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ABSTRACT., We develop in this work an idea initially due to J.M.Levy-Leblond
({10]) for deforming through explicit homotopies, the Fourier transform into
identity, the convolution product into pointwise product, differential operators
into others, et cetera, and we express here our best thanks to him.

The main tools to achieve this are the Hermite expansion of any tempered
distribution, due to L.Schwartz {{6]) but not much used since, and Mehler’s
formula on Hermite functions, which allows us an explicit computation of the
kernels of all the operators involved.
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For the sake of clarity in formulae and indices, we chose to write this article in
the case of the one-dimensional space R. However,since all the spaces of functions
and distributions we will consider, as well as the Hermite functions themselves, are
in several dimensions tensorial products of the one-dimensional ones, the general-
izations to any dimension would be straightforward. ’

1. THE SETTING

1.1. Hermite expansions. Recall that the classical "Hermite functions” (intro-
duced in [3], and much studied since, for instance in {1},{8],[2],[5,[9],[7}... )are
defined, for p € N and z € C by:

22
(1) hy(x) = Ape™ 7 Hy(x)
where: : Py
2 a2
() = (17 2 ()
and:
Ap = (x™22Ppl)~2/2 .
As a sct of functions on R, the (h,),en form a Hilbertian basis of the space
L? = L*(R) of square-integrable functions. But they belong obviously to the space

8 = 8(R) of L. Schwartz of rapidly decreasing functions, and this author remarked
already in [6] that when a function ¢ € § is developed in this basis ¢ = 3. ¢php,
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with ¢, =< ¢, hp >, the scquence (ep) is itself rapidly decreasing (and conversely).

Transposing this we get:

Let T € & = §'(R) a tempered distribution , and for p € N, tp =< T hy >.
Then (¢p)pen s a slowly growing sequence, and the series y . tph, is an expansion
of T, at least weakly convergent in &',

Example 1: For the Dirac measure 4, we get:

§ = Z( l)p?,—l/4_(_2p_.l’_)_/_h2p

27!
peEN

Let us note 8y = —\}—5 (z + 5‘9;) and d_ = f (z - m). Since {84, 0-.} is a basis
of the (non-commutative) algebra of linear differential operators with polynomial
coefficients, and using the relations, forall p € N

(2) (9,.}3;, = \lp“f" 1 hp+1 8+hp = \/ﬁh’p"l

(putting h—; = 0), we can casily compute the Hermite expansion of any tempered
distribution satisfying a differential equation of this type, at least through recur-
rence relations on the coefficients.

Example 2: If sgn(z) = Zp tphp(z), from (sgn{z)) = §, formula (2) and exam-
ple 1, we deduce

x~A(2p))1/2 12
b = (-1)? t9m
241 = (=) 20-1pl/p+1 p+1 -1

and g, = 0.

But identifying as usual R with its dual, the Hermite functions become eigenvalues
of the Fourier transform, through the well-known formula

®3) VpeN  Fh,=(=i)h,

easily proved by induction on p using (2).
Thus f T = 3 tphp € S' then T =3 (~i)Ptyhy.
Example 3: Using the last remark and the preceding examples, we get for instance:

Loy IR, s DY

2p-172p] 2p=1pl 2Pl

4

y nH4((2p + )12
§ = Z(—-l)PH ol hap

and if wp(1l/z) = Z tyhp then

R (0 e o 2
2p1 = 9p,_1/2pv/m p+1 =1

and tz, = 0.
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1.2. Mehler’s formula. The Hermite functions arc in fact cntire functions on
C, and Janssen and Eijndhoven have obtained in [4] a beautiful charactcrization
of those functions ¢ = > c,h, € S such that the coefficient sequence (c,) is of
exponential decrease (as well as of their Bargmann and Wigner transforms!): in-
terpreting their result when one chooses their function M (z) to be z2?/2, onc gets
that the functions ¢ above are entire functions such that

Ja,b,C >0 Vz,y€R |p(z+iy)| < Cexp(—az?® + by?)

