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ABSTRACT. Let o be an extendible endomorphism of a C*-algebra A, and
let X be the Hilbert bimodule @(1)A. We analyze the Toeplitz algebra of
this Hilbert bimodule and we show that the partial-isometric crossed product
A X N is isomorphic to the Toeplitz algebra 7x. Then we have two crossed

product exact sequences.
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1. INTRODUCTION

Suppose X is a Hilbert bimodule over a C*-algebra A with a left action on
it defined by a homomorphism ¢ from A to the £(X) consists of all adjiontable
operators on X. Our motivating Hilbert bimodule is X = @(1)A where « is an
extendible endomorphism, in the sense that, o can be extend to the multiplier
M(A) such that for an approximate identity (ey) in A, a(ey) converges strictly
to the projection @(1) in M(A) [1]. As we shall see, the partial-isometric crossed

product of the system (A, «) is isomorphic to the Teoplitz algebra 7x. By applying
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results in [5, Corrolary 3.2] on this particular Hilbert bimodule leads us to indicate
that the quotient (A x, N)/(I x4 N) is isomorphic to the quotient crossed product
A/I X441 N. To do this, we assume that I is extendibly a-invariant, that is, a(I) C
I, and a|; extends to a strictly continuous endomorphism «f; such that o|;(1) =
(@(1)), where 1 is the extension of the canonical non degenerate homomorphism
v : A — M(I). Moreover, we can get a partial-isometric crossed product exact
sequence.

In section 2, the fundamental definitions and notions of right Hilbert modules, ad-
jointable operators on right Hilbert modules, extendible homomorphisms and mul-
tiplier algebras are given. Hilbert bimodules and Partial-isometric crossed product
are discussed in section 3. For the Hilbert bimodule X = @(1)A we have a theorem
that describes the the Toeplitz algebra related to X. In order to prove this theorem
we need to extend Toeplitz representations on X so that this extension devotes
section 4. Finally in the section 5, invariant ideals for an extendible endomorphism
are considered. So we have the quotient Hilbert bimodules and their relationships

with quotient partial-isometric crossed products.

2. PRELIMINARIES

Let X be a vector space over the complex numbers C, and A be a C*-algebra.
The vector space X is an inner product A-module if X is a right A-module (the
right action is denoted by = - a where ,2 € X,a € A ), and there is an A-valued
map (-,-) : X x X — A such that

(1) (2, Ay + p2) = Mz, y) + plz,2), z,y€ X, A\ peC,
(2) (z,y-a)={x,y)a, =z,y€ X,a€A,
@3) {z,y)" = < ), w,y€X,
4) (z,z) > if (x,2) =0thenz=0 z€X,
moreover, for all z € X,a € Aand A € C,A(z-a) = (A\z) -a = x - (Aa). Every inner
product A-module X is equipped by a norm defined by

1/2
lellx = [, @)l
Definition 2.1. A Hilbert A-module is an inner product A-module X which is com-
plete in the norm arising from the A-valued inner product. We say that X is a full
Hilbert A-module if A = span{{x,y) :z,y € X}.
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We denote a Hilbert A-module by X 4. To emphasis that X4 is a right module
we put A as an index in the right hand of X. It is denoted by X where there is
no ambiguity. In the theory of Hilbert spaces the bounded operators have adjoint
automatically. But this is not true in general that every bounded operator between
two right Hilbert modules has an adjoint.

A map T : X — Y between right Hilbert A-modules X and Y is adjointable if
there exits a map T : Y — X such that

(T(z),y) = {(z, T*(y)) forallz€ X and y €Y.

If the adjoint 7™ exists, it is unique. Every adjointable map T : X — Y between
Hilbert A-modules is a bounded linear operator. Moreover, it is A-linear, in the
sense that for all z € X and a € A, T(z-a) =T(x) - a (see [8, Lemma 2.18]). The
norm of an operator T': X — Y of right Hilbert A-modules is defined as usual;
that is, ||T]] = sup{||T(z)|| : = € X,||z| < 1}. We denote the set of all adjointable
operators from X to Y by £(X,Y). We write £(X), or L(X4) for £(X,X). If X is
a Hilbert A-module, then by [8, Proposion 2.21] £(X) is a C*-algebra with respect
to the operator norm.

Let X,Y be right Hilbert A-modules. An operator v € £(X,Y) is said to be
unitary if uu* = Idy and u*u = Idx. If there exists a unitary element in £(X,Y")
then we say that X and Y are unitary equivalent Hilbert A-modules, and we write
X=Y.

Theorem 2.1. [12, Theorem 3.5] Let A be a C*-algebra, let X,Y be Hilbert A-
modules and let u be a linear map from X to Y. Then the following conditions are
equivalent.

(i) w is isometry, surjective and A-linear;
(i) u is unitary element of L(X,Y).

