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ABSTRACT. In this paper we investigate the expressions of the Ricci tensors
and scalar curvatures of warped product manifold with respect to the bases and
fibres when warped product manifold is a mixed super quasi-Einstein manifold.
In some cases we give some obstructions to the existence of such manifolds and
in the last section we give an example of warped product on mixed super

quasi-Einstein manifold.
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1. INTRODUCTION

A Riemannian manifold (M, g) with dimension (n > 2), is said to be an Einstein

manifold if the following condition

S(XvY) - %g(X,Y),
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holds on M, where S and r denote the Ricci tensor and the scalar curvature of
(M, g) respectively. The notion of quasi-Einstein manifold was defined in [1]. A
non-flat Riemannian manifold (M,g), (n > 2) is defined to be a quasi-Einstein

manifold if the condition

S(X,Y) = ag(X,Y)+6p(X)p(Y),

is fulfilled on M, where a and ( are scalars of which 3 # 0 and p is non-zero
1-form such that g(X,€&) = p(X) for all vector field X. We call p the associated
1-form and € is called the generator of the manifold. In this paper we consider £ as

a unit vector field.

In [2], Chaki introduced super quasi-Einstein manifold, denoted by S(QE), and
gave an example of a 4-dimensional semi Riemannian super quasi Einstein mani-
fold, where the Ricci tensor S of type (0,2) which is not identically zero satisfies the

condition

S(X,Y)=ag(X,Y) + BAX)AY) +v[A(X)B(Y) + A(Y)B(X)] + éD(X,Y),

where «, 3,7, are scalars such that 3,~,d are nonzero and A, B are two nonzero

1-forms such that

9(X,&) = A(X) and g(X, &) = B(X),

&1, & being unit vectors which are orthogonal, i.e., g(&1,£2) = 0 and D is a sym-

metric (0,2) tensor with zero trace which satisfies the condition
D(X,&) = 0, VX € x(M).
Here a, 3,7,6 are called the associated scalars, and A, B are called the associ-

ated main and auxiliary 1-forms respectively, &1, & are called the main and the

auxiliary generators and D is called the associated tensor of the manifold.
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In [3], A. Bhattacharyya, M. Tarafdar and D. Debnath introduced the notion of
mixed super quasi-Einstein manifold, denoted by M S(QF),, with an example. A
non-flat Riemannian manifold (M™, g), (n > 3) is called mixed super quasi-Einstein
manifold if its Ricci tensor S of type (0,2) is not identically zero and satisfies the

condition

S(X,Y) = ag(X,Y) + BAX)A(Y) + ¢B(X)B(Y) +~v[A(X)B(Y) + A(Y) B(X)]
+OD(X,Y),

where «, (3, 0,7,0 are scalars such that (3, 0,7, are nonzero and A, B are two

nonzero 1-forms such that
9(X, &) = A(X) and g(X, &) = B(X),

&1, &2 being unit vectors which are orthogonal, i.e., g(£1,£2) = 0 and D is a sym-

metric (0,2) tensor with zero trace which satisfies the condition

Here «, 3, 0,7, are called the associated scalars, and A, B are called the asso-
ciated main and auxiliary 1-forms respectively, &1 , & are called the main and the

auxiliary generators and D is called the associated tensor of the manifold.

The notion of warped product generalizes that of a surface of revolution. It was
introduced in [4] for studying manifolds of negative curvature. Let B = (B,,, g5)
and F = (F,gr) be two Pseudo-Riemannian manifolds of dimensions m > 1 and
k > 0, respectively and also let B x F' be the usual product manifold of B and F.
Given a smooth function f € C3y(B) = {f € C>(B) : f > 0}, the warped product
M=Bx;F=((BXfF)mir:9u =95+ f?gr). Here B is called the base of M
and F' the fiber [5]. A warped product B x; F' with a constant warping function f

can be considered as a Riemannian product.

