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ABSTRACT. In this paper, we study a boundary value problem of nonlinear
fractional differential equations of order «,3 < a < 4. We use Banach fixed
point theorem to establish new results on the existence and uniqueness of
solutions . Then, we use Leray-Schauder nonlinear alternative to prove some

existence results.
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1. INTRODUCTION

This paper deals with the existence and uniqueness of solutions for the following

fractional boundary value problem:

Dz (t) = f (t,x(t),x’ ), —z" (t),2" (t)) . te[0,1], 3<a<d4,
(1.1)
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where D is the Caputo derivative, f € C ([0, 1]xR* R) is an appropriate function
that will be specified later.

2. PRELIMINARIES

In this section, we introduce some preliminary facts which are used throughout
this paper [2,5, 6].
Definition 1: A real valued function f(t),t > 0 is said to be in the space C,,, u € R
if there exists a real number p > p such that f(t) = t? f1(¢), where f1 € C([0,00)).

Definition 2: A function f(t),t > 0 is said to be in the space C,
fmec,.

Definition 3: The Riemann-Liouville fractional integral operator of order o > 0,

n € N, if

for a function f € Cy, u > —1, is defined as

JOf(t) = ﬁ fot(t — ) L f(r)dr; a>0,t>0,
(2.1)

JOf(t) = f(t).

Definition 4: The fractional derivative of f € C”; in the sense of Caputo is defined

as:

_ 1ty _\n—a—1f(n) . «
(2.2) Daf(t)_{ 25?*“>f0(t T ol <a<nne N,

din (t)a o =nNn.

We give the following lemmas [3, 4]:
Lemma 5: For a > 0, the general solution of the fractional differential equation

D%x (t) =0 is given by
(2.3) z(t) =co+cit+cot? + . ey i t"

where ¢; are arbitrary real constants for i = 0,1,2,...,n, n — 1 = [qa].

Lemma 6: Let 3 > o > 0. Then the formula D*JPf (t) = JP~f (t) is valid for
f e L[a,b].
Lemma 7: Let o > 0, f € L' ([a,b],R). Then, for all t € [a,b], we have

JTLE @) < 1T F )| -
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We give also the following auxiliary Lemma :

Lemma 8: Let 3 < a < 4. A solution of the problem

Dex (t)=F (t,»), telJ, 3<a<d,

(2.4)
2(0) =2 1) =2"(0)=z (1)=0
is given by
(2.5)
x(t) = F(la) /0 (t — 1) F (1, 5)dr
1

! oa— 1 ' a—2
—|—t{1_‘(a_2)/0(1—7) 3F(T,%)d7'—m/0(1—r) F(1,5)dr

- g [F(alm /01(1 )23 (1, ) dT] .

Proof: Assume that D%z (t) = F(t, ). Using Lemma 5, we can write

x(t) = JYF (t, ) + co + c1t + cot® + c3t?,

1

t
=—— [ (t—=7)*"YF (1, 5)dr + co + c1t + ot + c3t®.
I(a) /0

Using Lemma 6, we obtain:

’

x (t) = J*7VEF (8, 5) + 1 + 2cat + 3est?,

1"

x (t) = J72F (t, %) + 2c5 + 6est,

11

r (t) = J*3F (t, %) + 6¢s.

, ’ 1"

Thanks to the conditions z(0) =z (1) =z (1) =z (0) =0, we obtain:
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-1 1 — )3 (1, %) dr — ——— 1 — 7)Y 2F (1, 5%) dT
o= Famg | 0=l — s [t g,
Qz—%ﬁ/o(1—7’)0‘_3F(T,%)d7',co=(23=O,

which imply (2.5) and end the proof of Lemma 8.

3. MAIN RESULTS
Let us consider E the Banach space of all functions x € C3([0,1],R), with the

3
norm ||z|| = Z max;e(o,1) |2V (¢)| and let us define the integral operator T : E — E
i=0

by
(3.1)
Tx(t) = ﬁ /Ot(t — ) Lf (T, x (1) L (1), —z (1) Lz (T)) dr
+ t[ﬁ /01(1 —T)*3f (T,x (r), 2 (1), -2 (7),2" (T)) dr
F(al— 0 /01(1 —T)*2f (T,x (1), (1), -2 (r),2" (7')) dr]
1
- g [F(al— 5 /0 (1—7)23f (T,z (r),z (1), -2 (r),2" (T)) dT}
We have
7'z (t) = ﬁ /Ot(t —1e 2 (ra(r),a (1), =" ()2 (7)) dr
—t [I‘(al %) /01(1 —T7)3f (T,.Z‘ (r),z (1), -2 (r),2 (T)) dr]
+ [F(al_ ) /01(1 —nei (e (r),a (1), =" (1), (7)) dr
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o o ﬁ /Ot(t — )3y (7-7 (1) Lz (1), —z (r),z (7’)) dr
_ ﬁ /01(1 sy (T’x (r),z (r),—2" (r),2" (7’)) dr,

and
7" (t) = ﬁ /0 t(t _yeif (T,x (r),2 (r),~z" (r),2" (T)) dr.

