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ABSTRACT. In this paper we show that if X is a compact metric space and
v : Rx X — X is a flow and ¢ is weak uniformly almost periodic with
positively asymptotic average shadowing property, then ¢ is strongly ergodic.
As well as corollary we show that if ¢ : R x X — X is a Lyapunov stable flow
with the asymptotic average shadowing property then ¢ is not distal.

AMS Classification: 54H20, 37D30
Keywords: Asymptotic average shadowing property d-average-pseudo-orbit; Lya-

punov stable; strongly ergodic.

1. INTRODUCTION

The shadowing property is an important notion in dynamical systems (see [2]).
In [1] Blank introduced the notion of the average shadowing property (Abbrev.ASP)
and Gu in [3] introduced a new shadowing property,the asymptotic average shad-
owing property (Abbrev.AASP),which is weaker than the asymptotic shadowing
property ,and studied the relation between the AASP and transitivity. In [4] au-
thors studied the relation between AASP and attractors, and C' interior AASP

in a manifold with dimension 2. Gu and Guo in [6] showed that there is a close
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relationship among the average-shadowing property, Lyapunov stability and topo-
logical ergodicity on flows. In a recent work Gu in [5] introduced the notion of
the asymptotic average-shadowing property and showed that a Lyapunov stable
flow with the asymptotic average-shadowing property is a minimal flow. In this
paper we introduce strong ergidicity, stronger than ergodicity, and weak uniformly
almost periodic flow, weakerthan uniformly almost periodic flow, and show that a
weak uniformly almost periodic flow with asymptotic average-shadowing property
is strong ergodic.

Suppose (X, d) is a compact metric space with metric d. Let ¢ : R x X — X be a

flow, that is, ¢ is a continuous map and satisfies the following conditions:

(1) ¢(0,z) =z for all z € X.
(2) p(s,0(t,x)) =t + s,x) for all x € X and all s,t € R.

For x € X, the set O(z,¢) = {p(t,z) : t € R} is said to be the orbit of ¢ thorough
the point x.

A flow ¢ is called to be topologically ergodic if

1 [t
li?lgp z/o X(pt,U)NV)dt >0

for any two non-empty open subsets U and V of X, where x(U) = 1 when U # 0
and x(U) = 0 when U = ¢. We say that a flow ¢ is strongly ergodic if for any two
non-empty open subsets U and V of X, there is T' > 0 such that for any | € R,
there is ¢ € [I,1 + T] such that o(t,U) NV # ¢.
It is clear that
Strong ergodicity=-topological ergodicity=-topological transivity.

A flow ¢ is called to be uniformly almost periodic if for any € > 0 there exist
L(e) > 0 and a countable real number set {r; : 0 < i < oo} such that {r;} N (¢t +
L(e€)) # ¢ for any ¢t € R and

d(p(t,x),p(t +1i,2)) <€

for any z € X, any ¢t € R and any 0 < i < co. We say that a flow ¢ is weak
uniformly almost periodic if there exist a dense subset A of X such that for any
€ > 0 there exist L(e) > 0 and a countable real number set {r; : 0 < i < oo} such
that {m;} N (¢t,t + L(¢)) # ¢ for any t € R and

d(p(t,x),p(t +1i,2)) <€
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2. SOME BASIC TERMINOLOGY FOR FLOWS

Given 6 > 0 and T > 0, a bi-sequence ({x;} — 0o < i < 00, {t;} — 00 <i < 00) is
said to be (8, T)-pseudo-orbit of ¢ if t; > T and d(p(t;,x;),xir1) < 0 for all i € Z.
A bi-sequence ({;} — 00 < i < 00, {t;} — 0 < i < 00) is said to be e-shadowed
by the orbit of ¢ through =z, if there is an orientation preserving homeomorphism
a: R — R with «(0) = 0 such that

d((p(a(t),x),go(t - 87,71‘7,)) <k¢, for Si <t< Si-‘rlvi > 0

and
d(p(a(t),z), ot +s_,z_;)) <€ for —s_; <t < —s_;41,1>1

where sg = 0, s, = Z?:_J ti,zi_:l_n ti,n=12,...

