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ABSTRACT. In the present paper we have study the Finslerian hypersurfaces
of a Finsler spaces with (v, 3)-metric. The relations between the Finslerian hy-
persurface given by the Finsler space with cubic metric and the other Finslerian
hypersurfaces which is given by Finsler space with (v, 8)-metric. We have also
proved that a (v, 8)-metric make three types of hypersurfaces invariant under
certain condition. These three types of a hypersurfaces are hyperplanes of first,

second and third kind.
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1. INTRODUCTION

A cubic metric as a simplest non-Riemannian Finsler space has been studied

in detail by M. Matsumoto [5] in 1979 after a lapse of 60 years since P. Finsler
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introduced the concept of Finsler space in 1918. A cubic metric is defined as
i g 1
(1) L(x,y) = {agr(@)y'y’y* 15,

where a;;,(x) are components of a symmetric tensor field of (0,3)-type depending
on the position z alone, and a Finsler space with a cubic metric is called the cubic

Finsler space.

Let (M™,L) be an n-dimensional Finsler space on a differentiable manifold M™,
equipped with the fundamental function L(x,y). In 1984, Shibata [10] introduced

the transformation of Finsler metric:

(2) L'(z,y) = f(L,B),

where 3 = b;(x)y®, b;(z) are components of a covariant vector in (M", L) and f is
positively homogeneous function of degree one in L and 8. This change of metric

is called a (3-change.

In 2011 Pandey and Chaubey [6] introduced the concept of (v, 3)-metric, where
v = {aijk(ac)yiy-jyk}% is a cubic metric and 8 = b;(x)y* is a one-form and obtained
its basic torsion tensors, curvature tensors and T-tensor. Pandey and Chaubey
[7, 8] also studied its main scalar in two-dimensional Finsler space and variational

problem in Lagrange spaces with this metric.

On the other hand in 1985 M. Matsumoto [4] investigated the theory of Finslerian
hypersurface. He has defined three types of hypersurfaces that were called a hyper-
plane of the first, second and third kinds.

In 2005, Prasad and Tripathi [9] studied the Finslerian hypersurfaces and Kropina
change of the Finsler metric in detail and obtained so many result. In the present
paper, using the field of linear frame [2, 3, 1] we shall consider Finslerian hyper-
surfaces given by a Finsler space with (v, 3)-metric. Our purpose is to give some
relations between the original Finslerian i.e. cubic Finsler space and the other which
is Finselrian hypersurface given by a (7, 3)-metric. We also obtained three types of

hypersurfaces invariant under certain condition in a Finsler space with (v, 3)-metric.
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2. FINSLERIAN HYPERSURFACES

Let M™ be an n-dimensional smooth manifold and F* = (M",v) be an n-
dimensional Finsler space equipped with the fundamental function ~(z,y) on M™.

The metric tensor g;;(z,y) and Cartan’s C-tensor Cj;,(x,y) are given by

1oy o 109i
9ij = 2 dytoyd Cz]k = 2 9yk -

respectively and we introduced the Cartan’s connection CT = (Fj,, N}, C5;) in F™.
A hypersurface M ("1 of the underlying smooth manifold M" may be parametri-
cally represented by the equation z° = 2%(u®), where u® are Gaussian coordinates

on M1 and Greek indices vary from 1 to (n-1). Here we shall assume that the

matrix consisting of the projection factors Bf, = gs": is of rank (n-1). The following

notations are also employed:

Biy = guchis:  Bip=v"Big.
If the supporting element y* at a point (u®) of M~V is assumed to be tangential
to M1 we may then write y* = B! (u)v® i.e. v® is thought of as the supporting
element of M(™=1) at the point (u®). Since the function ¥(u,v) = v{z(u), y(u,v)}
gives rise to a Finsler metric of M1 we get a (n — 1)-dimensional Finsler space
FO=D — (M0, 5, 0)).

At each point (u®) of F(»=1) the unit normal vector N*(u,v) is defined by
(3) 9i;BoN? =0, g9iN'N7 = 1.
If (B®, N;) is the inverse matrix of (BY, N'), we have

B.B] =6, Bi\N;=0, NN;=1 and B.BY=NN; =4

Making use of the inverse matrix (¢%°) of (gap), we get

(4) B = g*’g;; B, N; = gijN.

