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Abstract. In this paper we introduce (ε − 2)-ball centered at each point in

2-metric topological space (X, d). Theorems on the normal, regular and Haus-

dorff topological spaces in 2-metrizable topological space are presented. We

show that every metrizable topological spaces are coarser than 2-metrizable

topological space, and then we conclude that each manifold is a 2-metric topo-

logical space.
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1. Introduction

The notion of 2-metric space was initially introduced by Gähler(1963/64) in

papers [3] and [4]. In recent years, development of this branch, is due to Diminie

and White(1969), Ehret(1969), Iśeki(1975/76), Siddiqi,Gupta and Gähler (1974).

Some authors have studied the aspects of fixed point theory in 2-metric space

and some important fixed point results are obtained by Khan(1978), Iśeki(1975),

Rohoades(1979), Miczko and Palezwski(1985), Saha et. al. (1993/2009) and

Sehgal(1969).
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In this paper we construct a 2-metric topological space and we find the relation

between a 2-metric topological space and a metric topological space. We show that

2-metric topological spaces are normal topological spaces, then they are regular and

Hausdorff topological spaces.

2. 2-metric spaces

In this section we introduce 2-metric spaces. We begin with definition of 2-metric

space.

Let X be a non-empty set. A real valued function d on X ×X ×X is said to be

a 2-metric on X if:

(i) given distinct elements x, y of X, there is an elements z of X such that

d(x, y, z) 6= 0;

(ii) d(x, y, z) = 0, when at least two of x, y, z are equal;

(iii) d(x, y, z) = d(z, y, x) = d(z, x, y), for every x, y, z ∈ X;

(iv) d(x, y, z) ≤ d(w, y, z) + d(x,w, z) + d(x, y, w), for every x, y, z, w ∈ X.

The ordered pair (X, d) is called a 2-metric space.

The convergence in a 2-metric space (X, d) introduced by Hadžić(1984) by the

following way:

A sequence {xn}n∈N in a 2-metric space (X, d) is said to be convergent with the

limited point x in X, if for every a ∈ X, limn→∞d(xn, x, a) = 0.

A sequence is called a Cauchy sequence if:

for all a ∈ X, limm,n→∞d(xm, xn, a) = 0.

If every Cauchy sequence in X converges to a point in X, then (X, d) is said to

be a complete 2-metric space.

A 2-metric which is continuous in all its arguments is called continuous [5].

Clearly, every 2-metric is non-negative.

Example 2.1. Take X = R3 and

d(x, y, z) = |x1(y2z3 − z2y3)− x2(y1z3 − z1y3) + x3(y1z2 − z1y2)|,

where X = (x1, x2, x3), Y = (y1, y2, y3) and Z = (z1, z2, z3).

Then (R3, d) is 2-metric space.

Example 2.2. Let d : R×R×R −→ R be defined by:

d(x, y, z) = |(x− y)(y − z)(z − x)|.
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Then (R, d) is a 2-metric space, because:

(i) If x 6= y are disjoint elements in R and if z = (x + y)/2, then d(x, y, z) =
1
4 |x− y|3 6= 0.

Conditions (ii) and (iii) are clear. For condition (iv), if x, y, z, w ∈ R then:

d(x, y, w) + d(x, w, z) + d(w, y, z)

= |(x− y)(y − w)(w − x)|+ |(x− w)(w − z)(z − x)|+ |(w − y)(y − z)(z − w)|
≥ |(x− y)(y − w)(w − x) + (x− w)(w − z)(z − x) + (w − y)(y − z)(z − w)|
= |xy2 − x2y − z2x + x2z − y2z + z2y|
= |(x− y)(y − z)(z − x)| = d(x, y, z).

Example 2.3. Let X be an arbitrary set, d : X ×X ×X −→ R be defined by:

d(x, y, z) = 0, when at least two of x, y, z are equal;

and otherwise d(x, y, z) = 1.

Then ”d” is a 2-metric which is called discrete 2-metric.

Example 2.4. Let d : Rk ×Rk ×Rk −→ R defined by:

d(x, y, z) = Max{|xi − yi||xi − zi||yi − zi|}1≤i≤k

where x = (x1, ..., xk), y = (y1, ..., yk) and z = (z1, ..., zk). It is easy to show that

(Rk, d) is a 2-metric space.

3. 2-metric topological spaces

In this section we introduce 2-metric topological spaces. We start by definition

of (ε− 2)-ball centered at x.

Definition 3.1. Let (X, d) be a 2-metric space. Bd(x, ε) which is defined by

Bd(x, ε) = {y ∈ X|Supa∈Xd(x, y, a) < ε}, is called (ε− 2)-ball centered at x.

We show that the collection of all (ε− 2)-balls centered at x, for all x ∈ X, is a

basis for a topology on X, which is called the 2-metric topology induced by d:

It is clear that a ∈ Bd(a, ε), for all ε > 0 and a ∈ X.

