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ABSTRACT. In this short paper we show that generically if f is tame and non
uniformly hyperbolic on the its periodic points, then averge shadowing property

and hyperbolicity are equivalent.
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1. INTRODUCTION

Hyperbolic dynamics characterized by the presence of expanding and contracting
directions for the derivative. This is a situation where the differential alone provides
global information about the dynamics. The hyperbolicity theory has many applica-
tions within other theory in dynamical systems such as chaos theory and structural
stability. It also serves to show the important notions that motivate the study of
nonuniform hyperbolicity. In fact, it is the theory of nonuniformly hyperbolic dy-
namical systems that in applications provides the mathematical foundation of the

theory of chaos. One of the important tools in dynamical systems is the shadowing

JOURNAL OF DYNAMICAL SYSTEMS & GEOMETRIC THEORIES
VOL. 12, NUMBER 1 (2014) 11-17.
© @'I‘mu PuBLicaTions e Taylor & Francis

Taylor & Francis Group
11



12 ALIREZA ZAMANI BAHABADI

property. In [15] has been shown that hyperbolic basic sets have the shadowing
property. So many authors studied about more shadowing-type properties which
relate to the hyperbolicity, for example see [8-14]. Recently some authors try to
obtain hyperbolicity from the non uniformly hyperbolicity on periodic points. For
example, A. Castro and et al in [19] obtained by nonuniformly hyperbolic periodic
points, the uniform hyperbolicity and the shadowing property had an important
rule in their theorems. A well-known kind of the shadowing property is average
shadowing property (ASP) introduced by Blank [3] and studied by Sakai [9] in a
greater detail. It is a natural question, how we can address relation between ASP
and hyperbolicity. Some authors try to answer this question. For example, Sakai [9]
proved that on a closed C™ surface, the C! interior of the set of all C! diffeomor-
phisms with the average shadowing property is characterized by the set of Anosov
diffeomorphisms. Arbieto and Ribeiro [2] extended the work of Sakai for flows and
showed that the interior of the set of flows with the average shadowing property
on a three-dimensional closed manifold is formed by transitive Anosov flows. We
studied the work of Sakai for conservative diffeomorphisms in a higher dimention
and obtained dominated splitting for these systems (see [5]). In this context, for
conservative flows and hyperbolicity see [17]. Here we are interest to know the re-
lation between ASP and hyperbolicity C' generically. So what happen for systems
having ASP generically? In [20] we showed that in a manifold with dimention three,
generically if a diffeomorphism f is tame and has the average shadowing property,
then f is Anosov or there is a non-hyperbolic ergodic measure with support on the
whole of the manifold M. In this short paper we show that generically if f is tame
and non uniformly hyperbolic on the its periodic points, then average shadowing
property and hyperbolicity are equivalent. In section 2, some basic terminology and

main results are presented. The proofs are given in section 3.

2. SOME BASIC TERMINOLOGY

Let (X, d) be a compact metric space and let f : X — X be a homeomorphism
(a discrete dynamical system on X). A sequence {x,}nez is called an orbit of f,
denote by o(z, f) , if for each n € Z, 2,41 = f(z,) and is called a §-pseudo-orbit
of fif

d(f(xzn), Tns1) < 6,Yn € Z.
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A map f is called chain transitive if for any x,y € X and for every ¢ > 0, there exists

an e-pseudo orbit (e-chain) from z to y. For given 6 > 0, the sequence {x;}5°___ in
X is called é—average-pseudo-orbit of f if there exists a positive integer N = N (9)

such that for all n > N and k € N, we have
n—1

% D d(f(@ipr), Tisrs1) <6,

=0

and
1 n—1
I Z d(f(T—itk), T—itrt1) <0
i=0

We say that f has the average shadowing property (ASP) if for every € > 0 there is

oo
1=—0Q

d > 0 such that every d-average-pseudo-orbit {z;} is e—shadowed in average

by the orbit of some point y € X, that is
1 n—1
lim sup — d(fi(y), z;) < e,
sup ; (F'(w), )

and

: 1
lim sup ; d(f"(y),z—i) <e
Throughout this paper, N.(z) denotes the open ball with center z and radius €. It
is well known that if f has ASP, then f™ has ASP for every positive integer n.

Let M be a smooth compact manifold of dimension d. We denote by Diff' (M) the
space of all C! diffeomorphism endowed with C' topology. We say that a compact
invariant set A is hyperbolic if there is a D f-invariant splitting ThAM = E° & E* of
the tangent bundle restricted to A and a constant A < 1 such that (for some choice

of a Riemannian metric on M) for every z € A
IDf | Ezll <A

and

IDFH B < A
f € Diff' (M) is said to be Anosov if M is a hyperbolic set for f.
A periodic point p of period k is a hyperbolic periodic point if the derivative of f*
at p has no eigenvalue with norm equal to one. If all of the eigenvalues of D f*(p)
are less (greater) than one, then p is sink (source). If p is sink, then an open
neighborhood of p is absorbed by p. Such neighborhood is called basin of p. the

hyperbolic periodic point p which is neither sink nor source is called saddle.
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For the diffeomorphism f and the point & € M, the stable and unstable sets of x

are given by
We(x) = {y € M : d(f*(x), f*(y)) = 0 as k — +o0}

and
W(z) = {y € M : d(f*(z), f*(y)) — 0 as k — —oc},

respectively. Let O(p) be a hyperbolic periodic orbit of diffeomorphism f, then the

homoclinic class of O(p) is the set

H(p, f) = W#(O(p)) h W=(O(p)).