A flow ¢ is said to have the shadowing property if for any € > 0 there is a § > 0
such that every (9, 1)-pseudo orbit of ¢ can be e-shadowed by some orbit of .

A bi-sequence ({z;} — 0o < i < 00,{t;} — 00 < i < 00) is said to be an asymptotic
T-average-pseudo-orbit of ¢ if ¢; > T for all ¢ € Z and

1=n

. 1
Jim - > dlp(ti,zi),wign) =0

i=—n
For convenience, we say asymptotic average-pseudo-orbit as asymptotic T-average-
pseudo-orbit with 7" = 1.
A bi-sequence ({z;} — 0o <1 < 00, {t;} —00 < i < 00) is said to be positively (resp.
negatively) asymptotically shadowed in average by the orbit of ¢ through =z, if there
is an orientation preserving homomorphism « : R — R with a(0) = 0 such that
1 =N pSita

lim — Z/ d(p(a(t),z), ot — s;,2;))dt =0

N0 s
1 i=n —5_it1
resp. Jim =3 [ dlplalt),a),plt + sai))dt = 0)
n—oo N i—0 —s_;
where sg =0, s, = Z?:_Ol ti,zi_:l_n ti,n=1,2,...
A flow ¢ is said to have the positively (resp. negatively) asymptotic average shad-
owing property if every asymptotic average-pseudo-orbit of can be positively (resp.
negatively) asymptotically shadowed in average by some orbit of .
A flow ¢ is said to have the asymptotic average shadowing property if ¢ has both

positively and negetively asymptotic average shadowing property.
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Theorem 1. Let X be a compact metric space and ¢ : R x X — X be a flow. If
@ is weak uniformly almost periodic with positively asymptotic average shadowing

property, then o is strongly ergodic.

Proof. Suppose that U and V are two nonempty open subsets of X. We can choose
xeUNAandyeVNAande >0 such that B(z,e) C U and B(y,¢) C V, where
B(a,e) = {be€ X : d(a,b) < e}. There exists L(5) > 0 and a countable real number
set {m; : 0 <4 < oo} such that {r;} N (¢t,t + L(e)) # ¢ for any t € R and

DO

d(z, p(7i, z)) <

and

d(l‘7 90(7_2', y)) <

DN

for any 0 <17 < oo.

By uniform continuity of ¢ on [0, L(5] x X, take > 0 such that d(u,v) < ¢ implies
d(o(t,u), d(t,v)) < § for all t € [0, L(5)].

We use the method of Gu in [5] to construct a bi-sequence ({z;} — o0 < i <

00, {t;} — 00 < i < o0) with ¢; =1 for all i € Z as follows. Let
w_; =p(—i,x),i=1,2,...
Wo =T, Y= wi,
Wz =T, Y= ws,

wy =z,0(1,2),y, (l,y) =wr

2k_1 - 17$)7ya SD(]-vy)a AR 90(216_1 - 27y)a

30(2]971 - ]-ay) = Waok+1_1,

wor = x, (1, ), ..., 0(

It is to see that for 2% < n < 2k+1,

1R 2(k+1) x D
lim — d(p(ti, wi), w; _—
ngrgoni;n ((ts,wi), wigr) < -

Where D is diameter of X. Hence

. 1
Jim - > dlp(ti, wi), wigr) =0

it=—n
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Thus, the bi-sequence ({x;} — 0o < i < 00, {t;} — 00 < i < c0) is an asymptotic
average-pseudo-orbit of ¢, hence it can be positively asymptotically shadowed in
average by the orbit of ¢ through some point z in X, that is, there is an oriantation

preserving homeomorphism a : R — R with «(0) = 0 such that

n—oo N 4

=N nitl
lim 1 Z/ d(p(a(t),z), ot —i,w;))dt =0
i=0 "