Suppose X and Y are Hilbert A-modules. For each x € X and y € Y, setting
Oy,2(2) ==y - (z,2) defines an adjoinable operator ©, , : X — Y such that ©; , =

O;,4. The adjoinable operator O, ; is called compact. The closed linear subspace
K(X) :=35pan{©,, : =,y € X}

of L(X) is called the algebra of compact operators on X. For any Hilbert A-module
X, K(X) is a closed two-sided ideal in £L(X) ( see [12] and [8] for more detailes).
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We can find a unital C*-algebra denoted by M (A) such that A embeds in it as an
essential ideal, in the sense that A has nonzero intersection with any other nonzero
ideal of M (A). We recall the definition of multiplier algebra from [8, Definition 2.49].
The strict topology on a multiplier algebra is applied for extendible endomorphism.
So we need know a bit about this topology. Let || - ||, be the seminorm on M (A)
defined by [|b]le = |labl| + ||ball. The strict topology on M(A) is the topology
generated by the seminorms {|| - ||, : a € A}. A net b; in M(A) converges strictly
to b if and only if b;a — ba and ab; — ab for all a € A.

Definition 2.2. A homomorphism a : A — M (B) of C*-algebras A and B, is said to
be extendible if there is an approximate identity (ey) in A such that «(ey) converges
strictly to a projection p in M (B).

Adji in [3] showed that a homomorphism « : A — M (B) is extendible if and only
if it has a unique extension @ : M(A) — M(B). In fact, a(ex) — @(larca))-

Let « be an extendible endomorphism on a C*-algebra A. If I is an ideal of A,

then define ¢y : A — M (I) by ¢(a)i := ai for a € A and i € I. A routine calculation
shows that 1 is nondegenerate and then it has an extension v : M(A) — M (I).

Definition 2.3. Anideal I of Ais a-extendible if I is a-invariant («(I) C I) and there

is an approximate identity (7)) in I such that «(iy) converges strictly to ¥ (@(1)) in
M (I), where 9 is the extension of the canonical homomorphism 1 : A — M(I).
Example 2.1. The forward shift map 7 : ¢, — c,, defined by

7(zo, 21,22, ) = (0,20, 1,22, )
is an extendible endomorphism. Where c, is the subspace of ¢*°(N) contains all

sequences which converge to zero. Define for each n € N
1 m>n,
1,(m) = {
0 m<n.

So, (1 —1,) is an approximate identity in c,. It is easy to check that 7(1 — 1,)
converges strictly to 7(1,1,,1,...). Indeed, c, is a 7-extendible ideal of the C*-

algebra c the set of all convergent sequences in the complex numbers.

3. TOEPLITZ ALGEBRA AND PARTIAL-ISOMETRIC CROSSED PRODUCTS

By a Hilbert bimodule over A, we shall mean right Hilbert A-module X with a

left action a - x := ¢(a)x where ¢ : A — L£(X) is a homomorphism.
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Definition 3.1. A Toeplitz representation (¢, w) of a Hilbert bimodule X in a C*-
algebra B consists of a linear map ¢ : X — B, and a homomorphism 7 : A — B
such that

8) Y(a-z) = w(a)(a),

b) %(a - a) = v(x)n(a),

) m((z,y)a) = Y ()" P(y),
for all z,y € X and a € A.

Note that ¢ : X — B is bounded as Hilbert bimodules; for z € X,

[ (@)I* = [l (@) Y (@)|* = 7z, 2)|* < [[{z, 2)]1* = l="2* = ||z
which implies that ||¢| < 1.

Definition 3.2. A Toeplitz algebra 7x of a Hilbert bimodule X is a C*-algebra

together with a Toeplitz representation (ix,%4) satisfying the following conditions:
a) for every Toeplitz representation (¢, 7) of X on a Hilbert space H, there is a

homomorphism ¢ x 7 of 7x on H such that (¢ X m)oix = and (¢p X w)oig =,
b) Tx is generated by ix(X)Uia(A) as a C*-algebra.

For every Hilbert bimodule X, the Toeplitz algebra Tx related to X exist [4,
Proposition 1.3]. An element v € A is called partial isometry if vv*v = v. A partial
isometry v is called a power partial isometry if v™ is a partial isometry for every
n € N. Note that in a unital C*-algebra A, v € A is said to be an isometry if
v*v = 1, so every isometry is a partial isometry. If v is a partial isometry then so
is v*.

A partial isometric representation of N on a Hilbert space H isamap V : N —
B(H) such that V;, is partial isometry and V4 = V, Vi for all n,k € N. Every
partial-isometric representation V of N is always determined by the single partial
isometry V because we can write V" = V[*. Conversely a single partial isometry
W generates a partial isometric representation V' : n — W™ if and only if W is a
power partial isometry.