Let us now consider the following hypotheses:

(H;) : Assume that there exist nonnegative functions o; € L' ([0,1],Ry) such
that for all z;, y; € R, i = 0,3 and ¢ € [0, 1], we have:

3
|f(t,l‘0,l’1,$2,fﬂ3) - f (t7y0ay17y2’y3)| < Zai (t) |xl - yz| .
=0
(Hy) : For o; € L' ([0,1],R,),i =0, .., 3, we have
A+ A<,

where:

A= +

Ja71 (Zaz (t))

=0

Je—s <Zo¢i (t))

i=0

Je—? (Zai (t))

=0

Je—4 (Zai (t))

i=0

Lt L

+ +

Lt Lt

_ 9 ! a—3 > .
A= 72F(a ) /0 (1-7) (;al (7')) dr
2 ! a—2 & .
I vrey /0 (1-7) <Zoa (T)> dr.

(H3) : Assume that f (¢,0,0) # 0,t € [0,1], and suppose that there exist non-

negative functions (®;),_, 5 and ¢ in L' ([0,1],R}) and nondecreasing functions
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(¥i);—p, 3 inC ([0,1],R%), such that:

3

|f (t, @0, 21, T2, x3)] < Z@i )@ (|lzi]) + ¢ (t), ae (t,z0,21,29,23) € [0,1] x R*.
=0

(H,) : The function f is a bounded on [0, 1] x R%.

(H5) : There exists r > 0, such that

3
D Wi (r) (M + Ci) + My + Cy <1,
=0
where,
1 1 ! 2
Co = ||72 1@y (1)]|,, + m/o (1= 7)°=28y () dr

3 ! a—3
+2F(O{—2)/O(17—) @0(7’)d7’7

1

1
Ol _ ||Ja71<I)1 (t)HLl -+ F(Og—l)/o (1 — 7—)‘1*2@1 (7_) dr

3

+ m/o (1—7)*73®, (1) dr,

Cy = HJa—MI)Q (t)HL1 + ﬁ/{) (1—7)2"2®, (1) dr

+ m /01(1 )23, (r) dr,

Cy = |72 a5 (1)), + r(%—n Alu )2, (1) dr
+ ﬁ /01(1 —7)* 3Py (1) dr,

Cp = |7 o (1)]],. + ﬁ /01(1 )2 (1) dr

3

+ m/o (1—7)*3p(r)dr,
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and

Mo = [|7°72@0 (&)]| a + [[ 777 @0 ()] 1 + [|7°7 @0 (O] 1,

# 1 — )2 T)dT L 1 — )3 T)dT

IMNa-1 oa—2

My = |77 @ ()| + 7270 O] o + 1777 22 O],

1

—_— 1 — r)e2 7)dr 73 1 — r)a—3 7)dr

My = [|7°72@2 (B)]| o + (|79 @2 (0] o + (|77 @2 (O] 1,

# 1 — )2 T)dr L 1 — )3 T)dr
el R e NG MR R MO

My = [|7°72@5 (8)]| o + [[797°@ (0)]] 0 + (1777 @5 O] 1,
1

1 — )2 T)dT A 1 — )3 T)dT
+m/0(1 )T P () d +F(a72)/0(1 )T @y (T) dr,

M, = (|72 O o + 170 Ol o + 17 0 O]
1

_ 1 — 7225 (1)dr S ' — ) B3o(r)dr
i L e+ g [

Our first result is given by the following theorem:
Theorem 9: Suppose that (H;) and (Hs) are satisfied. Then, the problem (1.1)

has a unique solution on [0, 1].
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Proof: We prove that T is a contraction mapping on E : For x and y € E, we have:
Ta () =Ty () =7 ( (La®),2' 0.2 0),2" ©) =7 (Ly©) .y ©.5" 0.5 0))
1 ! o : "
g [ =7 (re () ()0 (.57 ()
~f(rv@ .y @)y @ (0))dr
1 ! a—2 ’ " "
~fag L - (re ) () () )
—f (v )y ()" (D))
52) B % g Jy (1— Rt (r.e (7). (7).a” (7). (")
(v Oy ()" () )ar

where t € [0,1].
Applying (Hy), yields

3
T (t) = Ty ()] < T <Zai (*)
1=0

20 () =y <t>\>

1 L 3
+[=—— (1-— 7)0‘73 < a; (1) z® (1) — (@) (1) ) dr
T(a—2) /O ;) Y ‘
R S A B @) () — /()
o 1)/0 (1-7) (2@ (1) [z (T) —y (T)’ dr]
1 1 1 — )3 ; a; (7) 2@ (1) — @ (7 T
(33) talig 0 (S Ol 0 -0 @)

