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ABSTRACT. In this paper, we obtain the intrinsic equations of some special
curves in Euclidean 3-space characterized by det (1/1(’“1 ) (s),9(2)(s),p(73) (s)) =
0, where r; < rit1, 1 € {1,2,3}, 72 € {2,3,4} and r3 € {3,4,5}.
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1. INTRODUCTION

From the view of differential geometry, a straight line is a geometric curve with
the curvature x(s) = 0. A plane curve is a family of geometric curves with torsion
7(s) = 0. Heliz (circular helir) is a geometric curve with non-vanishing constant
curvature x and non-vanishing constant torsion 7 which is the simplest example of

three-dimensional spirals [1, 2, 6].
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General helix (a curve of constant slope) is defined by the property that the
tangent makes a constant angle with a fixed straight line called the axis of the
general helix. A classical result was stated by Lancret in 1802 and first proved by
de Saint Venant in 1845 (see [15] for details) says that: A necessary and sufficient

condition that a curve to be a general heliz is that the function

_7s)
(1) 0o = K,(S)

is constant along the curve, where k and T denote the curvature and the torsion,

respectively.

In 2004, Izumiya and Takeuchi [8] introduced the concept of slant helix by say-
ing that the normal lines make a constant angle with a fixed straight line. They
characterize a slant helix if and only if the geodesic curvature of the principal image

of the principal normal indicatrix
5 (s)
(2) 1= ° 3/2
w(s)(1+03(5))

is a constant function.

In 2011, Ali [4] solved the above ordinary differential equation and obtained the
explicit relation between the torsion and curvature (intrinsic equations) for a slant

helix as follows:

mk(s) [ k(s)ds

\/l—mQ(f/i(s)ds>27

where m = A = cos[¢] and ¢ is the angle between the fixed straight line

(3) k==k(s), T==%

(axis of a slant helix) and the principal normal vector of the slant helix.

A family of curves with constant curvature but non-constant torsion is called
Salkowski curves; a family of curves with constant torsion but non-constant cur-
vature is called anti-Salkowski curves which introduced in [13, 14] and a family of

curves of constant precession [10, 11] which characterized by having

o o
k= —sin[us], 7= —cos[us],
m m
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where p and m are constants are the important examples of a slant helices.

In this paper, we obtain the intrinsic equations of some special curves in Eu-
clidean 3-space characterized by det (/") (s),9("2)(s),4(™)(s)) = 0, where r; <
riv1, 11 € {1,2,3}, ro € {2,3,4} and r3 € {3,4,5}.

2. PRELIMINARIES

In Euclidean space E3, it is well known that to each unit speed curve with at
least four continuous derivatives, one can associate three mutually orthogonal unit
vector fields T, N and B which are respectively called, the tangent, the principal
normal and the binormal vector fields. We consider the usual metric in Euclidean

3-space E2, that is,
(,) = dat + da3 + da,

where (71,72, 73) is a rectangular coordinate system of E3. Let ¢ : I C R — E3,
¥ = 1)(s), be an arbitrary curve in E3. The curve 1 is said to be of unit speed (or
parameterized by the arc-length) if (¢/'(s),4’(s)) = 1 for any s € I. In particular, if
Y(s) # 0 for any s, then it is possible to re-parameterize 1, that is, o = 1 (¢(s)) so
that « is parameterized by the arc-length. A unit speed curve ¢ is called a Frenet
curve if ¥ (s) # 0, that is, it has non-zero curvature. Let v : I — e be a Frenet
curve and {¢'(s) = T(s),N(s),B(s)} the Frenet frame along 1, where the vectors
T, N and B are mutually orthogonal vectors satisfying (T, T) = (N,N) = (B,B) =
1. The Frenet equations for v are given by [7]

T’ 0 0 T
(4) N [=]| -« 0 7 N |,
B’ 0 -7 B

where k and 7 are smooth functions on I called the curvature and the torsion of v,
respectively. If 7(s) = 0 for any s € I, then B(s) is a constant vector V' and the
curve % lies in a 2-dimensional affine subspace orthogonal to V', which is isometric

to the Euclidean 2-space e?.
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3. INTRINSIC EQUATIONS OF SOME WELL KNOWN SPECIAL CURVES

