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ABSTRACT. In this paper we present a new concept of w—limit set and at-
tracting set. Relative semi-dynamical system and some of its properties are
presented. Relative semi-attractor set is considered. semi-attractor is a natural

generalization of the concept of attractor in the work of Huang Tusen [9].
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1. INTRODUCTION

Attractors have played a major role in natural and scientific phenomena. This is
why attractors have received many attentions in the recent years from researchers
who studying dynamical systems. Many works have been considered from different
points of view, an interested reader may see [1, 3, 9, 10, 11], for details.

Let X be a compact metric space, Y C X, and f : X x R — X be a flow on

X. w(Y, f) is defined as a maximal invariant set in the closure of Y.[0, 00) and it is
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called w—limit of Y. A set A is called an attracting set if there exists a neighborhood
N of A such that A = w(N, f).

Many efforts have been taken in recent years to consider relative dynamical systems
and their properties [5, 6, 7, 8].

In a relative dynamical system, we have an observer u, which is a function: pu :
X —[0,1]. It’s well known that if ;1 is an observer then a topology 7, of the family
of the subsets of p can be defined accordingly [6, 8].

In this work we try to define limit sets on relative topology. We use of this concept
to define relative attractors for relative dynamical systems.

The significant result of this study is that the given definition for relative attractors
is in direct connection with that of [9], and more generally, generalizes it. This work
ends with questions: In what conditions components of an relative attractors are
relative attractors themselves? And conversely When the union of several relative
attractors build up a relative attractors?

In this direction Tusen has been considered some properties of attractors and qusi-
attractors [9]. In this paper we are going to present attractors based on relative
topology [6, 7]. In fact (X, 7,) is called a relative topological space and members

of 7, are called p-open sets.

2. NOTAITONS

In this section we give some definitions and lemmas which are necessary in the
following sections.
Let X be a compact metric space with metric p. The metric on X x X is denoted
by p also. For Y C X, CI(Y) denotes the closure of Y.
Flows on X are denoted by f : X x R — X such that f(z,0) = z and f(z,s+1) =
f(f(x,8),t).
ForYCXand JCR, Y- -J=f(Y xJ). AsetY isinvariant under fif Y- R =Y.
Definition 2.1. [4]. A dynamical system is a pair ({f*}s>0,X), where X is a
state space and f®: X — X is a family of evolution operators satisfies the following
properties:
i)f° = id, where id is the identity map on X.
i) ft¢ = ftof*. It means that

£ () = (@)
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forall z € X and t,s > 0.
Definition 2.2. [1]. For Y C X, w(Y, f) is defined to be the maximal invariant
set in the closure of Y - [0, 4+00]. This set is called the w—limit set of Y.

The set w(Y,, f) can be expressed by (\{Cl(Y[t, +00))|t > 0}. ForY = {z}, w(z, f)
is the usual w—limit set of z.
Definition 2.3. [1]. A set A is called an attractor for f if A admits a (closed)
neighborhood N such that A = w(N, f).

Let {X,7} be a topological space and f : X x R — X be a flow. If we define
f5(z) = f(s,z), then ({f*}s>0, X) is a semi-dynamical system.
In this study we assume that the relative sets are members of L, where L is [0, 1]
and X is a non-empty set.

Definition 2.4. [6]. An observer of a set X is a function p: X — [0,1].

Definition 2.5. Let u € L¥ and 7, be a collection of the elements of L¥ which
are contained in pu(X\ € 7, implies A C p). If 7, has the following properties: [8]

i) p, xp € T4, where xp(z) =0, for all z € X.

ii) If A1, Ag € 7, then Ay N Ay € 7, where Ay N A2 : X — [0, 1] is defined by
(A1 N A2)(z) = min{ A (x), Aa(x)}.

iii) If {\y | v €T} C 7y, then |J . Ay € 7, where A, : X — [0,1] is defined
by UMy (z) = sup{Ay(z) | v € T'}. Then 7, is called a p—relative topology for 4

vyel’

and elements of 7, are called p—open sets.

Example 2.6. [8]. Let X be the set of all differentiable real valued functions on
(1,00) with positive derivative of order one and let L be the set of all real valued
functions on (1, 00), consider u : X — L by p(f) = f'+e*. For non-negative integer
n defining A" : X — L by (A"(f))(z) = f'(z) + X1, %

If 7, = {1, x¢, A" : n=0,1,2,...}, then (i, 7,) is a relative topological space.

Note that A" N A™ =A™, A" U A™ = A" whenever n > m.

