h—AVERAGE-SHADOWING PROPERTY AND CHAOS

MEHDI FATEHI NIA
DEPARTMENT OF MATHEMATICS, YAZD UNIVERSITY, 89195-741 YAZD, IRAN
E-MAIL:FATEHINIAMQYAZD.AC.IR

(Received: 30 April 2013, Accepted: 29 May 2013)

ABSTRACT. Let X be a compact metric space and f : X — X be a homeo-
morphism map. In this paper we are going to introduce the h—average shad-
owing property for discrete dynamical system (X, f). It is shown that f has the
h—average shadowing property if and only if f~! has the h—average shadowing
property. We also prove that if f has the h-average shadowing property, then
every point z is chain recurrent. The relation between chaos and shadowing

property in discrete dynamical system is considered.
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1. INTRODUCTION

Let (X,d) be a metric space and f : X — X be a homeomorphism map. For
every positive integer n, we define f” inductively by f* = fof" ! and f° is the
identity map on X. Also f~" = (f~1)™ where f~! is inverse of f. If # € X then the
orbit of x under f is the sequence x = {f"(x)}nez. We refer (X, f) as a discrete
dynamical system. A subset A in X is said to be f—invariant if f(A) C A.

The concept of shadowing was investigated by many authors, for example see
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[1, 2, 3,9, 13]. In this direction the concept of average shadowing property for dis-
crete dynamical system (X, f), where f is an onto continuous map, was considered
by some researchers, see [4, 5, 8, 10]. Especially, we have the works of Kazuhiro
Sakai [11, 12, 13]. We use these works in the next section and we thank him for
that.

Chaos is a complex dynamical behavior that occurs in many nonlinear systems,
such as cryptography [14]. The term chaos in connection with a map was firstly
used by Li and Yorke, A system is chaotic if it contains infinitely many periodic
orbits whose periods are arbitrary large; moreover some property like ”expansive-
ness” holds [7]. Although this concept was without giving any formal definition.
Today there are various definitions of what it means for a system to be chaotic.
A common idea of them is to show the complexity and unpredictability of behav-
ior of the orbits of a system. In this article the dynamical system (X, f) is called
chaotic if some positive iteration of f is semi-conjugated to a shift map. It seems
very attractive to study the relation between chaos and other notion of dynamical
systems. In some recent works, Niu [8], Koscielniak and Mazur [6], discussed the
relation between shadowing property and chaotic dynamical systems. In this paper
we are going to investigate the relation between the average-shadowing property and
chaotic dynamical systems. In Section 3 we study average shadowing property for
homeomorphism maps and proved that if f has average shadowing property then
f~! has also average shadowing property. In Section 4, some relations between

average shadowing property and chaotic dynamical systems are considered.

2. PRELIMINARIES

In [5, 8, 10] the average shadowing property is defined and discussed for con-
tinuous maps. Let f : X — X be a continuous map. For § > 0, a sequence
{z;}i>0 C X is called a —average-pseudo-orbit of f if there is a number N = N(4)
such that for all n > N and k£ > 0,

n—1

Z d(f(itr), Titry1) < 0.

=0

1
n

We say that f has the average shadowing property if for every € > 0 there is § > 0

such that every d—average-pseudo-orbit {x;};>0 C X is e—shadowed in average by
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some point y € X, that is,

n—oo N %

n—1
1 .
lim sup — g d(f'(y),z;) < e.
=0

[ee]
1=—00

f if there is a natural number N = N(§) > 0 such that for all n > N and k € Z,

For 6 > 0, a sequence {z;} of points in X is called a §-average pseudo-orbit of

n—1

% Z A(f(Titk), Tivrr) <O.

=0

The function f as a homeomorphism map has the average shadowing property, if
for every € > 0 there is § > 0 such that every d-average-pseudo-orbit {x;}52 is

i=—00

e-shadowed in average by some point y € X; that is,

NI I
hrrlnjo%p - ZZ_% d(f'(y),z;) < e.
We use the notion of chain recurrent points to study chaotic dynamical systems.
The set CR(f) consisting of all chain recurrent pints, i.e., such points z € X
that for any § > 0, there exists a periodic —pseudo-orbit through z, is called the
chain recurrent set of the discrete dynamical system (X, f).

A point x € A C X is said to be a stable point for homeomorphism map f :
X — X in A if for any € > 0, there exists § > 0 such that for every y € A with
d(z,y) < § we have d(f™(z), f*(y)) < € for all n € N. Otherwise we call such a
point unstable in A [6].

