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Abstract. In this paper we show that if X is a compact metric space and

ϕ : R × X → X is a flow and ϕ is weak uniformly almost periodic with

positively asymptotic average shadowing property, then ϕ is strongly ergodic.

As well as corollary we show that if ϕ : R×X → X is a Lyapunov stable flow

with the asymptotic average shadowing property then ϕ is not distal.
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1. Introduction

The shadowing property is an important notion in dynamical systems (see [2]).

In [1] Blank introduced the notion of the average shadowing property (Abbrev.ASP)

and Gu in [3] introduced a new shadowing property,the asymptotic average shad-

owing property (Abbrev.AASP),which is weaker than the asymptotic shadowing

property ,and studied the relation between the AASP and transitivity. In [4] au-

thors studied the relation between AASP and attractors, and C1 interior AASP

in a manifold with dimension 2. Gu and Guo in [6] showed that there is a close
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relationship among the average-shadowing property, Lyapunov stability and topo-

logical ergodicity on flows. In a recent work Gu in [5] introduced the notion of

the asymptotic average-shadowing property and showed that a Lyapunov stable

flow with the asymptotic average-shadowing property is a minimal flow. In this

paper we introduce strong ergidicity, stronger than ergodicity, and weak uniformly

almost periodic flow, weakerthan uniformly almost periodic flow, and show that a

weak uniformly almost periodic flow with asymptotic average-shadowing property

is strong ergodic.

Suppose (X, d) is a compact metric space with metric d. Let ϕ : R×X → X be a

flow, that is, ϕ is a continuous map and satisfies the following conditions:

(1) ϕ(0, x) = x for all x ∈ X.

(2) ϕ(s, ϕ(t, x)) = ϕ(t + s, x) for all x ∈ X and all s, t ∈ R.

For x ∈ X, the set O(x, ϕ) = {ϕ(t, x) : t ∈ R} is said to be the orbit of ϕ thorough

the point x.

A flow ϕ is called to be topologically ergodic if

lim sup
t→∞

1
t

∫ t

0

χ(ϕ(t, U) ∩ V )dt > 0

for any two non-empty open subsets U and V of X, where χ(U) = 1 when U 6= 0

and χ(U) = 0 when U = φ. We say that a flow ϕ is strongly ergodic if for any two

non-empty open subsets U and V of X, there is T > 0 such that for any l ∈ R,

there is t ∈ [l, l + T ] such that ϕ(t, U) ∩ V 6= φ.

It is clear that

Strong ergodicity⇒topological ergodicity⇒topological transivity.

A flow ϕ is called to be uniformly almost periodic if for any ε > 0 there exist

L(ε) > 0 and a countable real number set {τi : 0 ≤ i < ∞} such that {τi} ∩ (t, t +

L(ε)) 6= φ for any t ∈ R and

d(ϕ(t, x), ϕ(t + τi, x)) < ε

for any x ∈ X, any t ∈ R and any 0 ≤ i < ∞. We say that a flow ϕ is weak

uniformly almost periodic if there exist a dense subset A of X such that for any

ε > 0 there exist L(ε) > 0 and a countable real number set {τi : 0 ≤ i < ∞} such

that {τi} ∩ (t, t + L(ε)) 6= φ for any t ∈ R and

d(ϕ(t, x), ϕ(t + τi, x)) < ε
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2. Some basic terminology for flows

Given δ > 0 and T > 0, a bi-sequence ({xi} −∞ < i < ∞, {ti} −∞ < i < ∞) is

said to be (δ, T )-pseudo-orbit of ϕ if ti ≥ T and d(ϕ(ti, xi), xi+1) < δ for all i ∈ Z.

A bi-sequence ({xi} − ∞ < i < ∞, {ti} − ∞ < i < ∞) is said to be ε-shadowed

by the orbit of ϕ through x, if there is an orientation preserving homeomorphism

α : R→ R with α(0) = 0 such that

d(ϕ(α(t), x), ϕ(t− si, xi)) < ε, for si ≤ t < si+1, i ≥ 0

and

d(ϕ(α(t), x), ϕ(t + s−i, x−i)) < ε, for − s−i ≤ t < −s−i+1, i ≥ 1

where s0 = 0, sn =
∑n−1

i=0 ti,
∑−1

i=−n ti, n = 1, 2, . . .

A flow ϕ is said to have the shadowing property if for any ε > 0 there is a δ > 0

such that every (δ, 1)-pseudo orbit of ϕ can be ε-shadowed by some orbit of ϕ.

