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Abstract. Let α be an extendible endomorphism of a C∗-algebra A, and

let X be the Hilbert bimodule α(1)A. We analyze the Toeplitz algebra of

this Hilbert bimodule and we show that the partial-isometric crossed product

A ×α N is isomorphic to the Toeplitz algebra TX . Then we have two crossed

product exact sequences.
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1. Introduction

Suppose X is a Hilbert bimodule over a C∗-algebra A with a left action on

it defined by a homomorphism ϕ from A to the L(X) consists of all adjiontable

operators on X. Our motivating Hilbert bimodule is X = α(1)A where α is an

extendible endomorphism, in the sense that, α can be extend to the multiplier

M(A) such that for an approximate identity (eλ) in A, α(eλ) converges strictly

to the projection α(1) in M(A) [1]. As we shall see, the partial-isometric crossed

product of the system (A, α) is isomorphic to the Teoplitz algebra TX . By applying
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results in [5, Corrolary 3.2] on this particular Hilbert bimodule leads us to indicate

that the quotient (A×α N)/(I ×α N) is isomorphic to the quotient crossed product

A/I×αA/I N. To do this, we assume that I is extendibly α-invariant, that is, α(I) ⊆
I, and α|I extends to a strictly continuous endomorphism α|I such that α|I(1) =

ψ(α(1)), where ψ is the extension of the canonical non degenerate homomorphism

ψ : A → M(I). Moreover, we can get a partial-isometric crossed product exact

sequence.

In section 2, the fundamental definitions and notions of right Hilbert modules, ad-

jointable operators on right Hilbert modules, extendible homomorphisms and mul-

tiplier algebras are given. Hilbert bimodules and Partial-isometric crossed product

are discussed in section 3. For the Hilbert bimodule X = α(1)A we have a theorem

that describes the the Toeplitz algebra related to X. In order to prove this theorem

we need to extend Toeplitz representations on X so that this extension devotes

section 4. Finally in the section 5, invariant ideals for an extendible endomorphism

are considered. So we have the quotient Hilbert bimodules and their relationships

with quotient partial-isometric crossed products.

2. Preliminaries

Let X be a vector space over the complex numbers C, and A be a C∗-algebra.

The vector space X is an inner product A-module if X is a right A-module (the

right action is denoted by x · a where , x ∈ X, a ∈ A ), and there is an A-valued

map 〈·, ·〉 : X ×X → A such that

(1) 〈x, λy + µz〉 = λ〈x, y〉+ µ〈x, z〉, x, y ∈ X, λ, µ ∈ C,

(2) 〈x, y · a〉 = 〈x, y〉a, x, y ∈ X, a ∈ A,

(3) 〈x, y〉∗ = 〈y, x〉, x, y ∈ X,

(4) 〈x, x〉 ≥ 0; if 〈x, x〉 = 0 then x = 0 x ∈ X,

moreover, for all x ∈ X, a ∈ A and λ ∈ C, λ(x · a) = (λx) · a = x · (λa). Every inner

product A-module X is equipped by a norm defined by

‖x‖X := ‖〈x, x〉‖1/2
A .

Definition 2.1. A Hilbert A-module is an inner product A-module X which is com-

plete in the norm arising from the A-valued inner product. We say that X is a full

Hilbert A-module if A = span{〈x, y〉 : x, y ∈ X}.
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We denote a Hilbert A-module by XA. To emphasis that XA is a right module

we put A as an index in the right hand of X. It is denoted by X where there is

no ambiguity. In the theory of Hilbert spaces the bounded operators have adjoint

automatically. But this is not true in general that every bounded operator between

two right Hilbert modules has an adjoint.

A map T : X → Y between right Hilbert A-modules X and Y is adjointable if

there exits a map T ∗ : Y → X such that

〈T (x), y〉 = 〈x, T ∗(y)〉 for all x ∈ X and y ∈ Y.

If the adjoint T ∗ exists, it is unique. Every adjointable map T : X → Y between

Hilbert A-modules is a bounded linear operator. Moreover, it is A-linear, in the

sense that for all x ∈ X and a ∈ A, T (x · a) = T (x) · a (see [8, Lemma 2.18]). The

norm of an operator T : X −→ Y of right Hilbert A-modules is defined as usual;

that is, ‖T‖ = sup{‖T (x)‖ : x ∈ X, ‖x‖ ≤ 1}. We denote the set of all adjointable

operators from X to Y by L(X, Y ). We write L(X), or L(XA) for L(X,X). If X is

a Hilbert A-module, then by [8, Proposion 2.21] L(X) is a C∗-algebra with respect

to the operator norm.

Let X,Y be right Hilbert A-modules. An operator u ∈ L(X, Y ) is said to be

unitary if uu∗ = IdY and u∗u = IdX . If there exists a unitary element in L(X,Y )

then we say that X and Y are unitary equivalent Hilbert A-modules, and we write

X ∼= Y .

Theorem 2.1. [12, Theorem 3.5] Let A be a C∗-algebra, let X,Y be Hilbert A-

modules and let u be a linear map from X to Y . Then the following conditions are

equivalent.

(i) u is isometry, surjective and A-linear;

(ii) u is unitary element of L(X, Y ).

Suppose X and Y are Hilbert A-modules. For each x ∈ X and y ∈ Y , setting

Θy,x(z) := y · 〈x, z〉 defines an adjoinable operator Θy,x : X → Y such that Θ∗y,x =

Θx,y. The adjoinable operator Θy,x is called compact. The closed linear subspace

K(X) := span{Θx,y : x, y ∈ X}

of L(X) is called the algebra of compact operators on X. For any Hilbert A-module

X, K(X) is a closed two-sided ideal in L(X) ( see [12] and [8] for more detailes).
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We can find a unital C∗-algebra denoted by M(A) such that A embeds in it as an

essential ideal, in the sense that A has nonzero intersection with any other nonzero

ideal of M(A). We recall the definition of multiplier algebra from [8, Definition 2.49].

The strict topology on a multiplier algebra is applied for extendible endomorphism.

