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1. INTRODUCTION AND PRELIMINARIES

Throughout this note, an operator means a bounded linear operator acting on a
Hilbert space H and we denote the operator norm by ||.]|.

In [3], Corach-Porta-Recht gave the norm inequality
(1.1) VX €B(H): ||SXS™t+STIXS| > 21X,

where S is an invertible self-adjoint operator in B(H), as a key of their theory on dif-
ferential geometry. They proved this inequality by using the integral representation

of a self-adjoint operator with respect to a spectral measure. J. I. Fujii, M. Fujii,
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Furuta and Nakamoto [4], showed that this inequality is equivalent to Heinz in-
equality, Arithmetic-geometric-Mean inequality and some other inequalities. They
present an easy proof for one of them and therefore gave a elementary proof for all
these inequalities.

Recently in [10, 11], it was shown that if S is an invertible operator then the

inequality (1.1) and the inequalities

(1.2) VXeB(H): [[SXSH+S1XS||>|S* XS+ 571X,

(1.3) VXeBH): [[SXSH+S71XS||=|S* XS+ 571 X5,

are in fact a characterization of C*Go(H) = {AM : A € C\ {0}, M € So(H)},
where So(H) is the class of invertible self-adjoint operators. Note that this class
of operators is the class of all invertible normal operators in B(H) the spectrum of
which is included in a straight line passing through the origin.

Also he could characterize the normal invertible operators using some related
inequalities. These results was generalized to the class of Moore-Penrose invertible
operators in [6, 7].

We recall that if A is an algebra with involution and a € A such that there exists

an element x € A satisfied the following four equations

ara = a TaT =T
(%)

(ax)* = ax (za)* = za,

then z is called a Moore-Penrose inverse of a and denoted by af.
It is easy to show that the Moore-Penrose inverse of an element a is unique.

If a € A is Moore-Penrose invertible, then

() alf =

(b) a* is Moore-Penrose invertible and a*' = af”,
(c) If a is invertible, then af = a~!,

(@) (aa*) = a*"al.

Harte and Mbekhta in [5] proved that if H is a Hilbert space and T € B(H) then
the following conditions are equivalent:
i) T has a generalized inverse (that is there exists an operator S € B(H) for
which TST =T and STS = S).
i) R(T) is closed.
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iii) T has a Moore-Penrose inverse.

In this case TTT is the projection on R(T) and T1T is the projection on R(T*).
In [?], Using the arithmetic-geometric mean inequality, the author prove that for

invertible operator R, S,
[[R*XS™! + RTIXS™ || > 2| X,

for all unitarily invariant norm |||.]||.

In [9], the authors ask whether the same characterizations obtained by Seddik
is valid true for unitarily invariant norm instead of operator norm. Some positive
answers to this questions can be found in [9, 1].

The aim of this work is to give an answer to this question for the Moore-Penrose

invertible operators.

2. MAIN RESULTS

One of the versions of the Arithmetic-Geometric mean inequality for operators
is presented as follows:
For all operators A, X, B € B(H),

[[A"AX + XBB"|[| = 2[|[AX B,

for all unitarily invariant norm |||.|||. Using this inequality we can state the following

result.

Theorem 2.1. Let S, T be operators on Hilbert space F€ such that R(S) and R(T)

are closed. Then for all unitarily invariant norm,
1" XTT + STXT| > 2/l PX Q.
where P =SSt and Q = T'T.
Proof. Since PS = S and P is a projection, we have S* = S*P and similarly
T =QT*. So

I1S*XTT + STXT*||| = ||S*S(STXT) + (STXTHTT*||
> 2[||S(STXTHT||| = 2[|[PX Q|-
O

In [9], the authors could proved the following generalization of Seddik result for

normal operators.
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Theorem 2.2. [9, Corollary 2.2] All invertible operators S € B(H) satisfying the
condition
ISXSTHI+ 1S~ X8|I = 21X,

for all X € B(H) of rank 1 are normal.
Now we prove a version of this theorem for Moore-Penrose invertible operators.

Theorem 2.3. Let K be a closed subspace of H and P be the projection on K. If
S € B(H) with R(S) = R(S*) =K and

IISX ST+ 1St xS > 2]||PX P,

for all rank 1 operator X € B(H), then S is normal.
Proof. From the hypothesis, we can consider Si = S|k € B(K). Note that Sk is

invertible in B(K) and Sg' = ST|x. For all X € B(K), there exists an extension of
X to B(H) which is zero on K1, name it X. Since

IISX ST+ [1STX S]] = 2[|PX P,

we have
1Sk X SicH I+ NI19 " X Skclll > 21 X]]1-

So from Theorem 2.2, the operator Sx is normal and therefore S is normal. O

We recall that Z is a norm ideal if 7 is an ideal of B(H) and a Banach space with

respect to ||.||z and satisfies the following properties:

e |AXB|z < ||A]l|X]||z||B]| for all X € Z and A, B € B(H).
e || X||lz = ||X]| for all rank one operator X € B(H).

It is an immediate consequence of this definition that every ideal norm is unitarily

invariant. The Schatten p-norms are the most well-known examples of ideal norms.

Lemma 2.4. If S € B(H) is normal and T is a norm ideal, then for all X € T,
15Xz =15"X|z  and [ XS]z = [| XSz
Proof. First we prove it for a normal partial isometry U. Observe that
1UX|z = |[UUUX||z < [UTUX]|z = [UU"X ]|z < [|U"X]|z.

Replacing U with U*, we have |[UX||z = |U*X]||z.

The second relation is proved in a similar way.
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Now let S be a normal operator and S = U|S| be the polar decomposition of S.

Then U is a normal partial isometry and U commutes with |S]. So
15Xz = US| Xz = [|U*]S|X ||z = |15 X ||z
Similarly, || X S|z = [|XS*||z. O

Combining Theorem 2.1, Theorem 2.3 and Lemma 2.4, we can deduce the fol-

lowing theorem.

Theorem 2.5. Let Z be a norm ideal and K be a closed subspace of H and P be
the projection on K. If S € B(H) with R(S) = R(S*) = K, then the following
statements are equivalent:

1. S is normal.

CNSX S|z +11STX S|z = |5 XStz + ||STXS*||z for all X € T.
CISX STz + ||STX S|z > ||S*X ST+ STXS*||7 for all X € .

4. |SXST|z + ||STXS|z > 2|PXP|z for all X € T.

ISX STz 4+ 1STX S|z > 2||[PXP| 1 for all X € T, with rank 1.
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