A bi-sequence ({xi} −∞ < i < ∞, {ti} −∞ < i < ∞) is said to be an asymptotic

T -average-pseudo-orbit of ϕ if ti ≥ T for all i ∈ Z and

lim
n→∞

1
n

i=n∑

i=−n

d(ϕ(ti, xi), xi+1) = 0

For convenience, we say asymptotic average-pseudo-orbit as asymptotic T -average-

pseudo-orbit with T = 1.

A bi-sequence ({xi}−∞ < i < ∞, {ti}−∞ < i < ∞) is said to be positively (resp.

negatively) asymptotically shadowed in average by the orbit of ϕ through x, if there

is an orientation preserving homomorphism α : R→ R with α(0) = 0 such that

lim
n→∞

1
n

i=n∑

i=0

∫ si+1

si

d(ϕ(α(t), x), ϕ(t− si, xi))dt = 0

(resp. lim
n→∞

1
n

i=n∑

i=0

∫ −s−i+1

−s−i

d(ϕ(α(t), x), ϕ(t + s−i, x−i))dt = 0)

where s0 = 0, sn =
∑n−1

i=0 ti,
∑−1

i=−n ti, n = 1, 2, . . .

A flow ϕ is said to have the positively (resp. negatively) asymptotic average shad-

owing property if every asymptotic average-pseudo-orbit of can be positively (resp.

negatively) asymptotically shadowed in average by some orbit of ϕ.

A flow ϕ is said to have the asymptotic average shadowing property if ϕ has both

positively and negetively asymptotic average shadowing property.



118 A. ZAMANI BAHABADI

Theorem 1. Let X be a compact metric space and ϕ : R ×X → X be a flow. If

ϕ is weak uniformly almost periodic with positively asymptotic average shadowing

property, then ϕ is strongly ergodic.

Proof. Suppose that U and V are two nonempty open subsets of X. We can choose

x ∈ U ∩A and y ∈ V ∩A and ε > 0 such that B(x, ε) ⊂ U and B(y, ε) ⊂ V , where

B(a, ε) = {b ∈ X : d(a, b) < ε}. There exists L( ε
2 ) > 0 and a countable real number

set {τi : 0 ≤ i < ∞} such that {τi} ∩ (t, t + L(ε)) 6= φ for any t ∈ R and

d(x, ϕ(τi, x)) <
ε

2

and

d(x, ϕ(τi, y)) <
ε

2
for any 0 ≤ i < ∞.

By uniform continuity of ϕ on [0, L( ε
2 ]×X, take δ > 0 such that d(u, v) < δ implies

d(φ(t, u), φ(t, v)) < ε
2 for all t ∈ [0, L( ε

2 )].

We use the method of Gu in [5] to construct a bi-sequence ({xi} − ∞ < i <

∞, {ti} −∞ < i < ∞) with ti = 1 for all i ∈ Z as follows. Let

w−i = ϕ(−i, x), i = 1, 2, . . .

w0 = x, y = w1,

w2 = x, y = w3,

w4 = x, ϕ(1, x), y, ϕ(1, y) = w7

. . .

w2k = x, ϕ(1, x), . . . , ϕ(2k−1 − 1, x), y, ϕ(1, y), . . . , ϕ(2k−1 − 2, y),

ϕ(2k−1 − 1, y) = w2k+1−1,

. . .

It is to see that for 2k ≤ n < 2k+1,

lim
n→∞

1
n

i=n∑

i=−n

d(ϕ(ti, wi), wi+1) <
2(k + 1)×D

n
,

Where D is diameter of X. Hence

lim
n→∞

1
n

i=n∑

i=−n

d(ϕ(ti, wi), wi+1) = 0
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Thus, the bi-sequence ({xi} − ∞ < i < ∞, {ti} − ∞ < i < ∞) is an asymptotic

average-pseudo-orbit of ϕ, hence it can be positively asymptotically shadowed in

average by the orbit of ϕ through some point z in X, that is, there is an oriantation

preserving homeomorphism α : R→ R with α(0) = 0 such that

lim
n→∞

1
n

i=n∑

i=0

∫ i+1

i

d(ϕ(α(t), z), ϕ(t− i, wi))dt = 0

We have the following claim,

(1) There are infinitymany positive integers j and tj ∈ [j, j + 1] such that

wij ∈ {x, ϕ(1, x), . . . ϕ(2i − 1, x)}

and

d(ϕ(α(tj), z), ϕ(tj − j, wij )) < δ

(2) There are infinity many positive integers l and tl ∈ [l, l + 1] such that

wil
∈ {y, ϕ(1, y), . . . ϕ(2i − 1, y)}

d(ϕ(α(tl), z), ϕ(tl − l, wil
)) < δ

Proof of claim: Without lost of generality we prove only (1). Suppose on the

contrary that there is a positive integer N such that for all integers j > N , whenever

wj ∈ {x, ϕ(1, x), . . . ϕ(2i − 1, x)},

then

d(ϕ(α(t), z), ϕ(t− j, wj)) ≥ δ

for all i ≥ N .

