o1’ (HAT (1) B B(H) A(t)=(t)
®(x(t), BA(t), p(t) F(t,z)) < éu(t)QllF(t, 2)|[ + 8227 (1) B2 (1) B2 (1) (t)

®(x(t), AT (1) B2(1), p(t)*F (¢, x))

< %M(t)4|\F(t,x)||2 + d3a” (8) AT (8) B2 (8) B2 (t) A(t)x (1)

O(z(t), B(t), F(t,2)) < iIIF(t, 2)||* + daa™ (8) B(t) B(t)(t)

Taking the time derivative [Vi (¢, z(¢))]® and using above inequalities and the fact

that the perturbed term has the upper-bound (17), one obtains

Vit z()]® < 2" (O){baln + AT(0)B(t) + B(£)A(t) + u(t) B> (£) A(t)
+u(t) AT () B2 (1) + p(t) AT () B(E)A(t) + u(t)? AT (£) B2 (1) A(t)
+2a(t)?i(t) + B2 (1) B2 (t) + AT (1) B(t) B(t) A(t)
+AT(£) B2 (1) B2 () A1) }a(t) + 2(1) [B(1)]

= 2T (OW(6)z(t) + 2a(6)[B(1)]*.
From hypothesis (4.2) with ¢ = 0, we have
(18) [Vi(t, z(t))]™ < 2a(t)[B(t)]?, forallte ’]I‘I).

Integrating both sides of the inequality above (18) from tg to ¢ , we further have :
t
(19 Valta(0) < Vitowo) +2 [ ()56 As, forallt €T,
to

By using assumtion (4.1) and (19) we deduce that,

o)) < o/ LD < ﬁnx(ton 4 ﬁ for all t € T},
aq aq aiq

Consequently, it can be concluded that the perturbed system is globally uniformly
practically stable. We get the coveted result. n
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Theorem 4.3. Under Assumptions 4.1-4.3 , the time-scale perturbed system is (1)
is globally uniformly practically asymptotically stable.

Proof.  Consider the Lyapunov function Vi(t,z(t) = 27 (t)B(t)z(t) along an
arbitrary trajectory x(t,to,xo) of system (1).

As following the same approach of the proof of previous theorem, we arrive at,
Vi(t,a()))® < =z + 26D [BX)])?, for all t € TS
It is easy to see that
arllz@)|* < V(t,2) < agllz(t)||?, forallt e Tf .
Hence,

20)  Walba(®)* < —Vita(®) + 2OBOF, forallt e T,

In the view of comparison theorem 2.2 and lemma 2.1, we obtain the following

estimation from (20),

Vi(t,z(t)) < V(to,xo)e_%(t,to) + 2/ i(s)[B(s))?As,  forallt €T .

to

Consequently,

(21) lz(t)] < \/fx(tO)“\/@—;z(t,to) + \/%, forallte T;z.

Immediately, the perturbed system is globally uniformly practically stable with rate
—-= and radius of convergence r = 4/ 28

2 ay
This finishes the proof of the theorem. n

Now, we consider the following Lyapunov function for the system (1)
(22) Va(t,z(t)) = (B(t)a(t), z(t)) + £ (1)1,

where ¢ is delta-differentiable on T such that max{£(t), &2 (1)} <&, VYVt e T.

The delta derivative of the scaler function

Va(t,z(t)) = E@)l=()]* = £()2" (t)a(t)
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with respect to t is given by

Va(t.z@)]>" = €2Olz@)I* + (€@) + nEXO) =)
= Oz + (€@) + pOE2 {2 ()a()]> + 2T (o ()22 (1)}
= 2Oz + (€@) + pO)E> ) {a" O)IAT (1) + A1) +
p(t) AT () AW (t) + FT (¢ w)a(t) + 2T () F(t,x)
+u(t)a” () AT(OF (¢, x) + u(t)FT (¢ 2) A(t)a(t)
( }-

+u(t)[|F (¢, )]
Assumption 4.4. Assume that Wa(t) < —cl,,, where
Wa(t) = & +1+u(8))E{AT (1) +A()+(L+u(t) AT () A(t)+{1+20(8)*u(t) i }+ Wi (1),

ce Ry with 22 € RT and p(t) = 1+ p(t) + p(t)?.

Assumption 4.5. Adopt that ft )+ () [B(s)]?As < B.

Theorem 4.4. Under Assumptions 4.1,4.4 and 4.5 with ¢ = 0, the time-scale
perturbed system is (1) is globally uniformly practically asymptotically stable.

Proof. Let us consider x(t) := x(¢,to, o) an arbitrary solution of system (1).
Now we are in a position to show that V(¢,2(t)) as defined in (22) is a Lyapunov
function. To verify this, we substitute the above inequalities with growth rate

condition of the perturbed term and we obtain
(23) FT(t,2)z(t) +2"(OF(tz) < |e@))?+[|IF ()]
O(a(t), AT (1), p()F(t,x)) < u()?|E(t,2)|” + " () AT (1) At)x(t).

The delta-derivative of the Lyapunov function V3 along trajectories of system (1)
is given by
[Vat, z(t)]® = [Va(t, z(t)]® + [Va(t, ()]

Taking into consideration inequalities (?7), (23) and (4.4), we get

Va(t, z(0)] < —clla@)I* + 2[at) + p®)B@)].