Let A C pand M : X — [0,1] be a function defined by M (z) = p(z) — A(z).
Then A is called relative closed set if \* is relative open set, i.e. A € 7, [6].
Definition 2.7. [8]. Suppose (i, 7,) and (v, 7y) are two relative topological spaces,
where p € [0,1]% and v € [0,1]Y. Then a mapping f: X — Y is called
(1, y)-continuous if: f~1(n) N p € 7, for all n € 7, where f~*(n)(z) = n(f(x)).
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Let (X, 7,) be a relative topological space and ({f°}s>0,X) be a collection of
functions on X with the following conditions:

i) f9(z) = ; for every z € X.

i) f5*(z) = f5(f(z,t)) = f(x,s +t); for every s,t > 0.
Then ({f°}s>0, X, 7.), is called a relative semi-dynamical system.
x ifx>0
-1 ifz<0’
and let 4o : [~1,1] — [0, 1] be the constant function p(x)%, where = € [-1,1]. More-
over let 7, = {A C p: A(z) =0if 2 <0}U{xg, 1}. Then (f, [—1,1],7,) is a relative

Example 2.8. [6]. Let f : [0,1] — [0, 1] be amap defined by f(z) = {

semi-dynamical system.

3. RELATIVE INVARIANT SETS

In this section, the invariant sets for ({f*}s>0,X,7,) and their properties are
considered at first, and what comes next is the concept of closure of a relative set.

In this paper, X denotes a nonempty set.

Definition 3.1. Let 7 C p be an observer in 7,. We define the observer f*(n) by
f2n)(@) == sup({n(y) | f*(y) = x},{0}), where s € R*.

Definition 3.2. Let n C u, n is invariant under f if f*(n) C .

In the following lemma, one of the properties of relative topology which we need

in Definition 3.7 and it’s next proposition is considered.
Lemma 3.3. Any finite union of relative closed sets is a relative closed set.

Proof. Let A1, A2 are two relative closed sets. So A\, Ay € 7, then AM{ N Ay € 7,,.
We show that (A} N AY)(z) = (A1 U X2)#(x), for all z € X. If (A N AY)(z) = N (x)
then \{'(z) < Ay(x), so Aa(x) < Ai(x). Therefore (Ay U A2)(xz) = Ai(x). Then
(A1 U X2)H(z) = M (z) = (N N AY)(z). Without loss of generality this prove that
M N AL = (A UXg)#. So the union of two relative closed sets is a relative closed

set. By induction any finite union of relative closed sets is a relative closed set. [J

We recall [5] that the ”intersection of all relative closed sets  such that A C
is called the closure of A and denoted by A. One must pay attention to this point

that in the observational approach X is not necessary a subset of A”.

Lemma 3.4. If A\;, Ay are two observers then A\; U Ay = Ay U Aq.
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Proof. Suppose A\ Uy = mier v; where A\ U Ag C ~; and ~; are relative closed
sets, for all i € T'. Therefore Ay C 7; and Ay C ; for all i € T, so Ay C (), i and
A2 C ﬂieF 7i- Then Ay U Xy C nier Yi-

On the other hand, we show that A; U X2 C A\ U dg. If Ay U Ay is not a subset of
A1UMg, then there exist ¢ € [0,1] and z € X such that A\; U Xg(x) >t > (A U2)().
So there exist relative closed sets 71 2 A; and 2 D Ay such that ¢t > ~v1(x) and
t > yo(x). Thus A\; U Xa(z) >t > (71 U7z)(x) which is a contradiction. By Lemma

3.3., 71 U s is a relative closed set containing A; U As. O

In order to prove Proposition 3.8., we need the following lemma.

Lemma 3.5. Let {n;}ien € 7, then f*(U;cn i) = Usen £2 ().

Proof. We first show that f(n Ung) = f5(m1) U f°(n2). Let z € X and

fEim)(x) = t1, f5(n2)(z) = t2. Without loss of generality suppose that t; < to.
This implies that if f*(y) = « for some y € X, then n;(y) < t; < t3 and na(y) < to
and therefore (n; Un2)(y) < t2. Hence f*(n1 Ung)(z) < t2. On the other hand if
u < tg, then there exists y € X such that f*(y) =z and u < n3(y) < to.

So u < f5(n1 Ung)(x) <ty for all u < to. Hence

fPmUng) (@) = ta = f>(m) U f*(n2)(2).

Then f*(mUnz) = f*(m)Uf*(n2). Therefore by induction f*(U;_, m:) = Ui—, f*(m:)
for all n € N. Now we prove the equality for infinite union.

Since (J;Zy ni 2 UiZy mi then f2(UiZy mi) = f2(UiZy mi)- So f2(UZymi) = UiZy £2(mi)
for all n € N. This implies that f*(U;=, m:) > Uiey ().