So we need know a bit about this topology. Let ‖ · ‖a be the seminorm on M(A)

defined by ‖b‖a = ‖ab‖ + ‖ba‖. The strict topology on M(A) is the topology

generated by the seminorms {‖ · ‖a : a ∈ A}. A net bi in M(A) converges strictly

to b if and only if bia → ba and abi → ab for all a ∈ A.

Definition 2.2. A homomorphism α : A → M(B) of C∗-algebras A and B, is said to

be extendible if there is an approximate identity (eλ) in A such that α(eλ) converges

strictly to a projection p in M(B).

Adji in [3] showed that a homomorphism α : A → M(B) is extendible if and only

if it has a unique extension α : M(A) → M(B). In fact, α(eλ) → α(1M(A)).

Let α be an extendible endomorphism on a C∗-algebra A. If I is an ideal of A,

then define ψ : A → M(I) by ψ(a)i := ai for a ∈ A and i ∈ I. A routine calculation

shows that ψ is nondegenerate and then it has an extension ψ : M(A) → M(I).

Definition 2.3. An ideal I of A is α-extendible if I is α-invariant (α(I) ⊆ I) and there

is an approximate identity (iλ) in I such that α(iλ) converges strictly to ψ(α(1)) in

M(I), where ψ is the extension of the canonical homomorphism ψ : A → M(I).

Example 2.1. The forward shift map τ : c0 → c0 , defined by

τ(x0, x1, x2, · · · ) = (0, x0, x1, x2, · · · )
is an extendible endomorphism. Where c0 is the subspace of `∞(N) contains all

sequences which converge to zero. Define for each n ∈ N

1n(m) =

{
1 m ≥ n,

0 m < n.

So, (1 − 1n) is an approximate identity in c0 . It is easy to check that τ(1 − 1n)

converges strictly to τ(1, 1, , 1, . . . ). Indeed, c0 is a τ -extendible ideal of the C∗-

algebra c the set of all convergent sequences in the complex numbers.

3. Toeplitz algebra and Partial-isometric Crossed products

By a Hilbert bimodule over A, we shall mean right Hilbert A-module X with a

left action a · x := ϕ(a)x where ϕ : A → L(X) is a homomorphism.
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Definition 3.1. A Toeplitz representation (ψ, π) of a Hilbert bimodule X in a C∗-

algebra B consists of a linear map ψ : X → B, and a homomorphism π : A → B

such that

a) ψ(a · x) = π(a)ψ(x),

b) ψ(x · a) = ψ(x)π(a),

c) π(〈x, y〉A) = ψ(x)∗ψ(y),

for all x, y ∈ X and a ∈ A.

Note that ψ : X → B is bounded as Hilbert bimodules; for x ∈ X,

‖ψ(x)‖2 = ‖ψ(x)∗ψ(x)‖2 = ‖π(〈x, x〉)‖2 ≤ ‖〈x, x〉‖2 = ‖x∗x‖2 = ‖x‖2

which implies that ‖ψ‖ ≤ 1.

Definition 3.2. A Toeplitz algebra TX of a Hilbert bimodule X is a C∗-algebra

together with a Toeplitz representation (iX , iA) satisfying the following conditions:

a) for every Toeplitz representation (ψ, π) of X on a Hilbert space H, there is a

homomorphism ψ× π of TX on H such that (ψ× π) ◦ iX = ψ and (ψ× π) ◦ iA = π,

b) TX is generated by iX(X) ∪ iA(A) as a C∗-algebra.

For every Hilbert bimodule X, the Toeplitz algebra TX related to X exist [4,

Proposition 1.3]. An element v ∈ A is called partial isometry if vv∗v = v. A partial

isometry v is called a power partial isometry if vn is a partial isometry for every

n ∈ N. Note that in a unital C∗-algebra A, v ∈ A is said to be an isometry if

v∗v = 1, so every isometry is a partial isometry. If v is a partial isometry then so

is v∗.

A partial isometric representation of N on a Hilbert space H is a map V : N −→
B(H) such that Vn is partial isometry and Vn+k = VnVk for all n, k ∈ N. Every

partial-isometric representation V of N is always determined by the single partial

isometry V because we can write V n = V n
1 . Conversely a single partial isometry

W generates a partial isometric representation V : n 7→ Wn if and only if W is a

power partial isometry.

For a bounded operator u on a Hilbert space H the following conditions are

equivalent (see [9, Theorem 2.3.3]).

1) u = uu∗u;

2) uu∗ is a projection;
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3) u∗u is a projection;

4) u is a partial isometry.

A system (A,α) consists of a C∗-algebra A together with an action α of N by

extendible endomorphisms on A. The following definition of crossed product for a

system (A, α) comes from [7]. We suppose α is extendible when A is non-unital.

Definition 3.3. A covariant partial-isometric representation of a system (A,α) in a

C∗-algebra B is a pair (π, V ) consisting of a nondegenerate representation π : A →
B and a homomorphism V : N → M(B) such that Vs is a partial isometry for all

s ∈ N and for all a ∈ A,

π(αs(a)) = Vsπ(a)V ∗
s , V ∗

s Vsπ(a) = π(a)V ∗
s Vs.

By [7, Lemma 4.2 and 4.3], every system (A,α) has a nontrivial covariant rep-

resentation and every covariant partial-isometric representation (π, V ) on a Hilbert

space can be extended to a covariant partial-isometric representation (π, V ) of

(M(A), α) such that

π(αs(a)) = Vsπ(a)V ∗
s and VsV

∗
s = π(α(1)) for all a ∈ A and s ∈ N.

Definition 3.4. A partial-isometric crossed product is a C∗-algebra B together with

a covariant partial-isometric representation (iA, iN) in B such that

(i) for each covariant partial-isometric representation (π, V ) of (A,α) on a Hilbert

space H, there is a nondegenerate representation π×V : B → B(H) with (π×V ) ◦
iA = π and (π × V ) ◦ iN = V ;

(ii)B is generated by iA(A) ∪ iN(N); in fact,

B = span{iN(x)∗iA(a)iN(y) : a ∈ A, x, y ∈ N}.