Therefore,

3
To(t) — T < ‘ () (4) — 4@
T (t) y(t)l_;tgl[gﬁ] @ (t) =y (1)

=0
3 1 3
o3 s b0 0y [0 (S 0)
=0 =0
1 ! a—2 - i
T Ja-n @a <T>> dr]

1
29 (0= 0l | 1= <Z> dr).

3
1
3.4 —
(34 * 2;%3’51
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Hence,

3
(3.5) T (t) =Ty ()] < |lz -yl [J* (Zai ('5)>
i=0

By Lemma 7, we get

(3.6) Tz ()

On the other hand,

=Ty )] < [z -yl

73 ' — )3 : (T T
+2F(a—2)/0(1 T) <§al( ))d

1 ! R
+m/0 (1-7) (Z:ai(7)> dr).

Ja_l (Zaz (t))
* ooy, 0 (Z;a (T)> “

1 ! o
n m/o (1-7) (Ea (ﬂ) drl.

Tz(t)—Ty(t)=Jot [ f (t, e(t),2 (t),— (t),z" (t))
— (v 0.~ Oy ®)

—tls—=

+1

1

1

I'a —

I'a— 2) /1(1 — ) 3(f (T,x (r),2 (1), -2 (r),2" (7))
f( Ty (T

y' (7). (7)) )dr]
) / 1<1 ~1) 7 (ra ()7 (1), = (7). (1)
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With the help of (H;), we obtain

+2g max 2@ () — y® (t)‘ [ﬁ /01(1 — )3 <;al (7)> dr]
+gg€n[g§] 00~ 0l [ 07 (Za m) ar]
Therefore,
T ) =Ty ()] < e — ol [ 722 (;a (t)) )

1 ! a—2 & .
+m/o (I1—7) (Z%(ﬂ) dr},

T'w(t)-T y()| <z -yl

3
Ja73 (ZCXi (t))
1=0 1
71 ' — )3 ; a; (T T
e A (Zm)u

=0

and

T () = 7"y (1) < o~y

3
Jo—4 (Zai (t))
1=0

L1
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Consequently,

[Tz =Tyl < |z -yl [ +

Ja_l (ZO@ (t))

=0 Lt

3 3
J@—B <ZO@ (t)) Ja_4 (Zai (t))
i=0 I i=0
9 1 as [
T — 2)/0 = (Z“i w) o

=0

JQ_Q <Zai (t))

=0

Lt

+ +

1

(3.7) < (A+A) [z —yl.

Thanks to (Hs), the operator T is a contraction on E. Hence, by Banach fixed
point theorem, we conclude that there exists a unique fixed point x € F, which is
the solution of (1.1).

Our second result is based on the Leray-Schauder nonlinear alternative [1]:
Lemma 10: Let X be a Banach space, Q C X bounded and open, 0 € , and
A:Q — X a completely continuous operator. Then, either there exist x € 092 and
A > 1, such that Ax = Az or A has a fixed point in ).

We have:

Theorem 11: Assume that (Hs), (H4) and (Hs) are satisfied. Then, (1.1) has at
least a solution on [0, 1].

Proof: First, let us prove that 7" is completely continuous:

(1*) Since f is continuous, then 7T is continuous.

(2*) Let us take x € B,, where r is given by (Hjs). Using (H3), we can write

1 t 3 .
(3.8) [Tz (t)] < m/0 (t— 7)ot <;<I>i (1) @; (\x“’ (T)D + s@(ﬂ) dr

1

T /01(1 O (23:@ @ (ja 0)]) +o (T)> dr

3 ' a— : 4
+m/0 (1=7) 3(2;@(7)%(3:“

(7‘)) + <p(7)> dr.
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Since (¥;),_, 5 are nondecreasing, then (3.8) implies that

1 [t 3
(3.9) Tz (1) < m/ (t —7)o! (ZCI)Z- (1), (r) + @(T)) dr
1 2
+F(a—1)/ (L=m)*" <Z‘I’ (7)>d7
3
e | 0= (Eremo o) o

Using the same arguments as before, we get

3
Jo <Z‘Pi () Wi (r) + ¢ (t))
=0 1
1 1 s 3
-1 / =7 (Z@i (7) s (r) +¢(r)> dr
3 a 3
T (a—2) 20 (o — 2) / (1=7) (Z‘b (r)) dr.