A compact invariant set A admits an (I, A\)-dominated splitting for f if there exists

a decomposition Ty M = F @ G and a number A < 1 such that for every x € A:

I D 1 r@ Il D e ll< A

A property P is said to be generic for elements of a topological space M if the
set of points x € M satisfying P is residual, i.e, it includes a countable intersection
of open and dense subsets of M.

Every C'-generic diffeomorphism comes in one of two types: tame diffeomorphisms,
which have a finite number of homoclinic classes and whose nonwandering sets ad-
mits partitions into a finite number of disjoint transitive sets; and wild diffeomor-
phisms, which have an infinite number of homoclinic classes and whose nonwander-
ing sets admit no such partitions. For a greater detail, see [7].

As we mentioned earlier, we consider the problem of the relation between ASP and
hyperbolicity generically. We prove the following theorem. Let M be a compact
manifold . There is a residual subset R C Dif f'(M) such that if f € R is tame
and is NUH on Per(f), then the following two conditions are equivalent:

(1) f has average shadowing property

(2) f is Anosov.

3. PROOF OF THEOREM 2.1

Remark that ASP has no sources and sinks [20]. If f € dif f*(M) has ASP,
then f has no sink and source.
There is a residual set Ry C Dif f'(M) such that every f € R; satisfies the

following properties:
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(1) Per(f) = Q(f) [18],

(2) any ergodic invariant measure p of f is the limit of a sequence of ergodic
invariant measures supported by periodic points [6].

(3) A compact f-invariant set A is chain transitive if and only if A is the Haus-

dorff limit of a sequence of periodic orbits of f [4].

We say that f is non uniformly hyperbolic (NUH) on a set H C M if there is A > 0
and invariant splitting TM = E @ F such that for each z € H,

n-1
1 )
I inf 1 D i < =\
imin - ; og || f(f (x))lE(fi(I))”
1
lim inf — 1 D i > A
imin - Z og || f(f (x))\p(fi(m»H

i=0
We say that f is NUH on Per(f) if in the above definition H = Per(f).
Now we prove the main theorem.

Proof of Theorem 2.1 This is well known that hyperbolicity implies average
shadowing property. Therefore we just need to show that generically if f is tame
and is NUH on Per(f) and ASP, then f is Anosov. Let Ry be as in Lemma 3.2.
Consider f € R; is tame and has ASP. It is well known that M is chain transitive
for any ASP (see [16]). So by Lemma 3.2, there are hyperbolic saddles {p,} such
that lim,, oo H(pn, f) = M. Note that f has neither sink nor source. Since f is
tame, then it has finite homoclinic classes which implies that M = H(f,p) for some
hyperbolic saddle point p. On other hand this is proved in [1] that there is a residual
set R' C Diff'(M) such that for f € R’ any chain transitive ¥ has a dominated
splitting or else it is contained in closure of infinite numbers of periodic sinks or
sources. Put Ry = R'NR;. If f € Ry is tame and has a ASP, since M = H(p, f) for
some hyperbolic saddle point p and f has neither sink nor source so f has dominated
splitting TM = E@ F. Suppose that f € Ry is tame and has ASP and is NUH
on Per(f). We can see that Per(f) = M. To complete the proof of Theorem, it is
enough to show that Df is contracting on E and Df is expanding on F'. Suppose
that f is not expanding on F, so there exists b € M such that || D f*|p@ || < 1 for
every k € N. Let p be accumulation point of sequence {1 Zi;(l) dpipy : | € N}
Since {D f*|p@)|| < 1 for every k € N, so we have

/log 1D S| @ lldp < 0.
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By the ergodic decomposition theorem, there is an ergodic measure v such that

/log D f|p@)lldv < 0.

We can take a sequence of ergodic invariant measures {v,,} supported by periodic

points p, and v, — v in weak™® topology. So we have

Jin [ og |Dfle(oldv, = [ og DSl

On the other hand we have

m 1
1 & i
/IOgHDﬂF(z)Han = > 1og IDf (£ (n) 2 (rian -
" =0

where m,, is the period of p,,. Remark that we can assume m,, — oo as n — oc.
Since f is NUH on Per(f), we have lim,_.o [log||Df|p()lldvn > 0. There-
fore [log||Df|r)lldv > 0, which is a contradiction. We can see similarly Df is

contracting on E. Therefore f is Anosov.
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