Thus it is possible, by transposition again, to extend these Hermite expansions
to a much bigger space of analytic functionals, containing in particular all functions
on R growing at infinity not faster than some Ce®*’ (a,C) > 0. But we will kecp
here to L2, the nuclear space S and its dual S’

Among the many formulae involving Hermite functions, we recall here a proof,
using only Fourier inversion, of Mehler’s formula, most important in the following;:
Mehler’s formula: Vz,y,2 € C,|z| < 1:

142222442 2z
P — — 22}~ 1/2 —
3 h@hela)s” = ({1 =) e (-EES )

Proof:
‘We can assume z,Y,%2 € R, so that 1 — 22 > 0.
If kp(z) = (=1)Pe= (e==")(®) s0 that hy = Apk, according to (1), we have:

2 _ 24 0:
e~ =1 1/2/6 u“42iru du
R

thus

kp(z) =7r—1/2ezz/2(_22-)p/upe—u2+2izu du

R

then . o)

D hy(@hply)e? = /2 5 T

peN peN

732 2+12 Z// Zzuv — =V Rizu2igy g,
-~ pen”’ JE? p!

24,2
- _+L —u2—p? iz iyv—
3/2 // e u—v 4+ 2izut2iyv—-2zuv dud'u
R2

=ﬂ—lezz—;ﬁ/e(—(l—z?)u2+2i(z—zy)u) du

2,2 _ 2
= 7725 T (1~ %)V 2exp (_ (zl _21222) )

O
The right-hand term in (4) is an entire function of z and y, and analytic in z in
a natural domain of In(1 — 22), for instance C — (] — oo, —1]U[1, 00[). In particular
it extends continuously to {z € C| |2] = 1,2 # +1}.
Taking z = e~ (8 ¢ 77Z), (4) gives as a corollary:
Vez,ycC, e R - 7Z

S pen o @) (y)e =70 = 1121 — =29) 12 exp (4 cotB(a? +42) ~ gy
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2. DEPHASING

2.1. The dephasing group I'. For a € R/27Z, let us define an operator &, on
the basis of Hermite functions by

(5) VpeN Byhy = e P*h,

Reminding proposition 1.1, &, is clearly an isomorphism of &', whose restriction
to % is an unitary operator, and to S again an isomorphism. Furthermore, as
&, 0®5 = ®uug, & — D, is a group isomorphism of R/27Z onto a compact
subgroup I' of the algebra of operators of &' (or L2, or 8), and any reasonable
topology on these algebras (weak or strong, inductive or projective limits) will,
restricted to I', collapse by compacity into the usual topology of the circle.
Denoting by V the Cech operator (defined by Vf(z) = f(—z)), we get from (3):

(6) by = id, Gz =7, $, =V, ‘I)%g=?"

In particular, for t € [0,7/2], ®, is a homotopy of the Fourier transform onto iden-
tity. ‘

Through (2), the infinitesimal generator of the dephasing group T can be iden-
tified as a differential operator:

g . . if, &2
EEIt:O@thp = M?«ph«p = —38_5+hp = —-5 o -5;:-2- w1 hp

Now © = 2 — 5"’;; =G 0y + 040 = 28,0 — 1 =288, +1 is the classical
Hermite operator (Vp € N, ©h, = (2p+1)h,) so that I solves the Cauchy problem
for the Schridinger equation of the harmonic oscillator:

12 _0-1)U,,=0
™ {&?=ne;t’ }®M“=%%
Thus we can write:
‘ _oa ad (—i)nt" ,
(8) @t..ezEE% S ©"

where the series is weakly convergent on functions of S.
A simple calculation ysing (2) and (5) gives

1 : 12
) @aoga_;_o@_a —smax%—cosa-i-a;g-

.10
b,o0z0d_, =cosaxr —sina~—
1 0r

Thus conjugating by ®, means rotating of o the couple of self adjoint opera-
tors {z, %5%} and this conjugation is, according to the remark in example 1, an
isomorphism of the Weyl algebra of linear differential operators with polynomial
coefficients.

‘We end this section with three remarks

Remark 1: T' (which would become a torus in several dimensions), is of course
a very small compact subgroup of the simplectic group. But its explicit definition
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in terms of Hermite expansion will allow exact computations, without a jump into
the cotangent bundle.

Remark 2: The eigenvalues of the dephasing operators ®,, are thee~* (p € N)
all distinct as soon as 2 ¢ Q. Thus the Fourier transform appears as a very degen-
crate case of a dephasing operator. But there are many others, some entirc power
of which reduces to identity.