For a bounded operator u on a Hilbert space H the following conditions are
equivalent (see [9, Theorem 2.3.3]).

1) u = uu*u;

2) wu* is a projection;
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3) u*u is a projection;

4) u is a partial isometry.

A system (A, a) consists of a C*-algebra A together with an action « of N by
extendible endomorphisms on A. The following definition of crossed product for a

system (A, a) comes from [7]. We suppose « is extendible when A is non-unital.

Definition 3.3. A covariant partial-isometric representation of a system (4, «) in a
C*-algebra B is a pair (m, V') consisting of a nondegenerate representation 7 : A —
B and a homomorphism V : N — M(B) such that V; is a partial isometry for all
s € N and for all a € A,

m(as(a)) = Vsm(a)V), VI Vir(a) = 7(a)V]Vs.

S S

By [7, Lemma 4.2 and 4.3], every system (A, a) has a nontrivial covariant rep-
resentation and every covariant partial-isometric representation (m, V') on a Hilbert

space can be extended to a covariant partial-isometric representation (7, V) of
(M(A),@) such that

m(as(a)) = Vsm(a)V] and V, V) =7 (a(l)) for all a € A and s € N.

S

Definition 3.4. A partial-isometric crossed product is a C*-algebra B together with
a covariant partial-isometric representation (i4,4y) in B such that

(i) for each covariant partial-isometric representation (m, V') of (A, ) on a Hilbert
space H, there is a nondegenerate representation # x V : B — B(H) with (7 x V') o
ig=mand (1 x V)oiy=V;

(ii) B is generated by i4(A) Uin(N); in fact,

B =span{in(z)*ia(a)in(y) : a € A, z,y € N}.

Every system (A, «) has a partial-isometric crossed product which are denoted
by A xP° N [7]. The universal property implies that if there is another triple
(B, ja,jn) satisfying (i) and (ii), then there is an isomorphism p of B onto A x4 N
such that pois = j and po jy = iy [7].

We set X :=@(1)A. By the equations

x-a:=za, (x,y) = z*y, z,y € X and a € A,
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X is a right Hilbert A-module, ¢(a)x := a(a)z defines a left action ¢ : A — L(X)
on X. So X is a Hilbert bimodule over A by these operations. Every element x
in X has the form « = @(1)a for some a € A. Moreover, if (e)) is an approximate

identity in A, then for each a € A,
limy p(ex)a@(l)a = limy a(er)@(1l)a = limy aley)a = @(1)a.
It implies that X is essential, that is X = Span{a-z: a € A,z € X}. During the

rest of this work we keep the notation X just for the above Hilbert bimodule.

Lemma 3.1. Then for all a € A, ¢(a) € K(X) and Oy (q4),a(ey) converges to p(a)

in KK(X) where (ey) is an approzimation identity in A.

Proof. Since A4 is a right Hilbert A-module, by [6, Proposition 2.31] a can be
written as a = bc* with b,c € A, so for the compact operator © ;) o () and for

every x € X,

Oa(b),a(e) (@) = a(b) - {a(c), z) = a(b)a(c)*s = a(bc")z = ¢(a)z,
and hence ¢(a) is a compact operator. Suppose (e)) is an approximate identity in
A and a € A. First, note that
Oa(a),a(er) () = ala) - (aler), z) = alaer)z,
and a(aey) converges to a(a)x = ¢(a)z. Then for all z € X with ||z|| <1,
1Qa(a),aten) (#) — la)z]| = la(a)alex)r — ala)z||

= [[(afaexr) — a(a))=]|
< [le(aexr) — ala) |||
< llaex —al,

which implies that

[©a(a),ater) — Pla)ll = Sugl 1©a(a),ater) (@) — @(a)z|| < [laex — al.

Il

S0 Oq(a),a(er) — ¢(a) as aey reaches to a. O

The main focus of interest is the particular Hilbert bimodule X = @(1)A. It shall
be shown that the Toeplitz algebra arisen by this Hilbert bimodule is certainly a
crossed product, without using the results in [6] as were used in [7]. We are now

ready to state our main theorem.
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Theorem 3.1. Let (A, a) be a system, and let X = @(1)A with a-z = a(a)x, x-a =
za and {(x,y)a = x*y where « is an extendible endomorphism on a C*-algebra A.
Then Tx = A xPis° N.

To prove the Theorem 3.1 we apply [4, Proposition 1.3]. Using [4, Proposition
1.3] leads us to extend any Toeplitz representation (i, 7) of the Hilbert bimodule
X on a Hilbert space H to a Toeplitz representation (i, 7) of the Hilbert bimodule
X = a(1)M(A) on H. Attempting to prove the Theorem 3.1 needs going through
the construction of Toeplitz representations of the Hilbert bimodule X = @(1)A.