Every system (A,α) has a partial-isometric crossed product which are denoted

by A ×piso
α N [7]. The universal property implies that if there is another triple

(B, jA, jN) satisfying (i) and (ii), then there is an isomorphism ρ of B onto A×α N
such that ρ ◦ iA = j and ρ ◦ jN = iN [7].

We set X := α(1)A. By the equations

x · a := xa, 〈x, y〉 := x∗y, x, y ∈ X and a ∈ A,
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X is a right Hilbert A-module, ϕ(a)x := α(a)x defines a left action ϕ : A → L(X)

on X. So X is a Hilbert bimodule over A by these operations. Every element x

in X has the form x = α(1)a for some a ∈ A. Moreover, if (eλ) is an approximate

identity in A, then for each a ∈ A,

limλ ϕ(eλ)α(1)a = limλ α(eλ)α(1)a = limλ α(eλ)a = α(1)a.

It implies that X is essential, that is X = span{a · x : a ∈ A, x ∈ X}. During the

rest of this work we keep the notation X just for the above Hilbert bimodule.

Lemma 3.1. Then for all a ∈ A, ϕ(a) ∈ K(X) and Θα(a),α(eλ) converges to ϕ(a)

in K(X) where (eλ) is an approximation identity in A.

Proof. Since AA is a right Hilbert A-module, by [6, Proposition 2.31] a can be

written as a = bc∗ with b, c ∈ A, so for the compact operator Θα(b),α(c) and for

every x ∈ X,

Θα(b),α(c)(x) = α(b) · 〈α(c), x〉 = α(b)α(c)∗x = α(bc∗)x = φ(a)x,

and hence φ(a) is a compact operator. Suppose (eλ) is an approximate identity in

A and a ∈ A. First, note that

Θα(a),α(eλ)(x) = α(a) · 〈α(eλ), x〉 = α(aeλ)x,

and α(aeλ) converges to α(a)x = ϕ(a)x. Then for all x ∈ X with ‖x‖ ≤ 1,

‖Θα(a),α(eλ)(x)− ϕ(a)x‖ = ‖α(a)α(eλ)x− α(a)x‖
= ‖(α(aeλ)− α(a))x‖
≤ ‖α(aeλ)− α(a)‖‖x‖
≤ ‖aeλ − a‖,

which implies that

‖Θα(a),α(eλ) − ϕ(a)‖ = sup
‖x‖≤1

‖Θα(a),α(eλ)(x)− ϕ(a)x‖ ≤ ‖aeλ − a‖.

So Θα(a),α(eλ) → ϕ(a) as aeλ reaches to a. ¤

The main focus of interest is the particular Hilbert bimodule X = α(1)A. It shall

be shown that the Toeplitz algebra arisen by this Hilbert bimodule is certainly a

crossed product, without using the results in [6] as were used in [7]. We are now

ready to state our main theorem.
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Theorem 3.1. Let (A,α) be a system, and let X = α(1)A with a·x = α(a)x, x·a =

xa and 〈x, y〉A = x∗y where α is an extendible endomorphism on a C∗-algebra A.

Then TX
∼= A×piso

α N.

To prove the Theorem 3.1 we apply [4, Proposition 1.3]. Using [4, Proposition

1.3] leads us to extend any Toeplitz representation (ψ, π) of the Hilbert bimodule

X on a Hilbert space H to a Toeplitz representation (ψ, π) of the Hilbert bimodule

X̃ := α(1)M(A) on H. Attempting to prove the Theorem 3.1 needs going through

the construction of Toeplitz representations of the Hilbert bimodule X = α(1)A.

So all next section is about the structure of X.

4. Extending a Toeplitz representation of α(1)A

Lemma 4.1. Let (ψ, π) be a Toeplitz representation of a Hilbert bimodule X over

a C∗-algebra A on a Hilbert space H where π is not necessary nondegenerate, and

H0 = span{π(a)h|a ∈ A, h ∈ H}. Then for all a ∈ A, x ∈ X and k ∈ H⊥0
1) π(a)k, ψ(x)k and ψ(x)∗k vanish on H⊥0 ,

2) ψ(x)H0 ⊆ H0,

3) ψ(x)∗H0 ⊆ H0.

Proof. For each a ∈ A and k ∈ H⊥0 , ‖π(a)k‖2 = (π(a)k|π(a)k) = (k|π(a∗a)k) = 0,

so π(a)k = 0. Now, for each element eλ of an approximate identity (eλ) in A

, x ∈ X, h ∈ H and k ∈ H⊥0 we have

(ψ(x · eλ)k|h) = (k|(ψ(x · eλ)∗h) = (k|(ψ(x)π(eλ))∗h) = (k|π(eλ)ψ(x)∗h) = 0 and

(ψ(eλ · x)∗k|h) = (k|(ψ(eλ · x)h) = (k|π(eλ)ψ(x)h) = 0

because both π(eλ)ψ(x)h and π(eλ)ψ(x)∗h are in ∈ H0. We know that ψ(x · eλ)

and ψ(eλ ·x) converge to ψ(x) because ψ is continuous, and x ·eλ and eλ ·x converge

to x in X. Thus (ψ(x)k|h) = 0 for all h ∈ H and part (1) holds. Furthermore,

ψ(eλ · x)h = π(eλ)ψ(x)h and (ψ(x · eλ)∗h = (ψ(x)π(eλ))∗h = π(eλ)ψ(x)∗h are in

H0. Since ψ(eλ · x)h and ψ(x · eλ)∗h converge to ψ(x)h and ψ(x)∗h respectively, so

(2) and (3) follow. ¤

Lemma 4.2. If (ψ, π) is a Toeplitz representation of X on a Hilbert space H, then

there is bounded operator ψ(α(1)) in B(H) such that for all ai, bj ∈ A, hi ∈ H and

n,m ∈ N,
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1) ψ(α(1))(
∑n

i=1 π(ai)hi) =
∑n

i=1 ψ(α(1)ai)hi,

2) ψ(α(1))∗
∑m

j=1 π(bj)kj =
∑m

j=1 ψ(α(b∗j ))
∗kj.