Thus, it would be obtained that

lim inf
n→∞

1
n

i=n∑

i=0

∫ i+1

i

d(ϕ(α(t), z), ϕ(t− j, wi))dt ≥ δ

2
.

This is a contradiction.

So (1) and (2) are true. Hence we can choose positive integers j0, l0, tj0 , tl0 such

that

d(ϕ(α(tj0), z), ϕ(tj0 − j0, wj0)) < δ,

and

d(ϕ(α(tl0), z), ϕ(tl0 − l0, wl0)) < δ,
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Where wj0 = ϕ(j1, x) for some j1 ∈ {0, 1, . . . , 2ij0 − 1} and wl0 = ϕ(l1, y) for some

l1 ∈ {0, 1, . . . , 2ij0 − 1}.
So

d(ϕ(α(tj0), z), ϕ(tj0 − j0 + j1, x)) < δ,

d(ϕ(α(tl0), z), ϕ(tl0 − l0 + l1, x)) < δ,

There are j2, l2 ∈ [0, L( ε
2 )] such that tj0 − j0 + j1 + j2 = τj and tl0 − l0 + l1 + l2 = τl

where

d(x, ϕ(τj , x)) <
ε

2
and

d(y, ϕ(τl, y)) <
ε

2
.

By uniform continuity of ϕ we have

d(ϕ(α(tj0 + j2, z), ϕ(τj , x)) <
ε

2
,

and

d(ϕ(α(tj=l0 + l2, z), ϕ(τl, y)) <
ε

2
.

So d(ϕ(α(tj0 + j2, z), ϕ(τj , x)) < ε
2 , and d(ϕ(α(tj=l0 + l2, z), ϕ(τl, y)) < ε

2 .

If t0 = α(tl0) − α(tj0) + l2 − j2 then ϕ(t0, U) ∩ V 6= φ. We Consider p ∈ A ∩ W

and choose ε0 > 0 such that B(p, ε0) ⊂ W . There exist a countable real number

set {τi : 0 ≤ i < ∞} such that {τi} ∩ (t, t + L(ε0)) 6= φ for any t ∈ R and

d(p, ϕ(τi, p)) < ε0 for any 0 ≤ i < ∞. So ϕ(τi, p) ∈ W for any 0 ≤ i < ∞. Hence

ϕ(τi,W ) ∩W 6= φ and so ϕ(t0, U) ∩ V ∩ ϕ(τi, (ϕ(t0, U) ∩ V )) 6= φ. In other word

ϕ(t0, U) ∩ V ∩ ϕ(τi, (ϕ(t0, U) ∩ V )) ⊂ ϕ(t0 + τi, U) ∩ V.

Hence ϕ(t0 + τi, U)∩ V 6= φ for any 0 ≤ i < ∞. Now we consider T = t0 + L(ε0) so

for any l ∈ R, there is t ∈ [l, l + T ] such that ϕ(t, U) ∩ V 6= φ.

Since U, V are arbitary hence ϕ is strongly ergodic. ¤

Let ϕ1 : R×X → X and ϕ2 : R× Y → Y be two flows on compact metric space

X, Y with metric d1, d2, respectively. We define

ϕ1 × ϕ2 : R×X × Y → X × Y

(ϕ1 × ϕ2)(t, (x, y)) = (ϕ1(t, x), ϕ2(t, y))
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For x = (x1, y1), y = (x2, y2) ∈ X × Y ,

ρ(x, y) = max{d1(x1, x2), d2(y1, y2)}

We say that ϕ1 × ϕ2 has asymptotic average shadowing property if for every as-

ymptotic average pseudo orbit of ϕ1 ×ϕ2, ({(xi, yi)}−∞<i<∞, {ti}−∞<i<∞), there

are x ∈ X and y ∈ Y and orientation preserving homeomorphisms α, α′ : R → R
with α(0) = α′(0) = 0 such that

lim
n→∞

1
n

n∑

i=0

∫ si+1

si

ρ(ϕ1(α(t), x), ϕ2(α′(t), y), (ϕ1(t− s, xi), ϕ2(t− si, yi)))dt = 0

Theorem 2. Let ϕ1 : R ×X → X and ϕ2 : R × Y → Y be flows with asymptotic

average shadowing property. Then ϕ1 × ϕ2 : R ×X × Y → X × Y has asymptotic

average shadowing property.