Suppose ¥ denote the compact shift space with {0, 1}%, topologized by the metric
plz,y) = > o mz‘%f”‘ It is clear that (X, p) is a bounded metric space with
diameter 3. Let 0 : ¥ — ¥ be the corresponding shift map, i.e. (o(z)); = 211,
foralli € Z

The discrete dynamical system (X, f) is said to be semi-conjugated to (X, ), if
there exist a closed, f—invariant set A C X and a continuous surjection ¢ : A — X
such that ¢of = co¢.

The dynamical system (X, f) is called chaotic if some positive iterations of f is

semi-conjugated to (X, o).
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3. h-average shadowing property

In all of this paper H(X) denotes the set of all homeomorphisms of X and f is
a function from X onto itself.

Now we define average-shadowing property for homeomorphism maps.

Definition 3.1. For 6 > 0. The sequence {ZC'}ieZ cX is called a
§ — h—average-pseudo-orbit of f, if limsup,,_, . 5 ZI —o A(f(@i), mit1) <6

Definition 3.2. A map f is said to has the h—average-shadowing property if for
every € > 0, there is 6 > 0 such that, every 6 — h—average-pseudo-orbit {z;};ecz is
e-shadowed in average by some point z € X, that is,

hmsup— Z d(fi(2),z;) < e.

n—oo
|\ 0

Similar to shadowing property we show that the homeomorphism map f has
the h—average-shadowing property if and only if f~' has the h—average-shadowing
property.

In order to prove the Proposition 3.4, we need the following lemma.

Lemma 3.3. Suppose X is a compact metric space. For every § > 0 there exist
v > 0 such that if {y; }iez is a v — h—average-pseudo-orbit for [ then {x;}icz s a
§ — h—average-pseudo-orbit for f~1, where x; = y_; for all i € Z.

Proof. Fix § as a positive number. Since f~! is a continuous map then there exists

0 < & < & such that if d(m y) < & then d(f~'(z),f*(y)) < 6, for all 2,y € X.

Now, suppose {y; }icz is a ( L) — h—average-pseudo-orbit for f, where L is diameter

of X.

Suppose A = {i € Z|d(f (), yit1) = 6}, Ay = An{—n+1,..,0,...,n — 1},
B, = A°N{-n+1,..,0,..n — 1} and limsup,,_, ., Car;l;A") = t. Please note that
card(A,) and card(A°) denote the cardinality of A,, and cardinality of complement

of A, respectively.

N

)2
. Then

I~
=2}

Since limsup,, ,q 2 S d(f(4), yirr) <

hmsup— Z 5§ < hmsup— Z d(f(yi)s yi+1)

oo zeAn nreo ZEA
(6)?
7

<
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’

’ 2 !
So td < (5L) and consequently ¢ < 2-. Now consider the sequence {z;};cz where

by hypothesis of lemma x; = y_;.

Then
n—1
1 _
n Z d(f 1(%) Tit1) Z a(f ), Tit1) Z d(f i), Tit1)]-
|1]=0 ZGA i€ By,

Pleas note that, ;41 = f~'(f(zit1)) = f71(f(y—i—1)) and f~ (i) = f~ (y-0)-
So d(f~ (@), wir1) = d(f~ (y—i)s [ (f(y—i—1))) = d(f 7 (f(y—i=1)), [~ (y=i)-
Therefore

n—1

1 1
h,?f’olip o % d(f M), wig1) < liﬂsolép o iEZA d(f~ (i), wig)
+ hmsup— Z d(f i)s Tit1)
n—oo ZEB
< tL
1
+ lim sup — d -1 i y -1 i
msup 5 EXBJ (7 =im0) 7 -0)
< §+5<20
So {z;}iez is a 26 — h—pseudo -orbit for f~1. a

Proposition 3.4. Suppose X is a compact metric space. If f € H(X) has the

h—average-shadowing property, then f~' has the same property.

Proof. Suppose € > 0, since f has the h—average shadowing property then there
is 0 > 0 such that for any 5 — h—average-pseudo-orbit {x;};cz we can find z € X
which limsup,,_, 5= Z‘ —o d(f i(2),2;) < e. By Lemma 3.3, there exist a § >
0 such that if {y;}icz is & — h—average-pseudo-orbit for f~! then {z;}icz is a
6 — h—average-pseudo-orbit for f, where z; = y_; for all ¢ € Z. Therefore if
{yiYiez is &6 — h—average pseudo-orbit for f~!, then there exist a z € X such
that lim supn_>Oo L EI —o d(f (), x;) < €. This implies that

lim sup,,_, oo 5 ZI —o d((f™ D=4(2),y—i) < €. So f~! has the h-average shadowing
property. O

Lemma 3.5. If f has the h—average shadowing property then has average shadow-

ing property as a homeomorphism map.
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Proof. Let € be an arbitrary positive number and § > 0 be an e—modulus of h-

oo
1=—00

there is a natural number N = N(§) > 0 such that for all n > N and k € Z,

average shadowing property. Suppose {x; is an d—average-pseudo-orbit, so

n—1

Z d(f(izr), Titrs1) < 0.