So all next section is about the structure of X.

4. EXTENDING A TOEPLITZ REPRESENTATION OF @&(1)A

Lemma 4.1. Let (¢, ) be a Toeplitz representation of a Hilbert bimodule X over
a C*-algebra A on a Hilbert space H where 7 is not necessary nondegenerate, and
Ho = span{n(a)hla € A,h € H}. Then for alla € A,x € X and k € Hg

1) n(a)k, ¥(x)k and ¥(x)*k vanish on Hg,

2) P(x)Ho € Ho,
3) Y (x)*Ho C Ho.

Proof. For each a € A and k € Hy, ||7(a)k|? = (7(a)k|m(a)k) = (k|r(a*a)k) = 0,
so m(a)k = 0. Now, for each element ey of an approximate identity (ey) in A
,x € X,h € H and k € Hg we have

(6 (- ex)kl) = (K|((x - ex)"h) = (|(()m(ex))"h) = (klm(ex)b(z)*h) = 0 and
((ex - 2) kIR) = (k|((er - 2)h) = (kln(ex)(@)h) = 0

because both 7(ey)w(x)h and w(ey)w(z)*h are in € Hy. We know that ¢(z - e))
and ¥(ey - x) converge to 1(x) because ¥ is continuous, and z-ey and ey -z converge
to x in X. Thus (¢ (z)k|h) = 0 for all h € H and part (1) holds. Furthermore,
Y(ex - x)h = w(ex)v(x)h and (Y(z - ex)*h = (Y(x)m(er))*h = w(ex)(x)*h are in
Ho. Since ¥(ey - z)h and 1(x - ex)*h converge to ¢ (x)h and (x)*h respectively, so
(2) and (3) follow. O

Lemma 4.2. If (¢, m) is a Toeplitz representation of X on a Hilbert space H, then
there is bounded operator (a(1)) in B(H) such that for all a;,b; € A, h; € H and
n,m €N,
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1) p(@(1)) (i mlai)hi) = 3502 p(@(1)as)hi,
2) p(@(1))* Y51, m(by)k; = 371, v (a(b5)) k;

Proof. Suppose Hy := Span{m(a)h|a € A,h € H} and (e)) be an approximate

identity in A where X varies in an index set A. If Y7 | m(a;)h; € Ho, then for each
A € A, we have

HZ m(ex)(a( azh||—||ZweA a( azhH—szb (1)a;)hi|
(4.1) —||Zw aley) azhH—HZw m(a;))hil|

= [l (aler) Y m(as) h||<||Z (@i)hil-
=1

The last inequality follows by the fact that ||[¢(a(ey)]] < ||a(er)]| < |lea]l < 1. The
inequality 4.1 implies that

lim | Z m(ex)y(@(l)ai)hi| = \IZ¢ Daihil| < Y w(ai)hi]
i=1

and the map (@ (1)) defined by

is well-defined, linear and bounded on span{m(a)h |a € A,h € H}. Lemma 4.1
implies that ¢ (a(1))Ho C Ho in that if h; € Hg, w(@(1)a;)h; = 0, otherwise
Y(a@(1l)a;)h; € Ho. Hence it can be extended to a bounded operator on Hy. Since
H = HogHy» ¥(@(1)) can be defined on whole H by ¥ (a(1)) & T where Tk =0
for all k € Hg. Thus ¢(a(1)) € B(H) and it vanishes on Hg-.

To prove (2) we show that for 327", m(b;)k; € H where b; € A, h; € H,

(4.2) (h
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for all h € H. For all a;,b; € A, h;, k; € H and m,n € N,

1=1j=1 i=1 j=1
=3 (i |m(ai) w(a(®)) k) = ZZ (m(ai)hi [ (a(b})) k;)
= 7(ai)h Zw(a(b;))*kj)
i=1 j=1

Since Ho = span{n(a)h : a € A, h € H}, it follows that, for all h € H,

(h

If h in Hg,¢(a(1))h = 0 and by Lemma 4.1 ¢(a(b5)h = 0, so

w(a(l))*ZW(bg‘)/ﬁ) = (h

j=1

and then
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Thus for all h € H,

))*Zﬁ(bj)kj = | B> w(a®)k; |,
and 4.2 follows. ]

Proposition 4.1. Let (¢, m) be a Toeplitz representation of X = @(1)A in which
7 is non-degenerate, i.e H = span{n(a)h|a € A,h € H}. Then there is a unique
bounded operator namely (@ (1)) : H — H such that

(1) ¢(@(1))m(a)h = y(a(l)a)h,
(2) ¢(@)) m(a)h = Pp(afa®))"h
3) m(a)y(@(1))h = y(a(a))h,

for all @ € A, h € H. Moreover, for any approximate identity (e)) in A, we have
Y(a(ey)) is convergent *-strongly to ¥ (a(1)), that is ¥(a(ex))h — ¥ (a(1l))h and
Y(a(ey))*h — w(@(1))*h in H for every h € H.