For the second condition of the basis for a topological space definition, let c ∈
Bd(a, ε1) ∩ Bd(b, ε2), for a, b, c ∈ X. Letting positive number ε be the smaller of

positive number 1
2min{ε1 − Supx∈Xd(a, c, x), ε2 − Supy∈Xd(b, c, y)}, we show that

Bd(c, ε) is subset Bd(a, ε1) ∩Bd(a, ε1):

If e ∈ Bd(c, ε), then Supx∈Xd(c, e, x) < ε. (*)



64 M.R. FARHANGDOOST

Hence

d(c, e, x0) < ε and d(c, e, a) < ε , for all x0 ∈ X.

d(a, e, x0) ≤ d(c, e, x0) + d(a, c, x0) + d(a, e, c)

< ε + d(a, c, x0) + ε , for all x0 ∈ X, (by (*))

so

Supx∈Xd(a, e, x) ≤ 2ε + Supx∈Xd(a, c, x).

Since

0 < ε < 1
2min{ε1 − Supx∈Xd(a, c, x), ε2 − Supy∈Xd(b, c, y)},

then

2ε + Supx∈Xd(a, c, x0) < (ε1 − Supx∈Xd(a, c, x)) + Supx∈Xd(a, c, x) = ε1.

Hence

Supx∈Xd(a, e, x) < ε1.

So

e ∈ Bd(a, ε1).

By the same process we can show that e ∈ Bd(b, ε2) and the proof is complete.

Example 3.2. If d is a discrete metric on X, then (X, d) is a discrete 2-metric

topological space.

Example 3.3. In the Example 2.3, each {x} is an open set, for all x ∈ R.

Note: It is easy to show that in 2-metric topological space (X, d) a sequence

{an}n∈N is convergent to ”a” if and only if for every (ε − 2)-ball centered at ”a”,

there is a natural number M such that am ∈ Bd(a, ε), for every m ≥ M .

Also, it is easy to show that: ”Let X be a topological space and A ⊆ X. If there

is a sequence of points of A converging to b, then b ∈ A; the converse holds if X is

2-metric topological space.”

Lemma 3.4. Let (X, d) be a 2-metric topological space and an ∈ Bd(b, εn), where

n ∈ N , an, b ∈ X, εn > 0 and εn → 0. Then the sequence {an}n∈N is convergent to

b.

Proof: Since an ∈ Bd(b, εn), for all n ∈ N , then Supx∈Xd(an, b, x) < εn,
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so

d(an, b, x) < εn , for all x ∈ X and n ∈ N .

Therefore

limn→∞d(an, b, x) = 0,

finally

{an}n∈N

convergent with limit b ∈ X.

Corollary 3.5. Let (X, d) be a 2-metric topological space and a ∈ X. If {an}n∈N

is a sequence in X such that every open set U in X includes ”a” which intersects

{an}n∈N , then {an}n∈N converges to ”a”.

Proof: The proof obtains by Lemma 3.4.

Theorem 3.6. Let d be a metric on X and |X| ≥ 3. Then d1 is a 2-metric,

where d1 : X ×X ×X → R is defined by:

d1(x, y, z) = min{d(x, y), d(x, z), d(y, z)},
for every x, y, z ∈ X.

Also, the metric topological space (X, d) is coarser than the 2-metric topological

space (X, d1).

Proof: We show that d1 is a 2-metric:

(i) Since |X| ≥ 3, for every x 6= y, there is z ∈ X such that x 6= z and y 6= z.

then

d(x, y) > 0, d(x, z) > 0andd(y, z) > 0.

So

min{d(x, y), d(x, z), d(y, z)} > 0,

then

d1(x, y, z) 6= 0.

It is clear that conditions (ii) and (iii) are true.

Now, we show that for every x, y, z, w ∈ X:

d1(x, y, z) ≤ d1(x, y, w) + d1(x, w, z) + d1(w, y, z), (**)
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without loss of generality we can assume that:

d1(x, y, z) = d(x, y).

Case(1): Let d1(x, y, w) = d(x, y), then it is clear that:

d1(x, y, z) = d1(x, y, w) ≤ d1(x, y, w) + d1(x,w, z) + d1(w, y, z).

Case(2): Let d1(x, y, w) = d(x, w) and d1(w, y, z) = d(w, y), then:

d1(x, y, w) = d(x, y) ≤ d(x,w) + d(w, y) =

d1(x, y, w) + d1(w, y, z) = d1(x, y, w) + d1(x,w, z) + d1(w, y, z).

Case(3): Let d1(x, y, w) = d1(y, w, z) = d(w, z), since d1(x, y, z) = d(x, y),

then d(x, y) ≤ d(x, z), so d(x, y) ≤ d(x,w) + d(w, z), it is clear that

(**) holds.