From recent some papers [3, 4, 5, 9, 12], we can introduce the conclusion of the
intrinsic equations for some important special curves in Euclidean 3-space as the

following:

Proposition 3.1. [12] A curve ¢ : I — E? is spherical, i.e., it is contained in a

sphere of radius r, if and only if

The curvature and the torsion of a spherical curve with radius r are given by:

The curvature and the torsion of a spherical generalized helix are given by:

, T = )
1—c2s2 V1—c3s
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Table 1. Intrinsic equations of some special curves

The curve

Conditions

Intrinsic Equations

Plane curve

T=0

k==k(s), T=0

Circular helix

K=a, T=ma

General helix

k= k(s), T=mkr(s)

Slant helix

~

mk(s) [ k(s)ds

= K(S)7 = 1-m?2([ k(s)ds)?

(Kz+7_2)3/2 (%)

Spherical curve ( ) ( ’E/ Kk = k(s), e T2(N;(S
Spherical plane
curve (Circle) =0, 7=0 k=1 7=0
Spherical general
helix K2 i2—1 =s=m ‘ = \/1—1771252’ EErE
Slant helix with
constant curvature
(Salkowski curve) k=1, (1+:2,)3/2 k=1 7= 710
Slant helix with
constant torsion
(Anti-Salkowski curve) | 7 =1, (52“)3/2 (%) K= \/%, T=1
Spherical curves with
constant torsion T =, (E) ( ) K= w, T=U

Bertrand curves

Axk+Br=C

k=k(s), T=a+ k()

4. INTRINSIC EQUATIONS OF SOME SPECIAL CURVES

In this section, we study the characterizations of some special curves in Euclidean
3-space characterized by det(y(™)(s),1("2)(s),1("3)(s)) = 0, where r; < 141, 71 €
{1,2,3}, 2 € {2,3,4} and r3 € {3,4,5}. Let ¢ : I — E? : s — 1)(s) be a space

curve that is parameterized arclength. Using Mathematica Programm, we have the
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following:
Y (s) =T = {1,0,0},
¥?(s) = kN = {0, 5,0},
(5) PO (s) = {—r* K, KT},
W (s) = {=3kK', K" — k7% — K%, 27K + KT},
PO (s) = {1, o, v},
where

(6) 55) =" = 37(k7" + 7K) — 6K%K/,

4.1. Special curves characterized by det (1/1(1)(5), PP (s), 3 (s)) = 0. The
condition det ()M (s),1? (s),) (s)) = k?r = 0 if and only if the curve is a plane

curve. The intrinsic equations of this case are:
(7) k=rk(s) and 7 =0.

4.2. Special curves characterized by det(¢™)(s),¢?)(s), v (s)) = 0. The
condition det (¢ (s), @ (s),1p®(s)) = k(27K" + rk7') = 0 if and only if the intrin-

sic equations of this case are:

(8) k==k(s) and T =

where c; is an arbitrary constant.

4.3. Special curves characterized by det (¢ (s),1)® (s),9®)(s)) = 0. The
condition det ()™M (s), 1 (s),®)(s)) = 0 leads to the following condition:

(9) k(" —73) + 3(K'T + 7K") — K3 = 0.

4.4. Special curves characterized by det(qp(l)(s),w(?’)(s),w(4)(s)) = 0. The
condition det (1) (s),1®) (s),9*)(s)) = 0 leads to the following condition:

(10) 7k2(Kk% + 72) + 276" + k(K'T — TK") = 0.
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The above condition satisfied if and only if the intrinsic equations are:
ex S
k=k(s) and 7= D (/I+])

() \/cl -2/ [H((S)) exp (2f[s])]ds

K'(s

k()K" (5) — 2k'(s5) — K*(s)
r(s)K'(s)

where ¢; is an arbitrary constant and f[s] = [ [ }ds.

