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ABSTRACT. In this paper we introduce (€ — 2)-ball centered at each point in
2-metric topological space (X, d). Theorems on the normal, regular and Haus-
dorft topological spaces in 2-metrizable topological space are presented. We
show that every metrizable topological spaces are coarser than 2-metrizable
topological space, and then we conclude that each manifold is a 2-metric topo-

logical space.
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1. INTRODUCTION

The notion of 2-metric space was initially introduced by Gdhler(1963/64) in
papers [3] and [4]. In recent years, development of this branch, is due to Diminie
and White(1969), Ehret(1969), 15eki(1975/76), Siddiqi, Gupta and Gahler (1974).

Some authors have studied the aspects of fixed point theory in 2-metric space
and some important fixed point results are obtained by Khan(1978), I$eki(1975),
Rohoades(1979), Miczko and Palezwski(1985), Saha et. al. (1993/2009) and
Sehgal(1969).
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In this paper we construct a 2-metric topological space and we find the relation
between a 2-metric topological space and a metric topological space. We show that
2-metric topological spaces are normal topological spaces, then they are regular and

Hausdorff topological spaces.

2. 2-METRIC SPACES

In this section we introduce 2-metric spaces. We begin with definition of 2-metric
space.

Let X be a non-empty set. A real valued function d on X x X x X is said to be
a 2-metric on X if:

(i) given distinct elements z,y of X, there is an elements z of X such that
d(z,y,2) # 0;

(ii) d(x,y,z) = 0, when at least two of z,y, z are equal;

(iii) d(z,y, z) = d(z,y,x) = d(z,z,y), for every z,y,z € X;

(iv) d(z,y, z) < d(w,y, z) + d(z,w, z) + d(x, y,w), for every z,y,z,w € X.

The ordered pair (X, d) is called a 2-metric space.

The convergence in a 2-metric space (X, d) introduced by HadZié(1984) by the
following way:

A sequence {z, }nen in a 2-metric space (X, d) is said to be convergent with the
limited point x in X, if for every a € X, lim,—ood(xn,x,a) = 0.

A sequence is called a Cauchy sequence if:

for all @ € X, limp, n—sood(Zm, Tpn,a) = 0.

If every Cauchy sequence in X converges to a point in X, then (X, d) is said to
be a complete 2-metric space.

A 2-metric which is continuous in all its arguments is called continuous [5].

Clearly, every 2-metric is non-negative.
Example 2.1. Take X = R? and

d(z,% Z) = |I1(y223 - 22y3) - 932(1/123 - 2193) + I3(1/122 - Zly2)|7

where X = (21, 29,23), Y = (Y1, Y2, 43) and Z = (21, 23, 23).
Then (R3,d) is 2-metric space.

Example 2.2. Letd: R x R x R — R be defined by:

d(z,y,2) = [(x —y)(y — 2)(z — 2)|.
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Then (R,d) is a 2-metric space, because:

(i) If x # y are disjoint elements in R and if z = (z + y)/2, then d(z,y,z) =
il —yl*#0.

Conditions (ii) and (i) are clear. For condition (i), if x,y,z,w € R then:

Ay, w) + d(z,w, 2) + d(w,y, 2)

==y (y —w)(w—2)| + [(z —w)(w - 2)(z — 2)[ +[(w = y)(y — 2)(z — w)|

z (@ —y)(y —w)(w—2) + (r —w)(w—2)(z —2) + (w —y)(y — 2)(z —w)|

= |axy? — 2%y — 222 + 222 — y? 2 + 2%y|

=@ =)y = 2)(z - 2)| = d(z,y,2).

Example 2.3. Let X be an arbitrary set, d: X x X x X — R be defined by:
d(x,y,z) =0, when at least two of x,y,z are equal;
and otherwise d(x,y,z) = 1.

Then ”d” is a 2-metric which is called discrete 2-metric.

Example 2.4. Let d: R* x R* x R* — R defined by:

d(z,y,2) = Max{|z; — yil|lzi — zillyi — zil h<i<k
where © = (L1, ...y k), Y = (Y1, oY) and 2 = (21, ..., 2 ). It is easy to show that

(RF,d) is a 2-metric space.
3. 2-METRIC TOPOLOGICAL SPACES

In this section we introduce 2-metric topological spaces. We start by definition

of (e — 2)-ball centered at x.

Definition 3.1. Let (X,d) be a 2-metric space. Bg(x,€) which is defined by
By(z,€) = {y € X|Supaexd(z,y,a) < €}, is called (¢ — 2)-ball centered at x.