Proof. Suppose H0 := span{π(a)h | a ∈ A, h ∈ H} and (eλ) be an approximate

identity in A where λ varies in an index set Λ. If
∑n

i=1 π(ai)hi ∈ H0, then for each

λ ∈ Λ, we have

‖
n∑

i=1

π(eλ)ψ(α(1)ai)hi‖ = ‖
n∑

i=1

ψ(eλ · α(1)ai)hi‖ = ‖
n∑

i=1

ψ(α(eλ)α(1)ai)hi‖

= ‖
n∑

i=1

ψ(α(1)α(eλ) · ai)hi‖ = ‖
n∑

i=1

ψ(α(eλ)π(ai))hi‖(4.1)

= ‖ψ(α(eλ)
n∑

i=1

π(ai))hi‖ ≤ ‖
n∑

i=1

π(ai)hi‖.

The last inequality follows by the fact that ‖ψ(α(eλ)‖ ≤ ‖α(eλ)‖ ≤ ‖eλ‖ ≤ 1. The

inequality 4.1 implies that

lim
λ
‖

n∑

i=1

π(eλ)ψ(α(1)ai)hi‖ = ‖
n∑

i=1

ψ(α(1)ai)hi‖ ≤ ‖
n∑

i=1

π(ai)hi‖

and the map ψ(α(1)) defined by

ψ(α(1))(
n∑

i=1

π(ai)hi) :=
n∑

i=1

ψ(α(1)ai)hi,

is well-defined, linear and bounded on span{π(a)h |a ∈ A, h ∈ H}. Lemma 4.1

implies that ψ(α(1))H0 ⊆ H0 in that if hi ∈ H⊥0 , ψ(α(1)ai)hi = 0, otherwise

ψ(α(1)ai)hi ∈ H0. Hence it can be extended to a bounded operator on H0. Since

H = H0
⊕H⊥0 , ψ(α(1)) can be defined on whole H by ψ(α(1)) ⊕ T where Tk = 0

for all k ∈ H⊥0 . Thus ψ(α(1)) ∈ B(H) and it vanishes on H⊥0 .

To prove (2) we show that for
∑m

j=1 π(bj)kj ∈ H where bj ∈ A, hj ∈ H,

(4.2)


h

∣∣∣∣∣∣
ψ(α(1))∗(

m∑

j=1

π(bj)kj)−
m∑

j=1

ψ(α(b∗j ))
∗kj


 = 0
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for all h ∈ H. For all ai, bj ∈ A, hi, kj ∈ H and m,n ∈ N,




n∑

i=1

π(ai)hi

∣∣∣∣∣∣
ψ(α(1))∗

m∑

j=1

π(bj)kj


 =


ψ(α(1))

n∑

i=1

π(ai)hi

∣∣∣∣∣∣

m∑

j=1

π(bj)kj




=




n∑

i=1

ψ(α(1)ai)hi

∣∣∣∣∣∣

m∑

j=1

π(bj)kj


 =

n∑

i=1

m∑

j=1

(ψ(α(1)ai)hi |π(bj)kj )

=
n∑

i=1

m∑

j=1

(hi |ψ(α(1)ai)∗π(bj)kj ) =
n∑

i=1

m∑

j=1

(hi |ψ(α(1)ai)∗π(bj)kj )

=
n∑

i=1

m∑

j=1

(
hi

∣∣(π(b∗j )ψ(α(1)ai))∗kj

)
=

n∑

i=1

m∑

j=1

(
hi

∣∣(ψ(α(b∗j )α(1)ai))∗kj

)

=
n∑

i=1

m∑

j=1

(
hi

∣∣(ψ(α(b∗j )ai))∗kj

)
=

n∑

i=1

m∑

j=1

(
hi

∣∣(ψ(α(b∗j ))π(ai))∗kj

)

=
n∑

i=1

m∑

j=1

(
hi

∣∣π(ai)∗ψ(α(b∗j ))
∗kj

)
=

n∑

i=1

m∑

j=1

(
π(ai)hi

∣∣ψ(α(b∗j ))
∗kj

)

=




n∑

i=1

π(ai)hi

∣∣∣∣∣∣

m∑

j=1

ψ(α(b∗j ))
∗kj


 .

Since H0 = span{π(a)h : a ∈ A, h ∈ H}, it follows that, for all h ∈ H0,

h

∣∣∣∣∣∣
ψ(α(1))∗

m∑

j=1

π(bj)kj


 =


h

∣∣∣∣∣∣

m∑

j=1

ψ(α(b∗j ))
∗kj


 .

If h in H⊥0 , ψ(α(1))h = 0 and by Lemma 4.1 ψ(α(b∗j )h = 0, so


h

∣∣∣∣∣∣
ψ(α(1))∗

m∑

j=1

π(bj)kj


 =


ψ(α(1))h

∣∣∣∣∣∣

m∑

j=1

π(bj)kj


 = 0,


h

∣∣∣∣∣∣

m∑

j=1

ψ(α(b∗j ))
∗kj


 =

m∑

j=1

(
ψ(α(b∗j ))h |π(bj)kj

)
= 0,

and then

h

∣∣∣∣∣∣
ψ(α(1))∗

m∑

j=1

π(bj)kj


 = 0 =


h

∣∣∣∣∣∣

m∑

j=1

ψ(α(b∗j ))
∗kj


 .
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Thus for all h ∈ H,

h

∣∣∣∣∣∣
ψ(α(1))∗

m∑

j=1

π(bj)kj


 =


h

∣∣∣∣∣∣

m∑

j=1

ψ(α(b∗j ))
∗kj


 ,

and 4.2 follows. ¤

Proposition 4.1. Let (ψ, π) be a Toeplitz representation of X = α(1)A in which

π is non-degenerate, i.e H = span{π(a)h | a ∈ A, h ∈ H}. Then there is a unique

bounded operator namely ψ(α(1)) : H → H such that

(1) ψ(α(1))π(a)h = ψ(α(1)a)h,

(2) ψ(α(1))∗π(a)h = ψ(α(a∗))∗h,

(3) π(a)ψ(α(1))h = ψ(α(a))h,

for all a ∈ A, h ∈ H. Moreover, for any approximate identity (eλ) in A, we have

ψ(α(eλ)) is convergent ∗-strongly to ψ(α(1)), that is ψ(α(eλ))h −→ ψ(α(1))h and

ψ(α(eλ))∗h −→ ψ(α(1))∗h in H for every h ∈ H.