=0

1
n
This implies that ;- 222281 d(f(xi—n), Tiy1-n) < J, for all n > N.
Then limsup,,_, ., 5 > e d(f(x;),2j41) < 6. Therefore {z;}2_ is a
& — h—average-pseudo-orbit. By h—average shadowing property there exist z € X
such that limsup,,_, o, 5 St d(fi(z), ;) < e. Then

i=—n

limsup, o 2 S0 d(F(2),ai) < 2limsup, o & Y0, d(F (2),0) <26 O

Theorem 3.6. [10] If a continuous surjective map f on a compact metric space X
has the average shadowing property, then every point x is chain recurrent. Moreover

f has only one chain component which is the whole space.
By Lemma 3.5 and Theorem 3.6 we have the following theorem.

Theorem 3.7. If a homeomorphism map f on a compact metric space X has the
h—average shadowing property, then every point x is chain recurrent. Moreover f

has only one chain component which is the whole space.

Example 3.8. Let {a;}2_ and {b;}2__ are two sequences in Euclidean metric
space (R2,d) such that d(a;,a;41) = d(b;,biv1) = d(ai, b;) = i, for all i € Z. As-
sume that X = {a;}2_ U{b;}2_ and f: X — X be a map that f(a;) = ait1
and f(b;) = b1, for all i € Z (see figure 3.8). This is clear that f is a homeo-
morphism on X, respect to Euclidean metric. We show that f : X — X has the
average shadowing property but does not have the h—average shadowing property.
Let € > 0 and {x;}2__ is a d—average-pseudo-orbit, where 0 = min{5,1}. We
claim that there exist ng € Z that f(x;) = 2411, for all ¢ > ng. It is clear that if
there exist an increasing sequence A = {ny}r>1 of positive integer numbers that
f(zn,) # Tny+1, then nik St d(f (@), zi41) > 1, for all ny, € A. That is contradict
with this fact that, there is a natural number N = N(§) > 0 such that for alln > N

and k € Z,

n—1

1
- D d(f(wipk), miphir) <6 < L.

=0
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F1GURE 1. The graph of the function f from Example 3.8

So there exist ng € Z that f(z;) = 241, for all i > ng. Without loss of generality,
we may assume that there exist jo € Z such that z,, = a;,. This implies that
Tngti = Qjg+i, for all i > 0. Therefore limsup,, . + 37" d(f(ajo—n,), %) < €.

Now we show that f does not have the h—average shadowing property. Let e = 1
and {z;}° _ . is a sequence that z; = a; for all i > 0 and z; = b; for all 4 < 0. This

is clear that for every 0 > 0, {z;}32 is a 6 — h—average-pseudo-orbit for f, but

1=—00

for every a € X, limsup,,_, ., 3~ Zﬁr:lo d(fi(a),z;) > 1.

4. h—AVERAGE SHADOWING PROPERTY AND STABILITY

Now we investigate the relation between chaotic dynamical system and h—average
shadowing property for discrete dynamical system (X, f) where f € H(X) and
(X,d) is a compact metric space.

As following we define h—stable and h-average stable for homeomorphism maps.

Definition 4.1. Let f € H(X), a point z € A C X is said to be h—stable point
for f in A if for any € > 0, there is a § > 0 such that for every y € A satisfying
d(z,y) < §, we have d(f™(x), f"(y)) < € for all n € Z.

Now we define the notion of stability in average.

Definition 4.2. Let f € H(X), a point © € A C X is said to be h—average-stable
point for f in A if for any € > 0, there is a § > 0 such that for every y € A satisfying
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d(z,y) < &, we have limsup,,_, ., 5 Z‘ —od(f'(x), f'(y)) < e. Otherwise we call

such a point h-average unstable in A.

Based on the above notions and definitions, we prove the following two lemmas.

‘We use these lemmas to prove the Theorem 4.7.