As a special case, when the curve v is a general helix, then the intrinsic equations

must be equal:

1
(12) K= and T = "

V1+m2y/c2 — s? 2 — g2’
2 2

n = cos|[¢p] and ¢ is the angle

. . o
where ¢y is an arbitrary constant and m = T

between the fixed straight line e3 (axis of a general helix) and the tangent vector
of the curve . It is worth noting that equations (12) are the intrinsic equations of

a spherical generalized helix.

4.5. Special curves characterized by det(¢™)(s),9®)(s),9®)(s)) = 0. The
condition det ()M (s), ) (s),9®)(s)) = 0 leads to the following condition:

(13) 7k2(5kK" + 377") + 3K/ (K'T + 7K") + k(33K + KT — TK"") = 0.

As a special case if the curve is circular helix then the condition above is satisfied.

4.6. Special curves characterized by det(w(l)(s),w(4)(s)7¢(5)(s)) = 0. The
condition det (1) (s), 1™ (s),®)(s)) = 0 leads to the following condition:

(k2 + k7% — K") (THB —3(K' T+ TK") + k(T3 — T”))

14
) +(276" + £7) (3K (262 + 72) + 3kTT — K) = 0.

4.7. Special curves characterized by det(w@)(s),w(?’)(s),w(4)(s)) = 0. The
i
condition det(1/®(s), ) (s),p@(s)) = /@5<£) = 0 if and only if the curve is

a general helix. The intrinsic equations of this case are:

(15) k=rk(s) and T =mk(s),
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where m = ﬁ, n = cos|¢| and ¢ is the angle between the fixed straight line eg

(axis of a general helix) and the tangent vector of the curve .

4.8. Special curves characterized by det(¢?(s),1)®)(s),¥®)(s)) = 0. The
condition det (1) (s), 13 (s),1®)(s)) = 0 leads to the following condition:

" \/
(16) /@(f) +5/@'(7> —0.
K K
Solving the above equation, we have the intrinsic equations of such curve as the

following:

(17) k=r(s) and T =kK(s) [cz +e f /ﬁgifs)]’

where ¢ and ¢y are arbitrary constants. When ¢; = 0, the curve v is general helix.

4.9. Special curves characterized by det(¢(?(s),9®(s),9®)(s)) = 0. The
condition det (1/)(2)(5), P (s), w(5)(s)) = 0 leads to the following condition:

0 (e (] (D) s (a0 -0

If the curve v is a general helix then the condition above is satisfied.

4.10. Special curves characterized by det(y)®(s),1*)(s),9®)(s)) = 0. The
condition det (¢(3)(s), P (s), ¥®)(s)) =0, leads the following condition:

! 12
(12/@'3 — 9xk'K" + /425’”) (Z) + H(H4 + 3K"2 — I{HN) (z
K K

# () ()16 -0

We can solve the condition above to find intrinsic equations for some special curves

(19)

satisfied the above condition.

(1): If the curve ¢ is a general helix then the condition (19) is satisfied.

(2): If we take

(20) k(s) = —= and 7(s) =
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the condition (19) becomes:
(21)

r(r—=1)[(r —2)(a® = b)s" +a(2r — 1)s"™ + (r + 1)s"2] = 6(d* — 1)(a s + s*).
where a,b,d and r are arbitrary constants. From equation above, the value of r
must be a positive integer number. When we take r > 3, the condition above not

satisfied, so that the value of must be r € {0,1,2}. Then we have the following

three cases:

(2.1): When r = 0, then d = %1 and so the intrinsic equations of such curve are

(22)  K(s)=1 and r(s)=st——0tS o mats
Vb — (a+s)? V1I—m?(a+s)?
which are the intrinsic equations of Salkowski curves where m = % = ﬁ,

n = cos[¢] and ¢ is the angle between the fixed straight line e3 (axis of a slant

helix) and the normal vector of the curve .

(2.2): When r = 1, then d = £1 and so the intrinsic equations of such curve are

1 a+s

k(s) = — and 7(s) = .
23) © RN Ty

NG

(2.3): When r = 2, then d = ++/2 and so the intrinsic equations of such curve

_ L sy = VRats)
(24) K(S)—S and 7(s) ism.
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