Conversely, if [ J;2, f(n;) is not greater or equal than f*(|J;=, 7;) then there exist
z € X and ¢t € [0,1] such that f5(Uso, mi)(x) > t > Uj=y f5(m:)(x). Therefore
there exists y € X that f5(y) = z and (U;=, m:)(y) >t > f(m;)(x) for all i > 1.
So there is a k € N that ng(y) > t > f*(m)(x) for all ¢ > 1, and this implies
that nx(y) >t > f°(nx)(z), where f°(y) = x. By definition of f*(n)(z) this is a

contradiction. O

The first question which comes into mind is that; What sets are relative invari-

ant?

Proposition 3.6. If 71,72 are two invariant observers. Then their union and

intersection are invariant observers.
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Proof. Since 1, and 7, are invariant observers then f%(n;) C m; and f5(n2) C ne.
So f(n1) U f5(n2) € n1 Ung. Therefore it is sufficient to show that

frmUmz) C f2(m) U fo(nz). I fom Umnz)(z) > (f°(m) U f*(n2))(x), for some
x € X, then there exists ¢ € (0,1) such that f(n1 Una)(z) > t > (f*(m)(z)
and f2(m Un)(z) >t > (f*(n2)(x). So there exists y € X such that f*(y) =«
and (m U n2)(y) > t. Suppose n1(y) = max{ni(y), n2(y)}. This implies that
n(y) >t > f5(n)(x) that is a contradiction based on the definition of f*(n;)(x).
So fo(m Umz) € f5(m) U f*(n2) € m Un.

Now we show that f*(n1 Nn2) C m Nne. If A C ~ then for every y € X, A(y) <
Y(y). So sup {Ay) | f°(y) = =} < sup{y(y) | f°(y) = x}. This implies that
f5(A) € f2(v). Since m Mg S 11 and 11 N C g, then f5(m Nnz) € f*(m) and
f2(m Nma) C f2(n2). Then f5(m Nimz) € £2(m) N f2(n2) € m N na. O

We need to define the limit sets for relative semi-dynamical systems. w—limit

set and their properties are defined in various ways, for example, see [9].

Definition 3.7. Let 7, be a relative topological space. For nn C p, wy(n, f) is
thO USZt fs(n) For 77(950) = Xazo € [07 1]7 we have
wu((0), f) = Mizo Usze 2 (0(20))-

In the following proposition, some properties of w,,—limit sets are presented.

Proposition 3.8. i) Let 7; C p, w, (Ul mi, f) = Uiy wu(mi, f)-
ii) If n1 C m2, then wy (1, f) C wu(n2, f).

Proof. i) Lemma 3.5 implies that f*(U_;n;) = U f*(n;) for all n € N. Also by
Lemma 3.4. U M = U T

So Uszt fe (Uz‘:1 ni) = Uszt U?:l f5(ni) = U?:l Uszt f5(mi) = U?:l UsZt f2(m3).
Therefore w,, (UiZy 7, f) = UiZy wu (i, f)-

i1) If m1 C no, then for every y € X, m(y) < n2(y). So

sup {m(y) | £°(y) = 2} < sup{m(y) | f*(y) = z}.

This implies that f°(n1) C f*(n2) and therefore f*(n1)(z) C f*(n2)(x), for all z €
X. Hence (U5, f*(m))(x) = sups>f*(m))(x) < sups>1f*(n2)() = (U 12 (m2)) ().
It follows that Uszt f5m) € U, >t f5(n2). So ﬂt>0 U‘;Zt f5(m) € ﬁtzo Uszt f5(n2),
because (o Uy 2(m))(2) = infrzo Uz, f2(m)(2) < infizo U5, f2(02)(2), for
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all z € X.
Hence wy, (1, f) C wy(n2, ). H

4. THE RELATIVE SEMI-ATTRACTOR

The notion of attractor set have extended from different ways [1, 3, 9]. We would

like to present a relative extension of it.

Definition 4.1. If ({f*}s>0, X, 7,) be a relative semi-dynamical system. A C p is
called relative semi-attractor if there exists relative open set 7, such that A Cn C
and w,(n, f) = A

This definition is the natural generalization of the concept of attractor which was
introduced at first by Huang Tusen [9]. If p = xx , 7, = {xv | U € 7} then A is
an attractor, if there exists a closed set as N such that x4 = (V,50Ug>: f5(XN)-

We first prove the following lemma in order to prove the claim we just made.

Lemma 4.2. Let ({f*}s>0,X) be a semi-dynamical systems and ({f*}s>0, X, 7,,)
be a relative semi-dynamical systems, where 7, = {xy|U C X is an open set in
metric space (X, p)}. Then the following properties hold:

i) A C B if and only if x4 C xp in relative topology (X, 7).