Lemma 4.3. Let f € H(X) and A be a subset of X.
1. Every stable point for f in A, is an h—average-stable point for f in A.
2. Suppose m is a nonzero integer number. If x is an h—average-unstable point

for f™ in A, then x is an h—average-unstable point for f in A

Proof. 1. Suppose z € A is a stable point for f in A and ¢ > 0. There exist a
number § > 0 such that for every y € A satisfying d(x,y) < 6, d(f'(z), fi(y)) < €
for all i € Z, therefore ZI =0 d(fi(z), fi(y)) < 2ne. This implies that

n—1
timsup o > d(f(@), F(y) < e
n—oo li|=0

Thus z is an h—average-stable point for f in A.
2. By the definition of h—average-unstable point, we can find € > 0 such that for
any 0 > 0 there exists y € X such that d(z,y) < § and

lim sup,,_, o 5= EI =0 d((f™)i(z), (f™)(y)) > €. Obviously, we have

Im|n—1
1
2n|m|zdf”” M) < 2 A @), F ).
[i|=0 li]=0
Hence
lim o d m 2 , m\i
o limsup 5 |Z (™) @), (™) )
Im|n—1
<limsup ———— o | Z d(f (y))
So limsup,, o sat—r Sjimg d(f*(2), () > 157- O

Lemma 4.4. All points of ¥ are h—average-unstable point for o in 3.

Proof. Suppose z € (3,0) and € = % if § is an arbitrary positive number7 then

there exists N = N(d), such that 3, - v 2‘” < 0 and ZI = 0

2\1\ > 5. Now we
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construct ys € ¥ as follows:

@ i) < NS)
T 1o it i > NG

)

Obviously p(z,ys) < . On the other hand (¢™(z)); # (¢™(ys)): for all |n| > N(0)
and |i| < N(9). So p(c™(z),0™(ys)) > 3, for all n which | n |> N(6). This implies
n—1
li

that limsup,, o 5= > 5o P(6™(x),0™(ys)) = 5 > 5. Therefore all points of ¥ are

h—average-unstable point for o, in X. O

The next theorem is one of the main results of this paper.

Theorem 4.5. Assume that f € H(X) has the h-average-shadowing-property. If
f is chaotic, there is an infinite number of h-average chain recurrent points which

are h—average-unstable in CR(f).

The original statement of the proof of this theorem comes from|6].

Proof. Suppose f*, with some k € N, is semi-conjugate to (¥, o) and

¢ : A — ¥ denote a semi-conjugate map. Because of Theorem 3.7 we can assume
that A C CR(f). By Lemma 4.3, it suffices to prove that for all x € 3 there exists
a point x € ¢~!(x) which is h—average-unstable for f* in A.

By Lemma 4.4, suppose x € ¥ is an h—average-unstable point with constant 1.
For every m € N, there exist yy, € ¥ such that p(x,ym) < % and
lim sup,,_, oo 5 Z|ni|;lo p(08(x), 0% (ym)) > 1. Since the map ¢ is surjection, then for
every m € N we can find y,, € A that ¢(y;,) = ym. Without loss of generality
suppose lim,, 00 Ym = T, and so ¢(z) = x for some z € X.

Assume that z is an h—average-stable point for f*¥ in CR(f). Continuity of
¢ imply that there exists a 6 > 0 such that for all y € X, if d(z,y) < 0, then
p(d(x), d(y)) < % The h—average stability of = implies that there exists a 8 > 0,
such that for all y € CR(f) satisfying d(x,y) < 8§ , we have

n—1

timsup o S d(F (), () <

N
e i|=0

[SVRY)

Let m be a number that d(z,y,,) < d . Then

Wl >

n—1
limsup o= 3 (), () <

2n
n—oo |Z‘:O
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Consider the set K as the set of all i € Z. that d(f*(z), f*(y)) > &, K,, =
Kn{-n+1,..0,...,n—1} and K¢ = K°N{-n+1,...0,...,n — 1} where K¢ denote
the complement of the set K. Therefore, lim, o 5= (K N{i:|i{ <n—1}) < 1 on
the other hand, ¢(f%(z)) = o™ (¢(z)) = o™ (x).

Thus if i belong to complement of K then d(f™*(z), f*(y)) < %, so

)
pO(F (), 6(f* (1)) < 4. Tn conclusion p(6(x), 6(ym)) < & Then

n—1
. 1 i i
fimsup 2 3 plo™ (.0 ()
n—oo 4l li=0

= limsup {% Z p(Uik(X),Uik(Ym))

n—oo

€Ky,
1 7 7
+ (3 2 p0™ 6,0 (vm)) |
ieKg
_2,1
3 3

That is contradict with h—average-instability of x € 3.
Then for every point, x € X there exists a point 2 € X such that ¢(x) = x and z is
an h—average-unstable point for f* in CR(f). ]

5. CONCLUSION

In this paper some (average) shadowing properties for homeomorphism maps are
considered. For further research in this direction, the following problems should be
considered:

1. Investigating equivalent conditions in Theorem 3.6, when f : X — X has
h—average shadowing property.
2. Classification of compact subsets X of real number set R such that

f: X — X can have h—average shadowing property when f is homeomorphic.
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