Proof. Given any bounded operator such as ψ(α(1)) satisfying the condition (1) is

unique: Suppose T is another operator satisfied (1). Since T and ψ(α(1)) are linear,

for all ai ∈ A, hi ∈ H and n ∈ N, we have

ψ(α(1))(
n∑

i=1

π(ai)hi) =
n∑

i=1

ψ(α(1)ai)hi = T (
n∑

i=1

π(ai)hi).

So T and ψ(α(1)) coincide on the dense subspace span{π(a)h| a ∈ A, h ∈ H} of H
and the continuity of T and ψ(α(1)) implies that ψ(α(1)) = T on H. The rest of

the proof is just similar to the Lemma 4.2. ¤

Proposition 4.2. Let X = α(1)A and X̃ := α(1)M(A) = {α(1)m : m ∈ M(A)}
with the operations x · m := xm, 〈x, y〉M(A) := x∗y and m · x := α(m)x for all

x, y ∈ X̃ and m ∈ M(A). Then for every Toeplitz representation (ψ, π) of X on a

Hilbert space H where π is nondegenerate, there is a Toeplitz representation (ψ, π)

of X̃ on H such that ψ|X = ψ. In particular, ψ(α(1)) = ψ(α(1)).

Proof. Suppose (ψ, π) is a Toeplitz representation of X on a Hilbert space H and

π is nondegenerate. By the Proposition 4.1 there is ψ(α(1)) ∈ B(H) satisfying the

related conditions. Take an approximate identity (eλ) in A. For each λ, m ∈ M(A)
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and α(eλ)m in A we have

ψ(α(eλ)m) = ψ(α(eλ)α(eλ)m)

= ψ(α(eλ) · α(eλ)m)

= ψ(α(eλ))π(α(eλ)m)

= ψ(α(eλ))π(α(eλ))π(m)

= ψ(α(eλ) · α(eλ))π(m)

= ψ(α(eλ))π(m),

so ψ(α(eλ)m)h converges to ψ(α(1))π(m)h for every h ∈ H by part (1) of the

Proposition 4.1. Now, define ψ : X̃ → B(H) by

ψ(α(1)m) := lim
λ

ψ(α(eλ)m).

We claim that ψ is well-defined. Assume α(1)m = α(1)m′, then α(1)m−α(1)m′ = 0,

that is α(eλ)(m−m′) converges to zero in M(A), but

‖α(eλ)(m−m′)‖A = ‖α(eλ)(m−m′)‖M(A) = ‖α(eλ)m− α(eλ)m′‖M(A)

therefore α(eλ)(m−m′) converges to zero in A. So, for all h ∈ H,

ψ(α(eλ)m)h− ψ(α(eλ)m′h) = ψ(α(eλ)(m−m′))h

converges to zero in H, that is ψ(α(1)π(m))h = ψ(α(1)m′)h and hence ψ(α(1)m) =

ψ(α(1)m′). In order to show that (ψ, π) is a Topelitz representation of X̃ on H, we

show that (ψ, π) satisfies the following conditions

(1) ψ(m · α(1)n) = π(m)ψ(α(1)n),

(2) ψ(α(1)n ·m) = ψ(α(1)n)π(m),

(3) π(〈α(1)m,α(1)n〉M(A)) = ψ(α(1)m)∗ψ(α(1)n)

for all m,n ∈ M(A). To verify these conditions, first we show that ψ(α(1)) defined

in 4.1 has the following properties:

ψ(α(1))π(α(m)) = π(m)ψ(α(1)), ψ(α(1))∗ψ(α(1)) = π(α(1)).(4.3)
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For each h ∈ H and m ∈ M(A), π(eλm)ψ(α(1))h −→ π(m)ψ(α(1))h, but

π(eλm)ψ(α(1))h = ψ(α(eλm))h = ψ(α(eλ)α(eλm))h

= ψ(α(eλ) · α(eλm))h = ψ(α(eλ))π(α(eλ)α(m))h

= ψ(α(eλ))π(α(eλ))π(α(1)m)h = ψ(α(eλ) · α(eλ))π(α(m))h

= ψ(α(eλ))π(α(m))h

→ ψ(α(1))π(α(m)),

so ψ(α(1))π(α(m)) = π(m)ψ(α(1))h. For the second equation note that

ψ(α(eλ))∗ψ(α(eλ))h = π(〈α(eλ), α(eλ)〉A)h = π(α(eλ)∗α(eλ))h = π(α(eλ))h,

so, ψ(α(eλ))∗ψ(α(eλ))h converges to π(α(1))h, that is ψ(α(1))∗ψ(α(1))h = π(α(1))h

for all h ∈ H. Now, for given m,n ∈ M(A),

ψ(m · α(1)n) =ψ(α(m)α(1)n) = ψ(α(1)α(m)n)

= ψ(α(1))π(α(m))π(n) = π(m)ψ(α(1))π(n)

= π(m)ψ(α(1)n),

and part (1) holds. For any m,n ∈ M(A),

ψ(α(1)n ·m) = ψ(α(1)nm) = ψ(α(1))π(nm) = ψ(α(1))π(n)π(m) = ψ(α(1)n)π(m)

and

π(〈α(1)m,α(1)n〉M(A)) = π((α(1)m)∗α(1)n) = π(m∗α(1)α(1)n)

= π(m∗α(1)n) = π(m∗)π(α(1))π(n)

= π(m∗)ψ(α(1))∗ψ(α(1))π(n) = (ψ(α(1))π(m))∗ψ(α(1))π(n)

= ψ(α(1)m)∗ψ(α(1)n).

So, part (2) and (3) follow. ¤

Lemma 4.3. If (ψ, π) is a Toeplitz representation of X = α(1)A on a Hilbert space

H, then (π, V ) is a partial-isometric covariant representation of the system (A,α)

on H where V := ψ(α(1))∗.