For the other cases with the same process we can complete the proof.

Also, it is clear that Bd1(x, ε) is a subset of Bd(x, ε), so the metric topological

space (X, d) is coarser than 2-metric topological space (X, d1).

Definition 3.7. A topological space (X, τ) is called 2-metric deformation, if

there exists 2-metrizable space (X, d) such that τ is coarser than τd, where d is a

2-metric.

Example 3.8. Every metrizable space such as Manifolds, Lie groups and top

spaces are 2-metric deformation. [11]

Lemma 3.9. Let d̄ : X × X × X → R be a 2-metric on X and (X, d̄) be a

2-metric topological space, then d : X×X×X → R, which is defined by d(x, y, z) =

min{d̄(x, y, z), 1} is a bounded 2-metric that induce the same topology as d.

Proof: It is easy to show that the conditions (i), (ii), (iii) and (iv) of the 2-

metric definition true. So d is a 2-metric.

It is clear that, for every 2-metric space, the collection of (ε−2)−balls with ε < 1

forms a base for 2-metric topological space X. So 2-metric d and d̄ induce the same

topology on X, because the collections of (ε − 2)−balls with ε < 1 under these two

metrics are the same collections.

Example 3.10. By the previous Lemma and Example 2.2

ρ(x, y, z) = min{|x− y||y − z||x− z|, 1}, x, y, z ∈ R,
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is a bounded 2-metric.

Corollary 3.11. Let ρ̄ be defined as:

ρ̄(x, y, z) = Supi∈N{ρ(xi,yi,zi)
i }.

Then ρ̄ is 2-metric, where ρ is introduced in the Example 3.10 and x = (xi)i∈N ,

y = (yi)i∈N and z = (zi)i∈N belong to Rw.

Proof: It is easy to show that the conditions of the definition of 2-metric are

true.

Corollary 3.12. Each 2-metric topological space is a normal topological space.

Proof: Let A,B be two closed subsets of a 2-metric topological space (X, d), and

U =
⋃

a∈A Bd(a, εa

4 ) and V =
⋃

b∈B Bd(b, εb

4 ), where εa, εb > 0 and Bd(a, εa) ∩B =

Bd(b, εb) ∩A = empty.

Claiming that U , V are disjoint open subsets containing A,B, respectively:

Let z ∈ U ∩ V . Then there are a, b ∈ X that z ∈ Bd(a, εa

4 ) and z ∈ Bd(b, εb

4 ),

so

d(a, b, x) ≤ d(z, b, x) + d(a, z, x) + d(a, b, z) , for all x ∈ X.

Since

d(z, b, x) + d(a, z, x) + d(a, b, z) < εb

4 + εa

4 + εa

4 ,

without loss of generality we assume that εa < εb,

then

d(a, b, x) < 3
4εb , for all x ∈ X

therefore

Supx∈Xd(a, b, x) < εb,

so

a ∈ Bd(b, εb),

this situation is not possible, so the proof is complete.

A topological space X is regular if for each pair consisting of a point x and a

closed set C disjoint from x, there exist disjointed open sets containing x and C,

respectively. Note that a topological space X is regular if and only if given a point

x ∈ X and an open set U of x, there is an open set V of x such that V ⊆ U .
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By this corollary we have the following corollary, but we prove it straightfor-

wardly.

Corollary 3.13. Every 2-metric topological space is a regular topological space.

Proof: Let (X,d) be a 2-metric topological space, a point x ∈ X and an open set

U of x be given, there is a (ε− 2)−ball of x, where ε > 0, we show that the closure

Bd(x, ε
2 ) is a subset of Bd(x, ε):

Let a ∈ Bd(x, ε
2 ). Then there is a sequence {xn}n∈N such that converges to a,

where xn ∈ X for every natural number n,

so

limn→∞d(a, xn, z) = 0 , for all z ∈ X (***)

since

d(x, a, z) ≤ d(xn, a, z) + d(x, xn, z) + d(x, a, xn) , for all n ∈ N ,

then by (***) have:

d(x, a, z) ≤ ε/2 , for all z ∈ X

therefore ”a” belongs to Bd(x, ε), and the proof is complete.

Another corollary is:

Corollary 3.14. Every 2-metric topological space is a Hausdorff topological

space.

Conclusion: We have the following conditions:

1. For every metric topological space (X, d), there is a 2-metric topological space

(X, d1), such that it is coarser than (X, d).

2. For every 2-metric topological space (X, d), there is a bounded topological

space (X, d1) which is topological equivalent to (X, d).

3. Every 2-metric topological space is normal, regular and Hausdorff topological

space.

Now, let us to conclude this paper by sketching two problems:

1. What is the relation between 2-metric topological spaces and metric topolog-

ical spaces?

2. Whether all 2-metric topological spaces are 2-metrizable topological spaces or

not?
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