Proof. Given any bounded operator such as 1(a(1)) satisfying the condition (1) is
unique: Suppose 7' is another operator satisfied (1). Since T" and (@(1)) are linear,

for all a; € A, h; € H and n € N, we have

n n

Y@D)(Q_wlahi) =Y (@ Ty m(a)

i=1 i=1 i=1
So T and ¥ (@(1)) coincide on the dense subspace span{m(a)h| a € A, h € H} of H
and the continuity of T' and (@(1)) implies that ¢(@(1)) = T on H. The rest of

the proof is just similar to the Lemma 4.2. O

Proposition 4.2. Let X = a(1)A and X = a(1)M(A) = {a()m : m € M(A)}
with the operations x - m := xm, (x,y)r(a) = ¢y and m -z := a(m)z for all
x,y € X and m € M(A). Then for every Toeplitz representation (¢, 7) of X on a
Hilbert space H where 7 is nondegenerate, there is a Toeplitz representation (¢, 7)
of X on ‘H such that ¥|x = ¢. In particular, P (a(1)) = 1 (a(1)).

Proof. Suppose (¢, ) is a Toeplitz representation of X on a Hilbert space H and
7 is nondegenerate. By the Proposition 4.1 there is ¢ (@(1)) € B(H) satisfying the
related conditions. Take an approximate identity (ey) in A. For each A\, m € M(A)
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and a(ey)m in A we have

so Y(a(ex)m)h converges to ¥(a(l))m(m)h for every h € H by part (1) of the
Proposition 4.1. Now, define ¢ : X — B(H) by

B(@(1)m) = lim b (a(e)m).

We claim that 1 is well-defined. Assume @(1)m = @(1)m’, then @(1)m—a(1)m’ = 0,

that is a(ey)(m — m') converges to zero in M(A), but
lac(ex)(m —m/)[[a = lla(ex)(m —m) | arca) = le(ex)m — alex)m’| arca)
therefore aey)(m — m’) converges to zero in A. So, for all h € H,
blalex)m)h —Pplalex)m’h) = (alex)(m —m')h

converges to zero in H, that is ¢ (a(1)7(m))h = ¥(a(1)m’)h and hence ¥ (a@(1)m) =
P(@(1)m’). In order to show that (i, 7) is a Topelitz representation of X on H, we
show that (1, 7) satisfies the following conditions

(1) ¥(m-a(l)n) =7 (m)p@1n),
(2)@(() m) = P(@(l)n)m(m),
(3) m((@L)m, a(l)n)arca)) = p(@1)m)*(@(1)n)

for all m,n € M(A). To verify these conditions, first we show that ¢ (a(1)) defined
in 4.1 has the following properties:

(4.3) p@)m(@m)) =z(m)y(@)),  y@)) (@) =7(a(l)).
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For each h € H and m € M(A), m(exm)y(a(1))h — 7(m)yp(@(1))h, but

m(exm)p(@(1))h

Plalexm))h = (alen)a(eaxm))h

P(aler) - aleaxm))h = y(aler))m(alex)a(m))h
Pla(ex))m(alex))m(@1)m)h = Pp(aler) - alex))m(@(m))h
= P(a(ex))T(a(m))h

Y@(1))m(a(m)),

so 1(@(1))7(@(m)) = 7(m)(@(1))h. For the second equation note that
Plalen)) vlalex))h = m((aler), aler))a)h = m(a(er) alex))h = w(alex))h,
s0, ¥(a(ex))*(aex))h converges to 7(@(1))h, that is o (@(1)) “w(@(1)h = T(@(1))h
for all h € H. Now, for given m,n € M(A),
P(m-a(l)n) =y (@m)a(l)n) = p(@D)a(m)n)
P@())m(@(m))m(n) =7 (m)d@(1))m(n)
= w(m)P(@(1)n),

and part (1) holds. For any m,n € M(A),

aley)

|

P@Ln-m) = y@l)nm) = p(@1))w(nm) = (@(1))w(n)7(m) = p(@1)n)w(m)

and

So, part (2) and (3) follow. O

Lemma 4.3. If (¢, ) is a Toeplitz representation of X = @(1)A on a Hilbert space
H, then (m,V) is a partial-isometric covariant representation of the system (A, a)
on H where V := ¢(a(l))*.