Proof. Let ({xi, yi}−∞<i<∞, {ti}−∞<i<∞) be an asymptotic average pseudo orbit

of ϕ1 × ϕ2.

So we have ({xi}−∞<i<∞, {ti}−∞<i<∞) and ({yi}−∞<i<∞, {ti}−∞<i<∞) are as-

ymptotic pseudo orbit for ϕ1 and ϕ2, respectively. Hence there are x ∈ X nad

y ∈ Y and orientation preserving homeomorphisms α : R→ R and α′ : R→ R with

α(0) = α′(0) = 0 such that

lim
n→∞

n∑

i=0

∫ si+1

si

d1(ϕ1(α(t), x), ϕ1(t− s, xi))dt = 0

and

lim
n→∞

n∑

i=0

∫ si+1

si

d2(ϕ2(α′(t), y), ϕ2(t− s, yi))dt = 0.

We claim that

lim
n→∞

1
n

n∑

i=0

∫ si+1

si

ρ((ϕ1(α(t), x), ϕ2(α′, y)), (ϕ1(t− s, xi), ϕ2(t− s, yi))dt = 0

suppose not. So there is a sequence {nk} such that nk → +∞ and ε > 0 such that

1
nk

nk∑

i=0

∫ si+1

si

ρ((ϕ1(α(t), x), ϕ2(α′(t), y)), (ϕ1(t− si, xi), ϕ2(t− si, yi)))dt > ε (∗)

put

ck = d1(ϕ1(α(t), x), ϕ1(t− sk, xk))

and

dk = d2(ϕ2(α′(t), y), ϕ2(t− sk, yk)),
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mk = max{ck, dk}, ,

Dt,n = Card({k < n :
∫ sk+1

sk

dk ≥ t}),

Ct,n = Card({k < n :
∫ sk+1

sk

ck ≥ t}),

Mt,n = Card({k < n :
∫ sk+1

sk

mk ≥ t}).

We can see Mt,n ≤ Ct,n +Dt,n. Consider D = max{ρ(x, y) : x, y ∈ X×Y }. Choose

σ > 0 such that 2(D + 1)
√

σ ≤ ε. Since

lim
n→∞

1
n

n∑

i=0

∫ si+1

si

ckdt = 0

and

lim
n→∞

1
n

n∑

i=0

∫ si+1

si

dkdt = 0

by Lemma 3.4 (a) in [7], lim supn→+∞
C√σ,n

n ≤ √
σ and lim supn→+∞

D√σ,n

n ≤ √
σ,

So lim supn→+∞
M√

σ,n

n ≤ 2
√

σ. By Lemma 3.4 (b) in [7].

we have lim sup 1
n

∑n−1
k=0

∫ si+1

si
mkdt ≤ 2(D + 1)σ ≤ ε. This is a contradiction with

(∗).
¤

x ∈ X is said to be stable point of flow ϕ if for any ε > 0, there is δ > 0 such

that d(ϕ(t, x), ϕ(t, y)) < ε for every y ∈ X with d(x, y) < δ and all t ≥ 0. ϕ is

called Lyapunov stable if every point of X is a stable point of ϕ.

x ∈ X is said to be distal if

lim inf
t→∞

d(ϕ(t, x), ϕ(t, y)) > 0

for all y 6= x. We say ϕ is distal if every x ∈ X is distal. Gu in [5] showed that a

Lyapunov stable flow with the asymptotic average shadowing property is a minimal

flow. We can deduce the following corollary.

Corollary. Let ϕ : R × X → X be a Lyapunov stable flow with the asymptotic

average shadowing property. Then ϕ is not distal.
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Proof. By the above theorem ϕ×ϕ : R×X ×X → X ×X has asymptotic average

shadowing property and since ϕ is a Lyapinov flow we can see ϕ×ϕ is also Lyapunov

stable. Hence by argument in [2] ϕ×ϕ is a minimal flow. So for x 6= y, ϕ×ϕ(x, y)

is dense in X ×X. Therefore

lim inf
t→+∞

d(ϕ(t, x), ϕ(t, y)) = 0

then ϕ is not distal. ¤
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