By the same way as in the proof of theorem 4.2, the required feature of stability

holds. The proof is completed. [
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Theorem 4.5. Under Assumptions 4.1,4.4 and 4.5, the time-scale perturbed system
is (1) is globally uniformly practically asymptotically stable.

Proof. The proof follows exactly as in theorem 4.3, with the observation that
the Lyapunov function V3 exponentially decreases over time in evolution to a ball
centered at the origin.

‘We omit details. =
Of course, the problem at hand is obtaining a proper scalar function. Now we can
introduce a new form of scalar function of energy named quasi-quadratic Lyapunov

functions.

Definition 4.1. Let B(t) be a symmetric matriz such that B(t) € C},(T,R"*™),

a quasi-quadratic Lyapunov function is given by
(24) Va(t,z(t) = 27 () B(t)x(t) + a||z]), a € KN CHRT).
The delta derivative of V along the trajectory of system (1) is given by
[Va(t, ()] = [2" B)a ()] + la([la(6)])]

Using chain Rule version 1 [6], there exists ¢1,co in the real interval [¢,o(t)] such
that

aoyae - QU
eI = G @O

We define then the operator w(t) := w fort € T.

Assumption 4.6. Suppose that Ws(t) < —cl,, where

Wa(t) = w(t)[AT(8) + A(t) + (1 + u(t)) AT () A(t) + {1 + 2a(t)*p(t) Ha] + Wi (1),
c € Ry with 2¢ € RT.
Assumption 4.7. Take that [} (u(s))[B(s)]?As < 8

Theorem 4.6. Under Assumptions 4.1, 4.6 and 4.7 with ¢ = 0 , the time-scale
perturbed system is (1) is globally uniformly practically stable.
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Proof. Let consider x(t) := x(t, to, zo) be an arbitrary solution of system (1).
Now it is possible to show that Vy(¢,z(t)) as defined in (24) is a Lyapunov function.

Using the same approach of proof of precedent theorem we arrive at
VE(t () < 2u(t)[B()]%, forall t € T .

Integrating it from tq to t , we get V(¢,2(t)) < V(to,x0) + 2ftt0 w(s)[B(s)]?As.

Combine the inequality above with assumption (4.7),
2 25
V(t,z(t)) < azllzoll” + a(llzoll) + o€ K.
Consequently,
a 1 2
lz(@®)1* < Zlzol|* + —a(lao|l) + ==, forall t € T},
aq aq aq

which implies that trivial solution of system (1) is globally uniformly practically

stable. =

Theorem 4.7. Under Assumptions 4.1, 4.6 and 4.7, the time-scale perturbed sys-
tem is (1) is globally uniformly practically asymptotically stable.

Proof. The proof of the theorem follows by an argument similar to that in the

proof of the above theorems. We omit details. [

5. EXAMPLES

To show the utility of the result 4.2, we include this example.

Example 5.1. Taking a time-scale varying system of the form (1)

with A(t) = ( i(t) _c(lt) > ,

Vi) +e3(t) I Vito(t)+2
Plt,z) = | SV T G E0rDVET
’ —V/@3 () +a3 () Vo) +2
8v2(1+u(t)) (t+1) (o (t)+1)VE2+1
o(t) = —egs(t,0) + 1, and F(t,2(t)) is rd-continuous in the first argument with

Il £(t,0)]| < M =+/2 for all t € T. Assume that sup{u(t);t € T} = 1/4.
We note that assumption 4.1 is fulfilled with a; = 1/8, as = 1/4, by = —1,
by =0,01 =1/2,60 =1/16,03 = 1/16,04 = 1.

To see this we consider a candidate valued matrix function

B(t) = ( L(eos(t,0) + 1) 0 )
0 Llees(t,0)+1) )
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that solving assumptions 4.1-4.2.

Furthermore the relaxing term B(t)2 = \/§(t+1)2fj(i)(2$§(t2+l)of perturbed upper

bound is delta-integrable, using the Drichlet-Abel Test (7).

Finally this example satisfies all requirements of the main result and the desired

aspect of solutions is acquired.
To illustrate the usefulness of theorem 4.3, we state the following example.

Example 5.2. We consider a time-scale varying system of the form (1)

with A(t) = ( _Cl(t) —Z(lt) ) ,

_—sin(t) ey (,0)
F(t,z) = sy L2(t) + arctan(l + 2o(t)) 2 120)

8(51871%))1‘1(1&) + arctan(1 + x1(t)) 2288;
() = ecs(t,0) + 1, and F(t,x(t)) is rd-continuous in the first argument with
If(@,0) < M= 75 for allt € T. Assume that sup{u(t);t € T} =1/4.
We remark that hypothesis 4.1 is verified with ay = 1/8, ag = 1/4, by = —1,
by = 0,6, = 1/2,0 = 1/16,65 = 1/16,54 = 1.
To ensure this we consider a candidate valued matriz function
Leos(t,0) + 1) 0 )
0 Llees(t,0)+1) )
that us satisfy hypothesis 4.1-4.2.
Moreover, the relazing term ((t)? = g(:zgg;)Q is delta-integrable for 0 < ¢ < 1.
Therefore this system is globally uniformly practically asymptotically stable.

B(t) =
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