In this paper we investigate when an warped product manifold is a mixed super
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quasi-Einstein manifold and super quasi-Einstein manifold and we give the expres-
sions of Ricci tensors and scalar curvatures for the bases and fibres. In some cases
we give some obstructions to the existence of such manifolds. We denote by Ricg,
Ricp, and HY the lifts to M of the Ricci curvature of B and F, and the Hessian of
f, respectively. Then we have the following from [5,6]

Proposition 1.1. The Ricci curvature Ric of the warped product M = B x¢ F
with k = dimF satisfies

(1) Rie(X,Y) = Ricg(X,Y) - FH/(X,Y),

(2) Ric(X,V) =0,

(3) Ric(V,W) = Ricp(V,W) — g(V,W) f#, f# = =2L + ESL|V f|2 for any horizon-
tal vectors X, Y (that is X,Y € 7(T'B)) and any vertical vectors V, W (that is
V,W € 7(TF)), where H' and Af denote the Hessian of f and the Laplacian of f
given by Af = —tr(H/'), respectively.

Proposition 1.2. Let M = B x; F' be an warped product. Then the scalar

curvature of M is given by

TF Af Vf[?
TM:TB—FP—ZkT— .

K= 1)

2. MIXED SUPER QUASI-EINSTEIN WARPED PRODUCTS

Let M = B xj F be an warped product manifold with f € CZ,(B) and the
metric gar = gg + f2gr which is also a mixed super quasi-Einstein manifold. That

means its Ricci tensor satisfies

Riey(X,Y) = agu (X, Y)+BAX)A(Y)+0B(X)B(Y)+7v[A(X)B(Y)+A(Y)B(X)]
+0D(X,Y). (1)

Using the above formula we want to compute the Ricci tensors of B and F'. To find
out this we will consider the following two cases: when &; is tangent to B and when

&, is tangent to F'.

Theorem 2.1. Let M = B x; F' be an warped product manifold which is also a
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mixed super quasi-Einstein manifold. Then the following conditions hold

i) When &; is tangent to the base B then the Ricci tensors of B and F satisfy

the following conditions

Ricp(X,Y) = agp(X,Y) + §H/(X,Y) + Bgp(X,U)gp(Y,U) + dDp(X,Y),
Ricp(X,Y) = gr(X,Y)[af? = fAf + (k= 1)|AfPP] + 09r (X, V)gr(Y, V)
+6Dp(X,Y).

(2)

ii) When &; is tangent to the fibre F' then the Ricci tensors of B and F' satisfy the

following conditions

Ricp(X,Y) = agp(X,Y) + LHI(X,Y) + 0g5(X,V)gs(Y.V) + 6Dp(X,Y),
Ricp(X,Y) = gr(X,Y)[af? = fAf + (k= DIASP] + Bfgr(X,U)gr(Y,U)
+6Dp(X,Y).

(3)

Proof:

i) For XY € 7(T'B), we have from equation (1), Ricy(X,Y) = agp(X,Y) +
Bgp(X,U)gp(Y,U)4+0Dp(X,Y). Then using the equation Ricp(X,Y) = Ricg(X,Y)
— ?H f(X,Y) from proposition (1.1) and applying the above two equations we
get the first result of equation (2). For X,Y € 7(TF) we have from equation
(1), Ricp(X,Y) = af?gr(X,Y) + 097 (X, V)gr(Y,V) + 6Dp(X,Y). Then using
equation (3) of the proposition (1.1), we can write, Ricy(X,Y) = Ricp(X,Y) —
fPor(X, Y)(fTAf + 251V f|?). Then from these two equations we get the second

f
result of equation (2).

ii) For X,Y € 7(T'B), we have from equation (1), Ricy(X,Y) = agp(X,Y) +
098(X,V)gp(Y,V)+dDp(X,Y). Then using the equation Ricp(X,Y) = Ricp(X,Y)
— %H f(X,Y) from proposition (1.1) and applying the above two equations we get
the first result of equation (3). For X,Y € 7(TF) we have from equation (1),
Ricy (X,Y) = af?gr(X,Y) + Bfigr(X,U)gr(Y,U) + 6Dr(X,Y). Then using
equation (3) of the proposition (1.1), we can write, Ricy(X,Y) = Ricp(X,Y) —
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fPor(X, Y)(_TM + %\Vf\z). Then from these two equations we get the second

result of equation (3).