For the induced Cartan’s connection ICT' = (Fg., N5, Cg,) on F=1 the second
fundamental h-tensor H,g and the normal curvature vector H, are respectively

given by [3]
(5)  Hap = Ni(Blz+ F},BLBj) + My Hpg, H, = Ni(Bjs + NiBY),

where
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M, = Cij, BENINF,
Contracting H,g by v*, we immediately get Hog = Hogv™ = Hg. Furthermore the

second fundamental v-tensor M,z is given by [9]

(6) Meap = CijiBL,BLN".

3. FINSLER SPACE WITH (v, 3)-METRIC

A Finsler metric L*(x,y) is called a (v, 3)-metric [5] when L* is positively
homogeneous function of first degree in two variables v and (3,

where v = {aijk(x)yiyjyk}% is cubic metric and § = b;(z)y’ is a one-form metric.

Throughout the present paper the following notations are adopted:
aije(©)Yy" = Pai, agry® =vyaiy, ¢, = B, ¢Yl; =17,
where (g*/) is the inverse matrix of (g;;). Further, subscripts v, 3 denote partial

differentiation with respect to 7y, 0 respectively.

The normalized supporting element I} for a (v, 8)-metric L*(vy, 8), is written as

OL* =1 = Lra; + Lib,,

(7) It = L2l + Lb,

where a; = I; [4] is the normalized supporting element for a Finsler space with cubic
metric.
Again differentiating equation (7) with respect to y’, the angular metric tensor

hi; = g3 — Ll = L*aigjL* can be written as
(8) hi; = phij + qobib; + qu(libj + ;b)) + qalil;,

where h;; is the angular metric tensor for a Finsler space with cubic metric, and

ok

p="22 q=L"Ly a=LLi, @=L"L), (8)

/

Owing to the homogeneity or hij*j = 0, we have two identities

) { qof+qy=0,

@B+ qy=0.
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Remark: In (8) the subscripts of coefficients p, qo, q1, g2 are used to indicate re-
spective degrees of homogeneity.

From (7) and (8), the fundamental tensor g;; of a (v, 3)-metric is given by
(10) g:j = hfj + l:l;k = pgij + pobibj + p1<lib]‘ + ljbi) +p2lilj,

where g;; is the fundamental tensor for a Finsler space with cubic metric, and
2L*L

po=qo+ L, p=aq+LL%, P2 =g+ L — = (10)’
From (9) we get identities
(11) pof + p1y B
p1B+p2y=0

The determinant g of g;; are given by [5]
(12) g =0""glp+ A1+ &) =p" g7,
where g is the determinant of g;;, 7(_2) = p(p +pob? +p1) + (p1pl — p3l) + pap + pac?,

Bibi = b2 = glmbmbz, lzBZ = glmlzbm = llb, = l_, 7T2b2 = C2 = CZ‘Ci7 and ZZZZ = 1.

The inverse matrix (¢**/) of (g;;) is given by

(13) g = %g“ — $1B'BI — so(B'lV + BIl') — s_41'l,
where
o (13)
s = ppii;c;pz.

Now differentiating (10) w.r.t. y*, we get

(14) 2pC = 20°Ciji + 11bibiby + Wijey (Pihjk + ralibbe +
r3liliby) + raliljly,

where Il(;;1) represents the sum of cyclic permutation of i, j, k;

(15) P; = pol; + p1by,

and

’

1 =Pppos — 3p1Go, T2 = PP13 — qoP2 — 2p141, (14)

P2~

r3 = pp2g — 2p2q1 — P1g2, T4 =Pt = 3p2qe.
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The components j*,é of the (h)hv-torsion tensor CT" are given by
(16) 2pCi = 2p°Cl, + (85 Py — I'; Pr) + (6, P — 'l P;)
+%ﬁg&+wwa
2

where P;g" = P7, gil; =17, Crjrg™ = Ciy..

4. HYPERSURFACES GIVEN BY (7, 3)-METRIC

Consider a Finslerian hypersurface F("~1 = {M =1 L(u,v)} of the F™ and
another Finslerian hypersurface F*("~1) = {M (=1 L*(u,v)} of the F*™ given by
the Finsler space with (v, 3)-metric. Let N be the unit vector at each point of
F=1 and (B, N;) be the inverse matrix of (B%, N?). The function B! may be
considered as components of (n — 1) linearly independent tangent vectors of F(n=1)
and they are invariant under Randers conformal change. Thus we shall show that

a unit normal vector N*¢(u,v) of F *(=1) is uniquely determined by
(17) g5 ;BENYT =0, g N"N* =1.