1) The set A is an open(closed)set if and only if x4 is a relative open(relative
closed) set.

iii) If Cl(B) = C then X5 = xc-

iv) Let N C X, if N - [t, +o0) = C then 5, f*(xn) = Xxc-

Proof. The proof of parts ¢ and i are clear by their definitions.

iii) Suppose {B; };cr is the family of all closed set containing B, such that Cl(B) =
ﬂiel B;. If xg C xp, where xp is a relative closed set, then B C D and D is a
closed set. So there exists ¢ € I such that D = B;. Thus {xz, }ics is the family of
all relative closed set containing xp. So X5 = [\;c; XB, = X,e; Bs = XC-

iv) Let © € N-[t,400). Then there exist n € N and s € [t, 00) such that z = f(n, s).
So & = f*(n), then sup({xn (4) | f*(y) = 2}, {0}) = 1.

Therefore f*(xn)(z) =1 and consequently

Usst P 00)(@) = 1. 80 xo € Uys, £*(x). Comversely if Uy, £*(xn)(@) = 1
then we can find s > t such that f*(yn)(x) = 1. So there exists n € N such that
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f#(n) = x consequently f(n,s) = z. Therefore x € N - [t,+00) and = € C. This
implies that U, f*(xn) € xc- O

Theorem 4.3. Let ({f*}s>0, X) be a semi-dynamical systems and ({f*}s>0, X, 7,)
be a relative semi-dynamical systems, where 7, = {x¢|U C X is an open set in
metric space (X,p)}. Then A C X is an attractor for a semi-dynamical system
({f*}s>0,X) if and only if x4 is a relative semi-attractor for the relative semi-

dynamical system ({f*}s>0, X, 7).

Proof. We prove the necessity, the proof of sufficiency should be done in a similar
way.

Suppose A is an attractor set and w(N, f) = A. We show that w,(xn, f) = xa.
Let © € A. Since w(N, f) = [{CUN - [t,+0))|t > 0}, then x € CI(N - [t,+00))
for all t > 0. If B is a closed set contain N - [t,+00) then 2 € B and by Lemma
4.2. xp is a relative closed set contain (J s, f*(xn). So m(x) =1 for
all ¢ > 0. This implies that [, m(m) =1,50 x4 ;>0 m
On the other hand, if ;5o U.>; f*(xn)(z) = 1 then >, f*(xn)(z) = 1 for all
t > 0. So xp(x) =1 for all relative closed set containing Oszt f?(xw) then x € B
for all closed set B containing N - [t,4+00). Therefore z € CI(N - [t,4+00)) for all
t > 0. Then z € ({CIU(N - [t,+00))[t > 0}, so z € w(N, f) = A. This prove that

ﬂtzom C xa. Hence w,(nn, f) = xa. 0

Example 4.4. Let X = [0,00) and let u(x) = e~*. Suppose n,, : X — [0,1] is

the observer n,(z) = e " for n > 2 and A : X — [0, 1] is the observer

1 ifz=0,
AMz) =
0 ifz>0.

Then 7, = {nn, A, 1, xg/n > 2} is a relative topology. Let f* : X — X be a
map defined by f°(x) = 27°z we show that w,(n,, f) = A for every n > 2. Let
x € X and n > 2 then f*(n,)(x) = sup{n.(¥)|f*(y) = x} = nu(2°2), therefore
() () = e~™("®) This implies that Usst [ (mn(2)) = e ™2') for all t > 0. So
wu (M, f) = A.

The existence of a relative semi-attractor is an important problem in the study
of properties of a relative semi-dynamical system. By definition of relative semi-

attractor and Proposition 2.6., every relative semi-attractor is invariant. Obviously
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wy (s f) = . Therefor xg, it are both relative semi-attractors for f, with observers

X0, XX, respectively. xp, i are called trivial relative semi-attractors.

Theorem 4.5. Let A\ U Xy = X\ and Ay, A2 be two relative semi-attractors for f,

then A is a relative semi-attractor for f.

Proof. Since w,(n1, f) = M, wu(n2, f) = A2 then according to Proposition 3.8.,
AU = wy(n, fUwu(me, f) = wu(mUng, ). Since Ay €y C pand Ay S C p
then Ay UXs C 1y Ume C p. Because

max{A1(z), Aa(x)} < max{n (z),n2(x)}, for all z € X. O

5. CONCLUSION

The most significant result of this study is a new definition for invariant sets and
w—limit sets, as well as considering their properties. Two questions remain here
unresolved, and therefore may be considered as a future study.

The first one is to see; Whether or not a relative attractor is invariant set according
to the Definition 3.2.7 We guess that someone can answer this question affirmatively
using the Lemmas 3.5. and 3.6. The second question is that Whether the converse
of the Theorem 4.5 is true, or not? If isn’t true it would be interesting to investigate
what conditions have to be hold under which the converse of the theorem makes

sense.
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