We have the following claim,
(1) There are infinitymany positive integers j and t; € [4,j + 1] such that
w;, € {z,0(1,2),...0(2" — 1,2)}
and
d(p(alty), z), (t; — jrwi;)) <6

(2) There are infinity many positive integers [ and ¢; € [I,] 4 1] such that
wi, € {ya 90(17?/)7 cee @(Ql - ]-ay)}

d(p(a(tr), z), o(t — Lw;, ) <0
Proof of claim: Without lost of generality we prove only (1). Suppose on the

contrary that there is a positive integer N such that for all integers j > N, whenever
wj € {LL‘, QO(]-,:E)a cee QD(QZ - ].,.T)},
then
d((p(a(t)v Z)v @(t - .ja w])) > d

for all 7 > N.
Thus, it would be obtained that

N

i=n il
lim inf = Z/ d(o(alt), 2), ot — j,wi))dt >
i=0""?

This is a contradiction.
So (1) and (2) are true. Hence we can choose positive integers jo, lo, tj,,t;, such

that

0

d((p(a(thL Z)? @(tjo - j07 wjo)) < 5?
and

d((p(a(tlo)7 Z)7 @(tlo - lvalo» < 6a
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Where wj, = ¢(j1, ) for some j; € {0,1,...,2% — 1} and w;, = ¢(l1,y) for some
I €{0,1,...,200 —1}.
So

d(@(a(tjo)’z)’ ‘p(tjo —Jo +j1,.%‘)) <9,
d(@(a(tlo)’ Z)’ Qo(tlo - ZO + lla .23)) < 67

There are ja,l2 € [0, L(5)] such that tj, —jo+j1+jo = 75 and tj, —lo + 1+l =7

where

Cl(l‘, (P(Tja 33)) <

N

and

N

d(y, (1, y)) <

By uniform continuity of ¢ we have

. €
d(‘ﬂ(a(tm +]27Z)a¢(7—jaz)) < 57

and
€

d(<p(a(tj:lo =+ l27 Z)v cp(Tz,y)) < 5
So d(p(altjy, + j2; 2), (7, 2)) < §, and d(p(a(tj=i, +12,2),¢(7,¥)) < 5.
If to = afty,) — altj,) + lo — jo then o(to,U) NV # ¢. We Consider p € ANW
and choose ¢y > 0 such that B(p,eo) C W. There exist a countable real number
set {r; : 0 < i < oo} such that {r;} N (¢,t + L(ep)) # ¢ for any ¢ € R and
d(p, o(Ti,p)) < € for any 0 < i < 0o. So ¢(71;,p) € W for any 0 < i < co. Hence
o(r, W)NW # ¢ and so p(to, U) NV N o(m, (p(to,U) NV)) # ¢. In other word

o(to, U) NV N o(m, (pto, U)NV)) C o(tg+7,U)NV.

Hence ¢(tg + 7;, U) NV # ¢ for any 0 < i < co. Now we consider T' = to + L(eg) so
for any | € R, there is t € [I,] + T such that p(t,U) NV # ¢.
Since U,V are arbitary hence ¢ is strongly ergodic. O

Let o1 :RXx X — X and @5 : R XY — Y be two flows on compact metric space
X, Y with metric dy, ds, respectively. We define

P11 X RXxX XY — XxY

((pl X 302)(t’ (m,y)) = ((pl(t?m>7(p2<t7y)>
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For 2 = (zlayl)ay = ($2,y2) € X x Ya

plx,y) = maz{di(z1,22),d2(y1, y2)}

We say that ¢1 X @9 has asymptotic average shadowing property if for every as-

ymptotic average pseudo orbit of ¢1 X @a, ({(i,¥i)}—co<i<oo, {ti} —co<i<oo), there
are v € X and y € Y and orientation preserving homeomorphisms «,a’ : R — R
with @(0) = o/(0) = 0 such that

n—oo 1, 4

lim Z /Si“ plpr(alt), ), p2(/(t),y), (p1(t — s,2:), p2(t — si,93)))dt = 0
i=0 v i

Theorem 2. Let o1 : R x X — X and p3 : RXY — Y be flows with asymptotic
average shadowing property. Then @1 X w2 : R X X XY — X XY has asymptotic

average shadowing property.