Proof. Showing (π, V ) is covariant representation, needs to

1) V is a power partial isometry.
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2) π(α(a)) = V π(a)V ∗, V ∗V π(a) = π(a)V ∗V.

SupposeH0 := span{π(a)h | a ∈ A, h ∈ H} and h ∈ H⊥0 . Then ψ(α(1))ψ(α(1))∗ψ(α(1))h =

0 = ψ(α)∗h. For an approximate identity (eλ) in A, ai ∈ A, and hi ∈ H,

ψ(α(1))ψ(α(eλ))∗ψ(α(1))(
n∑

i=1

)π(aihi) = ψ(α(1))ψ(α(eλ))∗(
n∑

i=1

ψ(α(1)ai)hi)

= ψ(α(1))(
n∑

i=1

ψ(α(eλ))∗ψ(α(1)ai)hi)

= ψ(α(1))(
n∑

i=1

π(〈α(eλ), α(1)ai〉))

= ψ(α(1))(
n∑

i=1

π(α(eλai)hi)

This implies that ψ(α(1))ψ(α(eλ))∗ψ(α(1))h converges to ψ(α(1))h, that is, V ∗V V ∗ =

V ∗ and hence V is partial isometry. The Proposition 4.2 together with part (1) of

the Proposition 4.1 imply that for all a ∈ A

π(a)V ∗ = π(a)ψ(α(1)) = ψ(α(a)) = ψ(α(1))π(α(a)) = V ∗π(α(a)),

and by taking adjoints, V π(a) = π(α(a))V . This shows that

V ∗V π(a) = V ∗π(α(a))V = π(a)V ∗V,

and hence, (V ∗)nV nπ(a) = π(a)(V ∗)nV n.

Now, for all h ∈ H,

V π(a)V ∗h = V ψ(α(a))h = lim ψ(α(eλ))∗ψ(α(a))h

= lim π(〈α(eλ), α(a)〉)h = lim π(α(eλa))h(4.4)

= π(α(a))h.

Setting a = eλ in the equation (4.4), V nπ(eλ)(V ∗)n = π(αn(eλ)), which is a pro-

jection. Therefore, V nπ(eλ)ψ(α(1))(V ∗)n−1h = V nψ(α(eλ))(V ∗)n−1h converges to

V n(V ∗)nh. So it is a projection and then V n is a partial isometry; V is power

partial isometry. ¤

Proof of Theorem 3.1. Let (A×piso
α N, iA, iN) be a crossed product of the system

(A,α). By [4, Proposition 1.3] it is enough to show that (iX , iA) is a Toeplitz

representation of the Hilbert bimodule X := α(1)A where iX(x) := iN(1)∗iA(x) for

all x ∈ X which satisfies the following:
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a) for every Toeplitz representation (ψ, π) of X on a Hilbert space H, there

is homomorphism ψ × π from A ×piso
α N to B(H) with (ψ × π) ◦ iX = ψ and

(ψ × π) ◦ iA = π,

b) A×piso
α N is generated by iX(X) ∪ iA(A).

For each x = α(1)a, y ∈ X and b ∈ A,

iX(x · b) = iX((α(1)a) · b) = iN(1)∗iA(α(1)ab) = iN(1)∗iA(α(1)a)iA(b) = iX(x)iA(b),

iX(b · x) = iX(α(b)α(1)a) = iN(1)∗iA(α(b)α(1)a) = iN(1)∗iA(α(b))iA(α(1)a)

= iA(b)iN(1)∗iA(α(1)a) = iA(b)iX(x).

Suppose (eλ) is an approximate identity in A. So,

iA(〈α(eλ)a, y〉A) = iA(α(eλ)a)∗y) = iA(a∗)iA(α(eλ))iA(y) = iA(a∗)iA(α(eλ))iA(y)

= iA(a∗)iN(1)iA(eλ)iN(1)∗iA(y) = iA(a∗)iA(α(eλ))iN(1)iX(y)(4.5)

= (iN(1)∗iA(α(eλ)iA(a))∗iX(y) = (iN(1)∗iA(α(eλ)a))∗iX(y).

Since α(eλ)a converges to α(1)a, by 4.5

iA(〈x, y〉A) = (iN(1)∗iA(x))∗iX(y) = iX(x)∗iX(y).

Thus (iX , iA) is a Toeplitz representation of X on A ×piso
α N. Assume (ψ, π) is a

Toeplitz representation of X on a Hilbert space H. Then Lemma 4.3 says (π, V :=

ψ(α(1))∗) is a covariant partial-isometry of the system (A,α) on H. This implies

that there is a nondegenerate representation π × V : A ×piso
α N → B(H) such that

(π × V ) ◦ iA = π and (π × V ) ◦ iN = V . But (π × V ) ◦ iA = π and for all a ∈ A,

(π × V ) ◦ iX(α(1)a) = (π × V )(iN(1)∗iA(α(1)a)) = V ∗π(α(1)a))

= ψ(α(1))π(α(1)a)) = ψ(α(1)a)).

To verify condition (b), note that iN(1) belongs to the C∗-algebra generated by

iX(X) ∪ iA(A) because for an approximate identity (eλ) in A,

iX(α(eλ)) = iN(1)∗iA(α(eλ)) = iN(1)∗iN(1)iA(eλ)iN(1)∗

converges to

iN(1)∗iN(1)iA(1)iN(1)∗ = iN(1)∗iN(1)iN(1)∗ = iN(1)∗

and hence, iN(1) is in the C∗-algebra generated by iX(X) ∪ iA(A).
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Now, let (iA, iN) be the universal isometric covariant representation of the crossed

product A ×iso
α N. Since iN is an isometric representation, so it is partial isometry

as well. Consequently, setting iX(x) := iN(1)∗iA(x) for all x ∈ X , (iX , iA) is a

Toeplitz representation of X on A×iso
α N satisfying (a), (b) and (c).

5. Invariant ideals

In this section, we assume an ideal I is invariant under an extendible endomor-

phism α on a A. In this case, we have the crossed products I×αN and (A/I)×α̃N.

It is investigated how they are related to each other.