Proof. Showing (7, V') is covariant representation, needs to

1) V is a power partial isometry.
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2) m(afa)) =Vr(a)V*, V*Vr(a)=mr(a)V*V.
Suppose Hy := span{r(a)h|a € A,h € H} and h € Hg. Then ¢ (@(1))y(a(1))*w(a@(1))h =
0 = ¢(@)*h. For an approximate identity (ey) in 4, a; € A, and h; € H,

n

D@)p(aler) @(1) (Y )mlaihi) = p@(1)p(aler)” (D d@(1)ai)hi)
=1

=1

= w(a@))(Z Ulalex)) v(a(1)aq)hi)

n

= w(@(l))(zW(<a(ex)ﬁ(1)ai>))

n

= ¢(@(1))(Q_ m(alerai)hi)

i=1
This implies that ¢ (@(1))y(a(ex))*(a(1))h converges to (a(l))h, that is, V*VV* =
V* and hence V is partial isometry. The Proposition 4.2 together with part (1) of
the Proposition 4.1 imply that for all a € A

m(a)V* = m(a)y(@(1)) = ¢(a(a)) = Y(@(1)7(a(a)) = V*r(ala)),

and by taking adjoints, Vr(a) = 7(a(a))V. This shows that

V*Vir(a) = Vir(a(a)V = n(a)V*V,
and hence, (V*)"V"r(a) = m(a)(V*)"V™.
Now, for all h € H,

Vr(a)V*h = Vi(a(a))h = limi(a(er)) ¢ (ala))h
(4.4) — limm({a(ex), a(a)))h = limr(a(exa))h
= n(a(a))h.

Setting a = ey in the equation (4.4), V"7 (ex)(V*)" = m(a™(ey)), which is a pro-
jection. Therefore, Vr(ex)(@(1)) (V)" 1h = Vp(aler))(V*)"~Lh converges to

V™ (V*)™h. So it is a projection and then V™ is a partial isometry; V is power

partial isometry. O

Proof of Theorem 3.1. Let (A xP*° N i, iy) be a crossed product of the system
(A,«). By [4, Proposition 1.3] it is enough to show that (ix,i4) is a Toeplitz
representation of the Hilbert bimodule X := @(1)A where ix (z) := in(1)*ia(x) for
all z € X which satisfies the following:



HILBERT BIMODULES AND ... — JDSGT VOL. 10, NUMBER 1 (2012) 85

a) for every Toeplitz representation (¢,7) of X on a Hilbert space H, there
is homomorphism ¢ x 7 from A x2*° N to B(H) with (¢ x 7) oix = 1 and
(Y xTm)oia=m,

b) A xP¥° N is generated by ix (X) Uia(A).

For each v =@(1)a,y € X and b € A,

ix(x-b) =ix((@)a)-b) = in(1)"ia(a(1)ab) = in(1)"ia(@(1)a)ia(b) = ix (z)ia(b),

ix(b-x) =ix(ab)a(l)a) = in(1)%ia(a(b)a(l)a) = in(1)"ia(a(b))ia(@(1)a)
=is(b)in(1)"ia(@(1)a) =ia(b)ix(z).
Suppose (ey) is an approximate identity in A. So,
ia({alex)a,y)a) = ia(aler)a)’y) = ia(a®)ialaler))ia(y) = iala”)ia(alex))ialy)
(4.5) =ia(a®)in(1)iaex)in(1)"ia(y) = 1a(a®)ialaler))in(1)ix (y)
= (in(1)%ia(a(er)ia(a))"ix (y) = (in(1)"ia(a(ex)a)) ix ().
Since a(ey)a converges to @(1)a, by 4.5
ia({z,y)a) = (in(1)"ia(2))"ix (y) = ix(2)"ix (y)-
Thus (ix,ia) is a Toeplitz representation of X on A xP¥° N. Assume (¢, 7) is a
Toeplitz representation of X on a Hilbert space H. Then Lemma 4.3 says (m, V :=
Y(a@(1))*) is a covariant partial-isometry of the system (A, «) on H. This implies
that there is a nondegenerate representation m x V : A xP*° N — B(H) such that
(rxV)oig=mand (r x V)oiy=V. But (r x V)ois =m and for all a € A,
(mx V)oix(a(l)a) = (r x V)(in(1)"ia(@(1)a)) = V*m(a(l)a))
= ¢(@)r(@(1)a)) = p(@(1)a)).
To verify condition (b), note that in(1) belongs to the C*-algebra generated by
ix(X)Uia(A) because for an approximate identity (ey) in A,

ix(afer)) = in(1)"ia(a(ex)) = in(1) "in(1)ialex)in(1)*

converges to

in(1)%in(1)7a(D)in(1)" = in (1) in(1)in(1)" = in(1)*

and hence, in(1) is in the C*-algebra generated by ix(X)Uia(A).
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Now, let (i, in) be the universal isometric covariant representation of the crossed
product A x%° N. Since iy is an isometric representation, so it is partial isometry
as well. Consequently, setting ix(z) := in(1)*ia(x) for all z € X |, (ix,i4) is a
Toeplitz representation of X on A x%° N satisfying (a), (b) and (c).