Proof. Let ({&i,yi}—co<i<oos {ti} —co<icoo) be an asymptotic average pseudo orbit
of o1 x o

So we have ({Zi} —co<i<oos {ti} —co<i<oo) aNd ({¥i}—co<icoos {ti} —coci<oo) are as-
ymptotic pseudo orbit for ¢ and 2, respectively. Hence there are z € X nad
y € Y and orientation preserving homeomorphisms o : R — R and o’ : R — R with
a(0) = &’(0) = 0 such that

n Sit1
lim Z/ dy (p1(a(t), z), p1(t — s,2;))dt =0
i=0 " Si

n—00 4

and

n—00 4

n Sit1
lim Z/ da(p2(a'(t),y), p2(t — 5,:))dt = 0.
i=0 v i

We claim that
. 1 12
Jim = [ pl(pr(a(),2), 02(0, ), (1(t = 5,3:), @2t = 5,9:))dt = 0
suppose not. So there is a sequence {ns} such that ny — +oo and & > 0 such that

=/ T pler(al0). ). pa(0! (8,1)). (o1t — 1), oalt = 51yt > € (4)
i=0 v %i
put
Cr = dl(@l(a(t)wr)’ QDl(t - Skaxk))

and

di, = da(p2(a'(t),y), p2(t — sk, yk)),



122 A. ZAMANI BAHABADI

my = max{cg,di},,

Sk+1
Dy, = Card({k <n: / dp, > t}),

Sk

Sk+1
Cin=Card({k <n: / ck > t}),

Sk
Sk+1
My, =Card({k <n: / mg > t}).
Sk
We can see M, ,, < Cyp,+ Dy . Consider D = maz{p(z,y) : z,y € X xY}. Choose
o > 0 such that 2(D + 1)4/o < e. Since

1 n Sit+1
lim — Z/ cdt =0
e iz0 s

and

c D
NS . NS
‘zn < /o and limsup,, ., —4=* < /0,

n

by Lemma 3.4 (a) in [7], limsup,,_, | o,
So limsup,, _, 4 o Mf’" < 2y/0c. By Lemma 3.4 (b) in [7].
we have limsup £ S S mydt < 2(D 4 1)o < e. This is a contradiction with

(%)-

O

x € X is said to be stable point of flow ¢ if for any € > 0, there is § > 0 such
that d(¢(t,x),p(t,y)) < € for every y € X with d(z,y) < d and all t > 0. ¢ is
called Lyapunov stable if every point of X is a stable point of .

x € X is said to be distal if
liminf d(p(t, z), ¢(t,y)) > 0

t—oo
for all y # x. We say ¢ is distal if every z € X is distal. Gu in [5] showed that a

Lyapunov stable flow with the asymptotic average shadowing property is a minimal

flow. We can deduce the following corollary.

Corollary. Let ¢ : R x X — X be a Lyapunov stable flow with the asymptotic

average shadowing property. Then ¢ is not distal.
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Proof. By the above theorem ¢ x ¢ : R x X x X — X x X has asymptotic average
shadowing property and since ¢ is a Lyapinov flow we can see ¢ X ¢ is also Lyapunov
stable. Hence by argument in [2] ¢ X ¢ is a minimal flow. So for = # y, ¢ X ¢(z,y)

is dense in X x X. Therefore

liminf d(p(t, z), (t,y)) =0

t—+o0

then ¢ is not distal. O
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