We show that the collection of all (¢ — 2)-balls centered at z, for all x € X, is a
basis for a topology on X, which is called the 2-metric topology induced by d:

It is clear that a € By(a,¢), for all e > 0 and a € X.

For the second condition of the basis for a topological space definition, let ¢ €
Bg(a,er) N By(b, €2), for a,b,c € X. Letting positive number € be the smaller of
positive number %min{el — Supzexd(a,c,x), e2 — Supyexd(b, c,y)}, we show that
Byl(c,¢€) is subset By(a,€e1) N By(a,€1):

If e € By(c,€), then Supyexd(c,e,x) < €. (*)
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Hence

d(c,e,zp) < € and d(c,e,a) < € , for all zg € X.

d(a,e,xg) < d(c,e,x0) + d(a,c,z) + d(a,e,c)
<e+d(a,c,xo) +e , for all zg € X, (by (%))

SO

Suprexd(a, e, z) < 2e + Supyexd(a,c,x).
Since

0<e< %min{el — Supzexd(a,c,x),e2 — Supyexd(b, c,y)},
then

2e + Suprexd(a,c,zg) < (€1 — Supzexd(a,c,x)) + Suprexd(a,c,x) = €.

Hence

Supgexd(a, e, x) < €.

So

e € By(a,er).

By the same process we can show that e € By(b, e2) and the proof is complete.

Example 3.2. Ifd is a discrete metric on X, then (X, d) is a discrete 2-metric

topological space.
Example 3.3. In the Example 2.3, each {x} is an open set, for all x € R.

Note: It is easy to show that in 2-metric topological space (X, d) a sequence
{an}nen is convergent to "a” if and only if for every (e — 2)-ball centered at ”a”,
there is a natural number M such that a,, € By(a,¢€), for every m > M.

Also, it is easy to show that: ”Let X be a topological space and A C X. If there
is a sequence of points of A converging to b, then b € A; the converse holds if X is

2-metric topological space.”

Lemma 3.4. Let (X,d) be a 2-metric topological space and a,, € Bq(b, €,), where
ne€N, ap,be X, e, >0 and ¢, — 0. Then the sequence {an }nen is convergent to
b.

Proof: Since a,, € By(b,€), for alln € N, then Supyexd(an,b,x) < €,
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s0
d(an,b, ) < €, ,forallz € X andn € N.
Therefore
limy,—ood(an, b,x) =0,
finally

{an}neN

convergent with limit b € X.

Corollary 3.5. Let (X, d) be a 2-metric topological space and a € X. If {an}nen
is a sequence in X such that every open set U in X includes ”a” which intersects
{an}nen, then {antnen converges to”a”.

Proof: The proof obtains by Lemma 3.4.

Theorem 3.6. Let d be a metric on X and |X| > 3. Then d; is a 2-metric,
where di : X x X x X — R is defined by:

dy(z,y,z) = min{d(z,y),d(z, z),d(y, 2) },
for every x,y,z € X.
Also, the metric topological space (X, d) is coarser than the 2-metric topological
space (X,dy).
Proof: We show that dy is a 2-metric:
(i) Since |X| > 3, for every x # vy, there is z € X such that x # z and y # z.
then
d(xz,y) > 0,d(x, z) > 0andd(y, z) > 0.

So
min{d(z,y),d(z, z),d(y, 2)} > 0,
then
dy(z,y,2) # 0.
It is clear that conditions (i) and (i) are true.

Now, we show that for every x,y,z,w € X:

dl(x7y?z) S d1(1‘7y,’LU) + dl(.’L’,’w,Z) + dl(w7y?z)) (**)
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without loss of generality we can assume that:

dl(xvya Z) - d(l’,y)

Case(1): Let dy(x,y,w) = d(z,y), then it is clear that:
d1(f£, Y, Z) = d1(1'7 Y, ’UJ) < dl(xv Y, IU) + dl(ma w, Z) + dl(wa Y, Z)

Case(2): Let di(z,y,w) = d(z,w) and di(w,y,z) = d(w,y), then:
dl(fﬂ,y,’UJ) = d($7y) S d(wi) + d(w7y) =
d1(f£, Y, w) + dl(wv Y, Z) = dl(za Y, w) + dl(xv w, Z) + dl(wv Y, Z)

Case(8): Let di(z,y,w) = di(y,w, z) = d(w, 2), since di(z,y,z) = d(z,y),
then d(z,y) < d(z, z), so d(z,y) < d(z,w) + d(w, z), it is clear that
(**) holds.
For the other cases with the same process we can complete the proof.
Also, it is clear that Bg,(x,€) is a subset of By(z,€), so the metric topological

space (X,d) is coarser than 2-metric topological space (X,dy).