(3.10)  |Tz(t)| <

Therefore,
(3.11) Tz (t)] <> Wi (r) Ci + C,.
Moreover, we have

(3.12) T’z (t)] <

3
ot (Z@z— (1) Wi (1) + 0 (t))

=0

L1

1 ] a 2 §
1 ] Oz E
F( 2) / 7— 3 ( (b SD (T)) d’7'7

(3.14) ‘T”x (t)’ <

Jos (Z@ ()i (r) + ¢ (t))

=0

1

1 o—
+F(a—2)/ (1-7) 3(2@ +<,0(T)>dr
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and

(3.15) ’TJ; (t)‘ <

3
Jo <Z<I>i () Wi (r) + ¢ (t))

=0

1

By simple calculations, we get
3

(3.16) 1Tz <> W, (r) (M; + Cy) + My, + C.
i=0

Then T (B,) is uniformly bounded.
(3*) The equicontinuity: Let us take 1, t2 € [0,1], t; < t2 and x € B,.. We have

|Tx (to) — Tx (t1)]

<t [ M= == 1 ()5 )= (). ()
o [2 [t = 1)°t = (1 =) |f (2 (1)@ (1), =" ()" (7)) dr
=) [ /01(1 = (ne 8 @)= 0, ()| e

oD /01<1 —n 2 |f (re@)a (), -2 ()5 ()]

+ (’f - tj) (F(alm /01(1 —re g (ra ) (1), (). ()] dT) |

Using (Hy4), we can write

(3.17)

o) = T ()] < g | [ [0 =7t = =0

1 ! a—2
F(a—l)/o(l_T) dr]

(3.18) + L <t§ - tj) (r(al—z) /01(1 - T)a3d7> .
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This implies that

|T.T (tz) Tx (tl)l

) U [t — 7)* = (0 — 7)* ] drt

— (6, — 1) 1] dr

T
th
(a_l i)~ i (3 5)

r) = 2% ! — (a — 1) 2 is decreasing on [0, 1], therefore
Y <(a—1)(ty — t1), from which we deduce that

90
L (Oé ) (tz — tl) (2t2,t1)
()

+ =~

(3.19)

We see that the function
(tQ_T) n —(tl—T)

[T (t2) — Tz (t2)] <

1 1 ) L(t2_t1)(t2+t1).

(3.20) +L(t2—1) (F(a 1) T(a) 2l (a — 1)

On the other hand, we have the inequalities
T (i) = Ta )| < g [ 162 =12 = 2 = 1~ ar
“T(a—-1)

+/t : [(tg — 7)) 2 — (ty — 7)0“2} dr]

(3.21) LF((tj — il))

T a(ts)~T « ()] < F(QL_Q)[/; [(ta — 7)°73 = (t; — 1)°~%] dr
(3.22) + /: [(t2 = 7)*73 = (t1 — 7)* 3] dr]
and

1" (1)~ T2 (1) < ﬁ[ /0 Pt = — (4 — 1] ar
(3.23) + /t t (b2 — 7)™ — (0 — 7)™ dr).

Consequently, we get

L((X—Q) (tQ—tl)(QtQ—tl) L(tg—tl)

(3.24) ‘T/l“ (ty) = T'w (tl)‘ < T(a—1) MNa-1)"

L (a — 3) (tg — tl) (2t2 — t1>

(3.25) \T”x (t2) T @ (tl)‘ < T(a —2)
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and
L(a—4)(ta —t1) (2t — t1)

Ia—3) '
It is clear that when t; — ¢ the right hand sides of the quantities (320, 324, 325, 326)
tend to 0. Therefore, T (B,) is equicontinuous. So, by (1*,2*,3*) and the Arzela-
Ascoli Theorem, we deduce that T is a completely continuous operator.
Now letting Q = {z € E,||z|| < r}. For any = € 99, such that \Te =z, 0 < A < 1,
and with the help of (3.11) the following inequality holds:

(3.26) T 2 (t) =T z(t)| <

3
(3.27) 2l = IANTz|| < ||Tx| <Y Wi (r) (M; + Ci) + M, + C.
=0
Using (Hs), we deduce that
3
(3.28) lzl] <> Wi (1) (M; + Ci) + My, + Cyp <1
=0

This contradicts the fact that 2 € 9Q. Hence, Lemma 10 allows us to conclude that
the operator T has a fixed point € €2, and then the problem (1.1) has a solution
x on [0,1].
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