Let I be an ideal in A and X be Hilbert bimodule over A. Then

XI := {x ∈ X : 〈x, y〉A ∈ I for all y ∈ X}

is a Hilbert bimodule over I. One can show that

XI = XI := {x · i : x ∈ X, i ∈ I}

is closed.

Definition 5.1. Let X be a Hilbert bimodule over a C∗-algebra A with ϕ as its left

action. An ideal I in A is called X-invariant if ϕ(I)X ⊆ XI

In order to construct the quotient Hilbert bimodule X/XI, the ideal I need to

be X-invariant. So, if I is an X-invariant ideal, then according to [5, Lemma 2.3]

X/XI is a Hilbert bimodule over A/I with

(x + XI) · (a + I) := x · a + XI for x ∈ X and a ∈ A, and

〈x + XI, y + XI〉A/I := 〈x, y〉A + I for x, y ∈ X,

and the left action is given by the homomorphism ϕA/I : A/I → L(X/XI) satisfying

ϕA/I(a + I)(x + XI) = a · x + XI.

Lemma 5.1. If I is an extendibly α-invariant ideal in A, and X = α(1)A, then

XI is a Hilbert bimodule over I and XI = α(1M(A))I = α(1M(I))I. Moreover, I is

X-invariant.

Proof. As we know XI = {x · i : x ∈ X, i ∈ I} = {α(1M(A))ai : i ∈ I, a ∈ A} ⊆
α(1M(A))I.
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Suppose (eλ) is an approximation identity in A. For α(1M(A))i in α(1M(A))I,

α(1M(A))i = lim
λ

α(1M(A))α(eλ)i

is in XI, because XI is closed; α(1M(A))I ⊆ XI. Since I is α-extendible, there is a

nondegenerate homomorphism ψ : A → M(I) such that ψ(α(1M(A))) = α|I(1M(I)),

so for all i ∈ I,

α|I(1M(I))i = ψ(α(1M(A)))i = ψ(α(1M(A))i) = ψ(α(1M(A))i) = α(1M(A))i(5.1)

This implies that XI = α(1M(A))I = α(1M(I))I.

For each i ∈ I, a ∈ A, ϕ(i)α(1M(A))a = α(i)α(1M(A))a = α(i)a ∈ XI because

I is α-invariant. So, ϕ(I)X ⊆ XI and I is X-invariant. Thus XI is a Hilbert

bimodule over I. ¤

Theorem 5.1. Let I be an α-extendible ideal in A, X := α(1)A, (A×piso
α N, iA, iN)

be a crossed product for (A,α), and (I×piso
α N, jI , jN) be a crossed product for (I, α|I).

Then there is a homomorphism ρ : I ×piso
α N → A ×piso

α N which is injective and

maps I ×piso
α N onto J (I) the ideal generated by iA(I) in A×piso

α N.

Proof. We know by Theorem 3.1 the Toeplitz algebras TX and TXI are (A ×piso
α

N, iX , iA) and (I ×piso
α N, jXI , jI) respectively where iX(x) := iN(1)∗iA(x), x ∈ X,

and jXI(x) := jN(1)∗jI(x), x ∈ XI. Observe that (iX |XI , iA|I) is a Toeplitz repre-

sentation of XI in A×piso
α N. So, there is a homomorphism ρ : I×piso

α N→ A×piso
α N

such that ρ◦jX = iX |XI , ρ◦jI = iA|I . In addition, as in [5, the proof of Proposition

3.4], ρ is injective. We claim that Imρ = J (I) . Since ρ(jXI(x)) = iX(x), ρ(jI(i)) =

iA(i), and I ×pisi
α N is generated by jXI(XI)∪ jI(I), so the range of ρ is generated

by iX(XI)∪ iA(I) and hence Imρ ⊆ J (I). Since J (I) is generated by iA(I), so for

all i ∈ I, a ∈ A and x ∈ X, the elements of the form

iX(x)iA(i) = iX(xi) = ρ(jXI(xi)),

iA(i)iX(x) = iX(α(i)x) = ρ(jXI(α(i)x)),

iX(x)∗iA(i) = (iA(i∗)iX(x))∗,

iA(i)iX(x)∗ = (iX(x)iA(i∗))∗

and iA(a)iA(i) in J (I), belong to Imρ. It follows that J (I) ⊆ Imρ. ¤

Corollary 5.1. If I is an α-extendible ideal in A, (A ×piso
α N, iA, iN) is a crossed

product for the dynamical system (A,α), and X = α(1)A, then the ideal J (I)

generated by iA(I) in TX is isomorphic to TXI .
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Proof. It follows by the fact that XI = α|I(1M(I))I is a Hilbert bimodule over I

and by Theorem 3.1 TXI
∼= I ×piso

α N. ¤

Lemma 5.2. Suppose (A,α) and (B, β) are two isomorphic dynamical systems in

the sense that there is an isomorphism φ : A → B such that φ ◦ α = β ◦ φ. If

X := α(1)A is the Hilbert bimodule over A and Y is the Hilbert bimodule β(1)B

over B, then X is isomorphic to Y as Hilbert bimodules.

Proof. Define T : X → Y by T (α(1)a) = β(1)φ(a). If α(1)a = α(1)b, for an

approximate identity (eλ) in A, α(eλ)a and α(eλ) converge to α(1)a and α(1)b

respectively, furthermore,

φ(α(eλ)a) = φ(α(eλ))φ(a) = β(φ(eλ))φ(a)

converges to β(1)φ(a) because φ is onto and (φ(eλ)) is an approximate identity in

B. Continuity of φ implies that

β(1)φ(b) = φ(α(1)b) = φ(α(1)a) = β(1)φ(a)

which says T is well-defined. Suppose α(1)a ∈ kerT . So, β(1)φ(a) = 0, i.e

β(bλ)φ(a) → 0 where bλ = φ(eλ), it follows that

β(φ(eλ))φ(a) = φ(α(eλ)a) → 0

, φ(α(1)a) = 0 and hence α(1)a = 0. Since φ is onto so is T . To show that T is

isometric and then is bounded, we observe that for an approximate identity (eλ) in

A, (bλ) := (φ(eλ)) is an approximate identity in B, so

‖T (α(1)a)‖ = ‖β(1)φ(a)‖ = lim
λ
‖β(bλ)φ(a)‖

= lim
λ
‖φ ◦ α ◦ φ−1(bλ)φ(a)‖ = lim

λ
‖φ(α(eλ))φ(a)‖

= lim
λ
‖φ(α(eλ)a)‖ = lim

λ
‖α(eλ)a)‖

= ‖α(1)a‖.