From the above theorem we can give the scalar curvatures of M, B and F.
Corollary 2.1. Taking the traces of theorem (2.1) we get the scalar curvature of
M, B and F of the different cases. For the first case, we get
i)
™ = (m+k)a+ [+ o,
TB:ma—k%—l—@ (4)
e = k[—fAf + (k= DIVf> + af?] + o.

For the second case, we get

ii)
™ = (m+k)a+ [+,
TB:ma—k%—k@ (5)
TP = k[—fAf + (k= 1)|Vf|?> + af?] + B

3. OBSTRUCTIONS TO THE EXISTENCE OF MIXED SUPER QUASI-EINSTEIN

WARPED PRODUCTS

In this section we prove some obstructions to the existence of mixed super quasi-
Einstein warped products. Here we consider two cases, first £; is tangent to the base
B and secondly &; is tangent to the fiber F'. Now we prove the following theorem,

when &; is tangent to the base B.

Theorem 3.1. Let M = B x; F be an warped product with f € CXy(B),
dimB =m > 1 and dimF = k > 1, which is a mixed super quasi-Einstein manifold
with & as an unitary vector field tangent to F. If m =1 or k = 1 then M is a

Riemannian product.

Proof: If m = 1 then 75 = 0 and from second equation of (5), we can write
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a— k% + 0 =0, therefore Af = f[¢¥ 4+ £]. Then the Laplacian has constant sign
and hence f is constant. On the other hand if £ = 1 then 77 = 0 and form the third
equation of (5) we get, af? + Bf* + —fAf = 0, therefore Af = fla + Bf?]. Here
we see that the Laplacian has constant sign and therefore f is constant. Hence the

theorem.

Theorem 3.2. Let M = B x; F' be an warped product with dimB = m > 2
and dimF' = k > 2, which is a mixed super quasi-Einstein manifold with &; is an

unitary vector field tangent to F'. If 5 % 0 then M is a Riemannian product.

Proof: Consider the second equation of (3) that X, Y are orthogonal vector fields
tangent to F such that g(X,&) # 0 and g(X, &) # 0. Now if we take different
domains of definition that appear in the second equation of (3), we obtain that f

is constant.

Remark 3.1. When &; is tangent to F' for § = 0 and 6 = 0 we obtain that
M is an Einstein space. So, we conclude that there does not exist any warped

product.

Next we consider &; is tangent to B.
Theorem 3.3. Let M = B x; F' be an warped product with dimB = m > 1 and
dimF = k > 1, which is a mixed super quasi-Einstein manifold with &; is an unitary

vector field tangent to B. If m =1 or kK = 1 then M is a Riemannian product.

Proof: If m = 1 then 75 = 0 and from second equation of (4), we can write
a— k% + 8 = 0, therefore Af = f[% + %] Then the Laplacian has constant sign
and hence f is constant. On the other hand if & = 1 then 7 = 0 and form the
third equation of (4) we get, af? + o0 — fAf = 0, therefore Af = fla + f—%] Here
we see that the Laplacian has constant sign and therefore f is constant. Hence M

is a Riemannian product.

Theorem 3.4. Let M = B x; I’ be an warped product with dimB = m > 2
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and dimF = k > 2, which is a mixed super quasi-Einstein manifold with &; is an
unitary vector field tangent to B. If a > 0 then M reduces to a Riemannian product
if at least one of the following conditions hold

a) vy — 75 < o,

b) 7ar > 75 + 7F and ¢; > a where ¢; = —fAf + (k — 1)|Vf|? + af?,

¢) 78 <0and 8 >0,

d) i >3+ *-

Proof:
a) From the second equation of (4) we can write, 75 = ma — k% + (. Therefore
T8 +ak = TM—(k’%—&—Q). Hence ryf — 75 —0 = ak—l—kz% <0,=Af < —af <0.