Definition 3.7. A topological space (X,7) is called 2-metric deformation, if
there exists 2-metrizable space (X,d) such that T is coarser than 74, where d is a

2-metric.

Example 3.8. Fvery metrizable space such as Manifolds, Lie groups and top

spaces are 2-metric deformation. [11]

Lemma 3.9. Let d : X x X x X — R be a 2-metric on X and (X,d) be a
2-metric topological space, then d : X X X x X — R, which is defined by d(x,y, z) =
min{d(z,y,2),1} is a bounded 2-metric that induce the same topology as d.

Proof: It is easy to show that the conditions (i), (ii), (iii) and (iv) of the 2-
metric definition true. So d is a 2-metric.

It is clear that, for every 2-metric space, the collection of (e —2)—balls with € < 1
forms a base for 2-metric topological space X . So 2-metric d and d induce the same
topology on X, because the collections of (¢ — 2)—balls with € < 1 under these two

metrics are the same collections.

Example 3.10. By the previous Lemma and Example 2.2
p(x,y,z)zmm{\x—y||y—z||x—z|,1}, xayaZER;
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is a bounded 2-metric.

Corollary 3.11. Let p be defined as:
pla,y, 2) = Supien{ s},
Then p is 2-metric, where p is introduced in the Example 3.10 and x = (;)ieN,
y = (Yi)ien and z = (z;)ien belong to R™.
Proof: It is easy to show that the conditions of the definition of 2-metric are

true.

Corollary 3.12. Fach 2-metric topological space is a normal topological space.

Proof: Let A, B be two closed subsets of a 2-metric topological space (X,d), and
U= Ugea Bala, %) and V =, g Ba(b, ), where €q, €, > 0 and By(a,e,) N B =
Ba(b,ep) N A = empty.

Claiming that U, V are disjoint open subsets containing A, B, respectively:

Let z € UNV. Then there are a,b € X that z € Bg(a, %) and z € By(b, ¢ ),

so

d(a,b,x) <d(z,b,x2) + d(a, z,2) + d(a, b, 2) ,foralxe X.
Since

d(z,0,x) + d(a, z,x) +d(a,b,2) < G + G + G,

without loss of generality we assume that €, < €,
then

d(a,b,z) < %eb ,forallz e X
therefore

Suprexd(a,b,z) < e,

SO

a € Bd(b, eb),

this situation is not possible, so the proof is complete.

A topological space X is regular if for each pair consisting of a point z and a
closed set C' disjoint from z, there exist disjointed open sets containing x and C,
respectively. Note that a topological space X is regular if and only if given a point

2 € X and an open set U of z, there is an open set V of x such that V C U.



68 M.R. FARHANGDOOST

By this corollary we have the following corollary, but we prove it straightfor-

wardly.

Corollary 3.13. FEvery 2-metric topological space is a reqular topological space.
Proof: Let (X,d) be a 2-metric topological space, a point x € X and an open set
U of x be given, there is a (e — 2)—ball of x, where € > 0, we show that the closure
W,%) is a subset of By(x,¢€):
Let a € m. Then there is a sequence {x,}nen such that converges to a,
where x,, € X for every natural number n,
so
limp_ood(a, Xy, 2) =0 ,forallz e X (**%)
since
d(z,a,2) < d(xp,a,z)+dx,z,, 2) +dx,a,x,) , foralln e N,
then by (***) have:
d(z,a,z) <¢€/2 , forall ze X

therefore ”a” belongs to By(x,€), and the proof is complete.
Another corollary is:

Corollary 3.14. FEvery 2-metric topological space is a Hausdorff topological

space.

Conclusion: We have the following conditions:

1. For every metric topological space (X, d), there is a 2-metric topological space
(X, dy), such that it is coarser than (X, d).

2. For every 2-metric topological space (X,d), there is a bounded topological
space (X, d;) which is topological equivalent to (X, d).

3. Every 2-metric topological space is normal, regular and Hausdorff topological
space.

Now, let us to conclude this paper by sketching two problems:

1. What is the relation between 2-metric topological spaces and metric topolog-
ical spaces?

2. Whether all 2-metric topological spaces are 2-metrizable topological spaces or

not?
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