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Abstract. In this paper, an adaptive control scheme is presented to study

the anti-synchronization behavior between two identical four-dimensional hy-

perchaotic systems with unknown parameters. Anti-synchronization can be

characterized by the vanishing of the sum of relevant variables. Based on Lya-

punov stability theory, an adaptive anti-synchronization controller is designed,

and the analytic expression of the controller and the adaptive laws of parame-

ters are developed. Numerical simulations are performed for four-dimensional

hyperchaotic systems to demonstrate the effectiveness of the proposed control

strategy.
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1. Introduction

Since the idea of synchronizing chaotic systems was introduced by Pecora and

Carroll [15] in 1990, chaos synchronization has received increasing attention due
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to its theoretical challenge and its great potential applications in secure commu-

nication, chemical reaction and biological systems [2]. Recently several different

types of synchronizations have been proposed in the literature, for example, gen-

eralized synchronization [1]-[6], phase synchronization[10, 11], lag synchronization

[16]-[17], anti-synchronization [12]-[14] and so on .The generalized synchronization

implies the establishment of functional relations between drive and response sys-

tems. Phase synchronization is characterized in that the phase difference between

two chaotic systems are locked within 2π, while their amplitudes remain chaotic and

uncorrelated. Lag synchronization is described as the coincidence of two chaotic tra-

jectories with a constant time lag. The state vectors of synchronized systems have

the same absolute values but opposite signs, i.e. the sum of the output signals

of two systems can converge to zero, called the anti-synchronization(AS) method.

Most of the works mentioned so far are involved mainly with low-dimensional iden-

tical chaotic systems with only one positive Lyapunov exponent. Hyperchaotic

system, possessing at least two positive Lyapunov exponents, has more complex

behavior and abundant dynamics than chaotic system. How to realize synchro-

nization of hyperchaotic systems is an interesting and challenging work. Many

attempts have been made to control hyperchaos and achieve synchronization of hy-

perchaos in hyperchaotic systems [9]-[21]. In this paper, an adaptive control scheme

is presented to study the anti-synchronization behavior between two identical novel

four-dimensional hyperchaotic system with unknown parameters [8]. Based on the

Lyapunov stability theory, an adaptive anti-synchronization controller and adaptive

laws of parameters are developed.

2. Anti-synchronization

The drive system and the response system are defined as

ẋ = f(x),(1)

ẏ = f(y) + u,(2)

where x = (x1, . . . , xn)T , y = (y1, . . . , yn)T ∈ Rn are the state vectors of the systems

(1) and (2) respectively; f : Rn → Rn defines a vector field in n-dimensional space

and u = (u1, . . . , un)T is an n-dimensional control signals.

Let e = x + y is the anti-synchronization error vector. The goal is to design an

appropriate controller u such that the trajectory of the response system (2) with
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initial conditions y0 can approach asymptotically the drive system (1) with initial

conditions x0, in this sense, that is

lim
t→∞

‖ e ‖= lim
t→∞

‖ x(t, x0) + y(t, y0) ‖= 0,

where ‖ · ‖ is the Euclidean norm. At this point, it means that the drive system (1)

and the response system (2) are anti-synchronized under the controller u as time t

tends to infinity.

3. System description

Consider the original chaotic dynamical equation which is given by [8]:

ẋ = a(y − x),

ẏ = bx + xz,(3)

ż = −xy − cz,

where a, b, c are fixed parameters and x, y, z are the dynamic variables of system

(3). This system was found to be chaotic in a wide parameter range. For example,

when a = 10, b = 35, c = 1.4, the system (3) has a chaotic attractor and has

many interesting complex dynamical behaviors. The Lyapunov exponent spectrum

of system (3) is

λ1 = 0.8653, λ2 = 0, λ3 = −12.2677.

Apparently, system (3) only has one positive Lyapunov exponent, thus it is a three

dimensional autonomous chaotic system. Here, on the basis of system (3), a new

hyperchaotic system is described by the following four-dimensional autonomous

differential equations [7]:

ẋ = a(y − x),

ẏ = bx + xz − w,(4)

ż = −xy − cz + w,

ẇ = dx + y,

Furthermore, we also let a = 10, b = 35, c = 1.4, and d = 5 be the constant

parameters. Meanwhile, the dynamical system (4) can be characterized with its

Lyapunov exponents that are computed numerically by the Wolf method [19]:
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Figure 1. Three-dimensional view of the system (4)

• 1. For periodic orbits, there are one zero and three negative Lyapunov

exponents.

• 2. For quasi-periodic orbits, there are two zeros and two negative Lyapunov

exponents.

• 3. For chaotic orbits, there are one positive, one zero, and two negative

Lyapunov exponents.

• 4. For hyperchaotic orbits, there are two positive values in the four Lyapu-

vov exponents.

The Lyapunov exponents of system (4) can be obtained as

λ1 = 0.8058, λ2 = 0.0981, λ3 = 0, λ4 = −12.3058.

The three-dimensional view of the hyperchaotic strange attractor is shown in Fig.

1. Fig. 2 shows some dynamical behavior in different planes for system (4).
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Figure 2. Phase portrait of the hyperchaotic system (4) in the (a) x

- z, (b) x - w, (c) y - w, and (d) z - w plane with a = 10, b = 35, c =

1.4, and d = 5.