¤

Lemma 5.3. Let X, Y be two Hilbert bimodule over a C∗-algebra A and T : X → Y

be an onto A-linear homomorphism, in the sense that T (a · x) = a · T (x) and

T (x · a) = T (x) · a for all a ∈ A, x ∈ X, and 〈Tx, Ty〉A = 〈x, y〉A for all x, y ∈ X.

Then TX is isomorphic to TY .
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Proof. Since by definition X and Y are unitary equivalent, the proof is straightfor-

ward. ¤

Proposition 5.1. Let I be an α-extendible ideal in a C∗-algebra A, and X = α(1)A

the Hilbert bimodule with x · a = xa, a · x = α(a)x and 〈x, y〉A = x∗y. Then the

Toeplitz algebra TX/XI is isomorphic to the crossed product A/I ×piso
αA/I N.

Proof. Since α is extendible, so αA/I : A/I → A/I defined by αA/I(a+I) = α(a)+I

is extendible. Suppose Y := αA/I(1)A/I. By Theorem 3.1 TY
∼= A/I ×piso

αA/I N.

According to Lemma 5.3, it is enough to show that there is an isomorphism T :

X/XI → Y . Define T : X/XI → Y by

α(1)a + XI 7→ αA/I(1)(a + I).

For an approximate identity (eλ) in A, (eλ + I) is an approximate identity in A/I.

This implies that for all a ∈ A, α(1)a + I = αA/I(1)(a + I) because

α(1)a + I = lim
λ

α(eλ)a + I = lim
λ

(α(eλ) + I)(a + I) = αA/I(1)(a + I).

Indeed, T (x + XI) = x + I. If x + XI = y + XI, then x− y ∈ XI. Since XI ⊆ I,

so x + I = y + I, and hence T (x + XI) = T (y + XI). Thus T is well-defined and

obviously is onto. For each a ∈ A and x ∈ X,

T ((x + XI) · (a + I)) = T (xa + XI) = xa + I

= (xb + I)(a + I) = (x + I) · (a + I) = T (x + XI) · (a + I),

moreover,

T ((a + I) · (x + XI)) = T (α(a)x + XI) = α(a)x + I

= (α(a) + I)(x + I) = αA/I(a + I)(x + XI)(5.2)

= (a + I) · T (x + XI).

This shows that T is A/I-linear. Note that for all x = α(1)a, y = α(1)b ∈ X,

〈T (x + XI), T (y + XI)〉A/I = 〈αA/I(1)(a + I), αA/I(1)(b + I)〉A/I(5.3)

= 〈x + I, y + I〉A/I

= 〈x, y〉A + I = 〈x + XI, y + XI〉A/I ,

so T preserves the inner product. ¤
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The main result comes in the next corollary.

Corollary 5.2. Let α be an endomorphism of a C∗-algebra A, and I be an ex-

tendibly α-invariant ideal in A. Then we have the exact sequences

0 → I ×piso
α N→ A×piso

α N→ A/I ×piso
αA/I N→ 0

Proof. It was shown in Theorem 5.1 that there is an injective homomorphism

ρ : I ×piso
α N → A ×piso

α N which its image is the ideal J (I) generated by iA(I) in

A×piso
α N, then we have the natural quotient map q : A×piso

α N→ A×piso
α N/J (I).

But [5, Corollary 3.2] gives an isomorphism A ×piso
α N/J (I) ∼= TX/XI , and by

Proposition 5.1 TX/I
∼= A/I ×piso

αA/I N, so we can get the first exact sequence. To get

the second exact sequence, similar argument and change piso by iso together with

[5, Corollary 3.3] will be enough. ¤

References

[1] S. Adji, Invariant ideals of crossed products by semigroup of endomorphisms, Proc. of con-

ference in Functional Analysis and Global Analysis in Manila (Oct 1996), Springer-Verlag

Singapore, 1-8.

[2] S. Adji, M. Laca, M. Nilsen and I. Raeburn, Crossed products by semigruop of endomorphisms

and the Toeplitz algebras of ordered gruoups, Proc. Amer. Soc. 122 (1994), no. 4, 1133-1141.

[3] S. Adji, PhD Thesis, Univ. of Newcastle, 1995.

[4] N. J. Fowler and I. Raeburn, The Toelitz algebras of a Hilbert bimodule, Indiana Univ. Math.

J. 48 (1999), no.1, 155-181.

[5] N. J. Fowler, P. Muhly, and I. Raeburn, Representations of Cuntz-Pimsner Algebras, Indian

Univ. Math. J. 52 (2003), no. 3, 569-605.

[6] N. J. Fowler, Discrete product systems of Hilbert bimodules, Pacific J. Math. 204 (2002), no.

2, 335-375.

[7] J. Lindiarni and I. Raeburn, Partial-isometric crossed products by semigroup of endomorphims,

J. of Operator Theory 18 (2004), no. 1, 61-87.

[8] I. Raeburn and D. P. Williams, Morita equivalence and continuouos-trace C∗-algebras, Math.

Surveys and Monographs, Vol. 60 (1998), Amer. Math. Soc., Providence.

[9] Gerard J. Murphy, C∗-algebras and operator theory, Academic Press, New York, 1990.

[10] N. E. Wegge-Olsen, K-theory and C∗-algebras, Oxford University Press, Oxford, 1993.

[11] Dana P. Williams, Crossed Products of C∗-Algebras, Mathematical Surveys and Monographs,

vol. 134, 2007.

[12] E. Christopher Lance, Hilbert C.-modules: A toolkit for operator algebraists, London Math.

Soc. Lecture Note Series, vol. 210, Cambridge Univ. Press, Cambridge, 1994.