5. INVARIANT IDEALS

In this section, we assume an ideal [ is invariant under an extendible endomor-
phism « on a A. In this case, we have the crossed products I x, N and (A/I) x5 N.
It is investigated how they are related to each other.

Let I be an ideal in A and X be Hilbert bimodule over A. Then

Xr={zeX : (z,y)aclforallye X}
is a Hilbert bimodule over I. One can show that
Xi=XI={z-i:zeX,iel}
is closed.

Definition 5.1. Let X be a Hilbert bimodule over a C*-algebra A with ¢ as its left
action. An ideal I in A is called X-invariant if o(I)X C XT

In order to construct the quotient Hilbert bimodule X/X1I, the ideal I need to
be X-invariant. So, if I is an X-invariant ideal, then according to [5, Lemma 2.3
X/XI is a Hilbert bimodule over A/I with

(x+XI)-(a+1):==x-a+XIforx € X and a € A, and
(x+XI,y+ XI)asr:=(x,y)a+ 1 for z,y € X,
and the left action is given by the homomorphism ¢ 4/; : A/I — L(X/XT) satisfying
oayrla+I)(z+XI)=a-2+ XI.

Lemma 5.1. If I is an extendibly a-invariant ideal in A, and X = @(1)A, then
X1 is a Hilbert bimodule over I and XI = a(1pr(ay)] = a(1prr))I. Moreover, I is

X -invariant.

Proof. As we know X1 ={z-i: z € X,i € I} = {a(lpya))ai: i€ I,a € A} C
a(lM(A))[
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Suppose (ey) is an approximation identity in A. For @(1y7(4)) in @(1pza)),

a(lM(A))i = li/r\na(lM(A))a(e,\)i
is in X1, because X1 is closed; @(1p7(4))] € X1I. Since I is a-extendible, there is a
nondegenerate homomorphism ¢ : A — M (I) such that ¢ (@(1ar(a))) = ozTI(lM(I)),
so for all 1 € I,

(5.1)  alr(Larn)i = (@(Lara)))i = Y(@(1arca))i) = V(@(Larcay)i) = a(larcay)i

This implies that X1 = a(1a¢a))] = a(1pr))1.
For each i € I,a € A, p(i)a(1p(ay)a = a(i)a(lyay)a = a(i)a € XI because
I is a-invariant. So, ¢(I)X C XTI and I is X-invariant. Thus X7 is a Hilbert

bimodule over I. O

Theorem 5.1. Let I be an a-extendible ideal in A, X := a(1)A, (AxPH#°N, iy, i)
be a crossed product for (A, ), and (IxF**°N, j;, jn) be a crossed product for (I, alr).
Then there is a homomorphism p : I xP° N — A xP° N which is injective and
maps I xP*° N onto J(I) the ideal generated by is(I) in A xPi%° N,

Proof. We know by Theorem 3.1 the Toeplitz algebras 7x and Tx; are (4 ngso
N,ix,ia) and (I xE° N, jxy,jr) respectively where ix(z) := in(1)*ia(z),7 € X,
and jxr(z) = jn(1)*jr(z), z € XI. Observe that (ix|xrs,4|r) is a Toeplitz repre-
sentation of X T in A xP¥*°N. So, there is a homomorphism p : I xB**°N — A xPis°N
such that pojx = ix|xr, pojr = ialr. In addition, as in [5, the proof of Proposition
3.4], p is injective. We claim that Imp = J(I) . Since p(jxr(x)) = ix (), p(jr(i)) =
ia(i), and I xP¥*" N is generated by jx;(X1T)U ji(I), so the range of p is generated
by ix(XI)Uia(I) and hence I'mp C J(I). Since J(I) is generated by i4([I), so for
alli €I, a € A and x € X, the elements of the form

ix(@)ia(i) = ix(@i) = p(jx1(xi)),

ia(i)ix () = ix(a(i)z) = p(ixr(a(i))).

ix(@)'ial) = (ia(1)ix ()"

ia(i)ix ()" = (ix(x)ia(i®))"

and i4(a)ia(i) in J(I), belong to Imp. It follows that J(I) C Imp. O

Corollary 5.1. If I is an a-estendible ideal in A, (A xP¥° N,ia,iy) is a crossed
product for the dynamical system (A,«), and X = @(1)A, then the ideal J(I)

generated by i4(I) in Tx is isomorphic to Txy.
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Proof. It follows by the fact that XI = a|;(1a(p))! is a Hilbert bimodule over I
and by Theorem 3.1 Ty = [ xP° N. O

Lemma 5.2. Suppose (A,a) and (B, ) are two isomorphic dynamical systems in
the sense that there is an isomorphism ¢ : A — B such that ¢ o = o ¢p. If
X = a(1)A is the Hilbert bimodule over A and Y is the Hilbert bimodule 3(1)B

over B, then X is isomorphic to'Y as Hilbert bimodules.