Contracting (10) by N*N7 and paying attention to (3) and the fact that I; N = 0,

we have

(18) g N'N7 = p+po(b;N')?.

Therefore we obtain

* N* N7 _
gij{:t\/lﬂ»po(biNi)z }{:l:\/7—+(bLN7)2} =1

Hence we can put
N’i
VP +po(BiN)?

where we have chosen the positive sign in order to fix an orientation.

(19) N* =

Using equation (10), (19) and from first condition of (17) we have

) ) b.NJ
(20) (pobi B!, + p1l; B},) ———2——= =10
P+ po(b:N?)2

If (pob; B, + p1l; BY) = 0 then contracting it by v® and using y* = B’v* we get
pof + p1y = 0 which is contradiction to the assumption that L* > 0. Hence
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b;N* = 0. Therefore equation (19) can be written as
(21) N* = —N°.
VP

Summarizing the above we have:

Proposition 4.1. If {(B,, N%), a = 1,2,...(n—1)} be the filed of linear frame of the
Finsler space with cubic metric F™, there exist a field of linear frame {(B, N** =
ﬁN"), a=1,2,..(n— 1)} of the Finsler space with (v, )-metric F*™ such that
(17) is satisfied along F*(=1) and then b; is tangential to both the hypersurfaces

F=1) gnd pr(n=1)

The quantities Bf* are uniquely defined along F*(n=1) 1y
B = g**%g5; By,
where g**” is the inverse matrix of gnp- Let (Bf*, N}) be the inverse matrix of

(B!, N*%), then we have

BiB¥ =68  BLNf=0, N*N;f=1.
Furthermore B}, B;* + N*'N* = §%. We also get N;* = g;;N*/ which in view of (7),
(10) and (21) gives

We denote the Cartan’s connection of '™ and F*" by (ij, Nj’f, C]’k) and
(F3%, Nj*, C37) respectively and put D}, = Fjil — Fj; which will be called difference

tensor. We choose the vector field b; in F'™ such that
(23) Dy = Ajpb’ — Byl
where A;j, and B, are components of symmetric covariant tensors of second order.

Since b; N* = 0 and N;I* = 0, from (23) we get NiD;-k = 0 and N; D}, = 0. Therefore
from (5) and (22) we get

(24) H! = \/pH,.

If each path of a hypersurface F("~1) with respect to the induced connection is also
a path of the enveloping space F™ then F(™1) is called a hyperplane of the first
kind. A hyperplane of the first kind is characterized by H, = 0 [4]. Hence from
(24) we have:
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Theorem 4.1. Ifb;(x) be a vector field in a Finsler space F™ satisfying (23) then a
hypersurface F=1 is a hyperplane of the first kind if and only if the hypersurface
F*(=1 s a hyperplane of the first kind.

Next contracting (14) by B! N*J N*¥ and paying attention to (21),
Ma = ijkB(ileNka
a;N* =0, ;N' =0, hjrN'N*¥ =1 and h;;BL N7 = 0, we get

(03

1 .
25 M: =M, — —P,B.,.
( ) 2p2 «
From (5), (22), (23), (24) and (25) we have
* 1 3
(26) r5 = VP{Hap — ﬁPiB&Hﬁ}.

If each h-path of a hypersurface F(~1) with respect to the induced connection is
also h-path of the enveloping space F", then F("~1 is called a hyperplane of the
second kind. A hyperplane of the second kind is characterized by H,g = 0 [4].
Since Hyp = 0 implies that H, = 0 from (24) and (26) we have the following:

Theorem 4.2. Ifb;(x) be a vector field in a Finsler space F™ satisfying (23) then a
hypersurface F("=Y is a hyperplane of the second kind if and only if the hypersurface
F*=1) s a hyperplane of the second kind.

Finally contracting (14) by BéBéN*k and paying attention to (6), (19), a;N* = 0
and h;; B N7 = 0, we have

(27) M;,H = \/ﬁMaﬁ'
If the unit normal vector of F("~1) is parallel along each curve of F("~1 then

F(=1 i called a hyperplane of the third kind. A hyperplane of the third kind is
characterized by Hog =0, Myz =0 [4]. From (26) and (27) we have:

Theorem 4.3. Ifb;(x) be a vector field in a Finsler space F™ satisfying (23) then a
hypersurface F™=1) is a hyperplane of the third kind if and only if the hypersurface
F*=1) s a hyperplane of the third kind.
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