4. Adaptive anti-synchronization of two identical four-dimensional

hyperchaotic systems

In this section, we will study the anti-synchronization of two identical four-

dimensional hyperchaotic systems with unknown parameters. For system (4), the
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drive system and the response system are defined as below, respectively,

ẋ1 = a(y1 − x1),

ẏ1 = bx1 + x1z1 − w1,(5)

ż1 = −x1y1 − cz1 + w1,

ẇ1 = dx1 + y1,

and

ẋ2 = a(y2 − x2) + u1,

ẏ2 = bx2 + x2z2 − w2 + u2,(6)

ż2 = −x2y2 − cz2 + w2 + u3,

ẇ2 = dx2 + y2 + u4,

where a, b c and d are unknown parameters and u1, u2, u3 and u4 are three control

functions to be designed. In the following, an effective controller is designed to

achieve the chaos anti-synchronization between these systems. We add (6) to (5)

and get the following error system

ė1 = a(e2 − e1) + u1,

ė2 = be1 + x1z1 + x2z2 − e4 + u2,(7)

ė3 = −x1y1 − x2y2 − ce3 + e4 + u3,

ė4 = de1 + e2 + u4,

where e1 = x1 +x2, e2 = y1 +y2, e3 = z1 + z2 and e4 = w1 +w2. Our goal is to find

proper control functions ui (i = 1, 2, 3, 4) and parameter update laws, such that the

response system (6) globally and asymptotically anti-synchronizes the drive system

(5), i.e., limt→∞ ‖ e ‖= 0 where e = [e1, e2, e3, e4]T . For two identical chaotic

systems without controllers u1, u2, u3 and u4, the trajectories of the two identical

systems will quickly separate and can not anti-synchronize on the condition that

the initial values (x1(0), y1(0), z1(0), w1(0)) 6= (x2(0), y2(0), z2(0), w2(0)). However,

with appropriate control schemes, the two systems anti-synchronize for any initial

value.

The following Theorem shows that system (5) and system (6) can be effectively

anti-synchronized in the situation of uncertain parameters.
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Theorem 1. The drive system (5) and the response system (6) can be anti- synchro-

nized globally and asymptotically for any different initial condition with following

adaptive controller

u1 = −â(e2 − e1)− e1,

u2 = −b̂e1 − x1z1 − x2z2 + e4 − e2,(8)

u3 = x1y1 + x2y2 + ĉe3 − e4 − e3,

u4 = −d̂e1 − e2 − e4,

where â, b̂, ĉ and d̂ are the estimates of a, b, c and d, respectively, and the adaptive

parameter update laws are chosen as

˙̂a = − ˙̃a = e1(e2 − e1) + ã,

˙̂
b = − ˙̃

b = e1e2 + b̃,(9)

˙̂c = − ˙̃c = −e3
2 + c̃,

˙̂
d = − ˙̃

d = −e1e4 + d̃,

where ã = a− â, b̃ = b− b̂, c̃ = c− ĉ and d̃ = d− d̂.

Proof. Substituting (8) into (7) leads to the following error system

ė1 = ã(e2 − e1)− e1,

ė2 = b̃e1 − e2,(10)

ė3 = −c̃e3 − e3.

ė4 = d̃e1 − e4.

Consider the following Lyapunov function

V =
1
2
(eT e + ã2 + b̃2 + c̃2 + d̃2).
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Then the time derivative of V along the solutions Eqs. (9) and (10) gives

V̇ = ėT e + ã ˙̃a + b̃
˙̃
b + c̃ ˙̃c + d̃

˙̃
d

= e1[ã(e2 − e1)− e1] + e2[b̃e1 − e2]

+e3[−c̃e3 − e3] + e4[d̃e1 − e4] + ã[−e1(e2 − e1)− ã]

+b̃[−e1e2 − b̃] + c̃[e3
2 − c̃] + d̃[e1e4 − d̃]

= −eT e− ã2 − b̃2 − c̃2 − d̃2

< 0.

It is clear that V is positive definite and V̇ is negative definite. According to

the Lyapunov stability theorem, the error system (10) can converge to the origin

asymptotically. Therefore, the drive system (5) and the response system (6) can be

asymptotically and globally anti-synchronized. This completes the proof. ¤

4.1. Numerical simulations. In this section, numerical simulations are presented

to verify the effectiveness of the proposed method. Fourth-order Runge-Kutta

method is used to solve the systems with time step size 0.001. The parameters

are chosen as a = 10, b = 35, c = 1.4 and d = 5 in the simulations such that

the system (4) exhibits chaotic behavior. The initial values of drive system and

the response system are chosen as (x1(0), y1(0), z1(0), w1(0)) = (1,−2, 6, 3) and

(x2(0), y2(0), z2(0), w2(0)) = (4, 1,−5,−7), respectively. Hence, the error system

has the initial values e1(0) = 5, e2(0) = −1, e3(0) = 1 and e4(0) = −4. Moreover,

the initial values of the estimated parameters are chosen as â(0) = 1, b̂(0) = 10,

ĉ(0) = 4 and d̂(0) = 2. Fig. 3 display state trajectories of drive system (5) and the

response system (6). Fig 4 display the anti-synchronization errors between systems

(5) and (6). Fig 5 shows that the estimated values of the unknown parameters

converge to a = 10, b = 35, c = 1.4 and d = 5 as t →∞, respectively.

5. Conclusion

In this paper, we investigated chaos anti-synchronization of four-dimensional hy-

perchaotic systems via adaptive control. Sufficient conditions for the anti-synchroni-

zation were obtained analytically. Finally, numerical simulations were provided to

show the effectiveness of the proposed method.
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Figure 3. The time response of states for drive system (5) and the

response system (6) : (a) signals x1 and x2; (b) signals y1 and y2; (c)

signals z1 and z2; (d) signals w1 and w2.
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