Proof. Define T : X — Y by T(a(1)a) = B3(1)¢(a). If @(l)a = a(1)b, for an
approximate identity (ey) in A, a(ey)a and «a(ey) converge to @(1l)a and @(1)b

respectively, furthermore,

plafer)a) = ¢(aler))d(a) = B(d(er))(a)

converges to 3(1)¢(a) because ¢ is onto and (¢(ey)) is an approximate identity in

B. Continuity of ¢ implies that

B(1)¢(b) = d(@(1)b) = ¢(@(1)a) = B(1)¢(a)
which says T is well-defined. Suppose @(1)a € kerT. So, B3(1)¢(a) = 0, i.e
B(bx)d(a) — 0 where by = ¢(ey), it follows that
B(6(en)ola) = dlaler)a) — 0

, ¢(@(1)a) = 0 and hence @(1)a = 0. Since ¢ is onto so is T. To show that T is
isometric and then is bounded, we observe that for an approximate identity (ey) in

A, (by) := (¢(ey)) is an approximate identity in B, so
IT@Ma)] = [B(1)¢(a)]l = lim [|3(br)é(a)
=lim [¢ o a0~ (br)d(a)]l =1lim [|é(a(er))d(a)]
= lim [¢(0(ex)a) | = Tim a(er)a)]
= [[@(1)al|.
O

Lemma 5.3. Let X,Y be two Hilbert bimodule over a C*-algebra A andT : X —Y
be an onto A-linear homomorphism, in the sense that T(a - x) = a-T(z) and
T(x-a)=T(x) -a forallae A, x € X, and (Tz,Ty)a = (x,y)a for all z,y € X.

Then Tx is isomorphic to Ty .
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Proof. Since by definition X and Y are unitary equivalent, the proof is straightfor-
ward. |

Proposition 5.1. Let I be an a-extendible ideal in a C*-algebra A, and X =a(1)A
the Hilbert bimodule with z - a = za, a -z = a(a)z and {(x,y)a = x*y. Then the

Toeplitz algebra Tx,x is isomorphic to the crossed product A/I x* ijfl N.

Proof. Since a is extendible, so /T : A/T — A/I defined by a*/!(a+1) = a(a)+1
is extendible. Suppose Y := a4/I(1)A/I. By Theorem 3.1 Ty = A/I xngfl N.
According to Lemma 5.3, it is enough to show that there is an isomorphism T :
X/XI —Y. DefineT: X/XI —Y by

a(l)a+ XI— aA/1(1)(a+I).

For an approximate identity (ey) in A, (ex + I) is an approximate identity in A/T.
This implies that for all a € A, @(1)a+ I = a4/1(1)(a + I) because

a(la+1 =lima(ez)a+ I =lim(a(es) +I)(a+ 1) = QAT (1) (a+ ).

Indeed, T(x + XI)=a+I. o+ XTI =y+ XI, then z —y € XI. Since XI C I,
sox+ I =y+1,and hence T'(z + XI) = T(y + XI). Thus T is well-defined and

obviously is onto. For each a € A and = € X,
T((x+XI)-(a+1)=T(xa+ XI)=za+1
=@b+Da+D)=(@+I) (a+I)=T(x+XI) (a+1),
moreover,
T((a+ 1) (x+ XI)) =T(afa)z+ XI) = ala)r + T
(5.2) = (a(a)+ D(z+ 1) =a™ (a+I)(z+ XI)
=(a+1I) - T(x+ XI).
This shows that T is A/I-linear. Note that for all z = @(1)a,y = @(1)b € X,
(63)  (T(a+XD,T(y + X)) asr = (@A (1)(a+ 1), adT (1) + 1) as
=(@+Ly+I)a
=(@ya+I=(+XLy+XI)ar,

so T preserves the inner product. O
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The main result comes in the next corollary.

Corollary 5.2. Let a be an endomorphism of a C*-algebra A, and I be an ez-

tendibly a-invariant ideal in A. Then we have the exact sequences

0— I xP°N — AxPN - A/TxP%9 N -0

QA/T

Proof. Tt was shown in Theorem 5.1 that there is an injective homomorphism

p: I xP¥°N — A xPo N which its image is the ideal J(I) generated by is(I) in
A xPiso N, then we have the natural quotient map ¢ : A xP*°N — A xPi°N/7(I).
But [5, Corollary 3.2] gives an isomorphism A x%*° N/J(I) = Tx,x;, and by
Proposition 5.1 Tx,; = A/I xiij;’, N, so we can get the first exact sequence. To get
the second exact sequence, similar argument and change piso by iso together with

[5, Corollary 3.3] will be enough. O
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