Thus f is constant.

b) Let us consider ¢; = —fAf + (k — 1)|Vf|? + af? > 0, therefore we can write
from third equation of (4), 7p = k1 + o > ka+ o= T5+7TF > T\ — k%, hence
k% >7v—(tp+7r) > 0= Af >0. Thus f is constant when 75y > 75 + TF.

¢) From the second equation of (4) we can write, T3 = ma — k% + 4= k% >
ma — 71 + 8 > 0. Therefore Af > 0. Thus f is constant when 5 > 0.

d) From proposition (1.2) it follows that

A ik
TM—(TBJF;Q):—%Jf—k(k—n'JfZ'zo.

Therefore Af < 0. Thus f is constant when 7y > 75 + }—5

Now we see that from the second equation of (2), F' is an Einstein space if o = § = 0.
In that case we consider af? — fAf + (k — 1)|Af|?> = ¢1. For this case we get the

following theorems.

Theorem 3.5. Let M = B x; I’ be an warped product with dimB = m > 2
and dimF = k > 2, which is a mixed super quasi-Einstein manifold with &; is an
unitary vector field tangent to B. If o > 0 then M reduces to a Riemannian product

if at least one of the following conditions hold
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a) F' has negative scalar curvature,
2
b) [VfI* = 721,

c) 7'32"}21+ﬁandm2k.

Proof:

a) Using the consideration of ¢;, from the third equation of (4) we get 7 = kc;.
Since 7 < 0 if follows that ¢; < 0. Therefore we can write, —fAf + af? =
c1 — (k—1)|Vf]? <0, hence fAf > af? > 0. Thus f is constant.

b) Let us consider ¢; > 0, now it is clear that — fAf+af? =c; — (k—1)|[Vf]? <0,

hence fAf > af? = Af > 0. Thus f is constant only if [V f|* > ;4.

¢) Using the consideration ¢; = —fAf + (k — 1)|Vf]?> + af? > 0 in the second

equation of (4), we have

TB:ma—k%—l—ﬁ

= 1pf* = m(er + fAf = (k= D|VF]?) = kfAf + B
Tpf? —mey = Bf* = (m— k) fAf —m(k = 1)|[Vf]* >0

Now for the case of m = k, Af = 0 and for the case of m > k, Af > 0. Thus f is

constant.

Theorem 3.6. Let M = B x; F' be an warped product with dimB = m > 2
and dimF = k > 2, which is a mixed super quasi-Einstein manifold with &; is an

unitary vector field tangent to B. If & < 0 then M reduces to a Riemannian product.

Proof: We know that ¢; = — fAf+(k—1)|Vf[?+af? > 0, let f(z) be the maximum
on B, z € B. Then Vf(z) =0 and Af(z) > 0. Therefore —f(2)Af(2) + af?(z) =

c1. Hence from these two equations we can write

—f(2)Af(2) + af?(z) = —fAf + (k= D|VF] + af?
FAf = (k= DIV + f(2)Af(2) +alf? = f2(2)] = 0

Therefore Af > 0, thus f is constant.
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4. EXAMPLE OF WARPED PRODUCT ON MIXED SUPER QUASI-EINSTEIN MANIFOLD

Let (M*, g) be a Riemannian manifold endowed with the metric given by

ds? = g;jda'dx? = (dz*)* + (exz)(dx1)2 + (2'2®)?(d2x?)? + (da?)?
where 4,7 = 1,2,3,4 and ', 22,23, 2% are the standard coordinates of M. Then
we can show that it is mixed super quasi-Einstein manifold with nonzero and non-

constant scalar curvature.

To define warped product on M S(QFE)4, we consider the warping function f defined
f:R® — (0,00)

by

2
f(x17x2’x3) = em )

here we see that f = e*” > 0 and is a smooth function.

And the line element defined on R x R23 where we consider R is the fibre and

R3 is the base. For that case we take the line element in the following way
ds* = giyda'da! = (dx')? + (e7)((da')? + ((2'a)2/e™")(da?)? + (1/€™ ) (da®)?)

Note: One can also find out the characterization of warped product on super

quasi-Einstein manifolds in a similar way.
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