Remark 3: Let us call C the unit circle in C. By proposition 1.1, the correspon-
dence:

SR ST =D cohy— Y cpe'™ € D'(C)
P P

is an isomorphism of &’ onto the space of analytic functions on the unit disk (by
(¢p) — 3 cpzP) which admit a distribution boundary valuc on C, and @, becomes
then the convolution operator by Ep e~PaeiP? — 5 that is to say the rotation of
aonC.

2.2. Computing the kernels. Since S’(R?) is a nuclear space, the operators @,
have a kernel, that is to say, there exists K4 (z,y) € §”(R?) such that:

VpeS ¢a¢(z) =< Ka(z,y),q.’)(y) >
Of course by (6), we have:

(10)  Ko(z,y) =é(z —y), Kw(zyy)=5(z+ﬁ), Kiz(z,y) = (2n) 7"/ 270

This kernel is the sum of the weakly convergent series

Ko(z,y) = Z e hp(2)hy (y)
peN
By using proposition 1.2 and the remark above, we can compute the kernel for
any a ¢ nZ:

_ : 2 4.2y 22
(11) K,(z,y) = cocxp 5 <cota(w + ) sina)

where: . .
Ca = (2m|sina]) ™ e~$la=(=Dt7la/2)

This can be rewritten:

(12) Kal(z,y) =cacxp% [cot%(z —y)? —tan%(w+y)2]

making it clear that none of the dephasing operators (but for ®; = id) is a con-

volution operator, and that the phase of ®, is always quadratic, except for o« = %

(modr), that is for 7 and F~1, where it is linear.

Yet another writing of the kernel, which we study further in the next section, is, as

soon as a ¢ (7/2)Z:

(13) Ka(z,y) = it)%t( )
az,y)—caexp§ —(tana)z® + cot « y_cosa)
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Of course many identities can be derived from these computations.
Here are a fow cxamples. Alrcady, for o = 0,7 we get:

S@—y) =Y ho@hp(z) and S(@+y) = (~1)hy(y)hp(z)
peEN pEN
these series being strongly convergent in &', so that for instance; forz,y € R

Zh,,(x)hp(y) =0 forx#yand Zh?,(a:) =

peEN peN
For o = %, we get the weak identity in §'(R?):
(14) eV = Vo Y iPhy(z)hy(y)
peEN

For any a € R this gives the Hermite expansion of plane waves
T = V2r Y iPhy(a)hy(z)
peN
which we might have got from the obvious:
8= V21 Y hyla)hy(x)
peEN

by Fourier transform. But by restriction of (14) to the diagonal (the right side
series are only simply convergent, but uniformly on any bounded set):

(15)  cosz®=+v2r Y (~1)Ph,(z) and sina:?z\/é;z:(-l)”h%pﬂ(x)

pEN peN
3. DEFORMATION

3.1. Fresnel functions and Fresnel averages. We call Fresnel function any
function from R inte C of the form:

Fz c(x) = pr.?ii‘x _6)2

2 (
withceRand z € C, Im(2) >0, 2 # 0.
Since Re(iz) = —Im(z) < 0, Fresnel functions define tempercd distributions, and
belong in fact to S as soon as fm(z) > 0.
The Fourier transform of a Fresnel function is another one, with a factor and
dephased: a simple residue calculation gives:
ez(x/ 4—cx}

16 Foolz) = ——eoo
(16} o(z) = 7
And we call Fresnel average around ¢ € R the tempered distribution:
wr-—ﬁszc x)o(z)dz

Clearly these averages take much more into account the bohavlour of ¢ in a neigh-
borhood of ¢ than anywherc else: for instance by the stationary phase lemma, if
z = Re', the last integral is equivalent to \/Ze's R™Y/2p(c) as R — co: :

For v € S and o ¢ (#/2)Z, (13) gives:

17y Dup(x) =cyexp (—3 tana.xg) / exp F cot o ( -
T 2 2 2

F_ 1 0(33)

)2] w(é) dﬁf

cosa
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meaning that to ®qw(z) is a Fresnel average of <p around (which tends to ()

as a — 0. But since &4 = $5-g o F),

COB X

) z
(18) o p(z) = Ca-g3 exp (2 cot oz ) /Rexp [—itana( - —-n——) ] iply) dy
showmg that ®,@(z) is a Fresnel average of $ just as well.

Example 4: Let us for instance give an explicit formula for the squarc root of
the Fourier transform, F'/2 = @, /4. By (17) and(18), we have, for p € S:

(19) () = eyl 47 [ oxp [0 - v olo) o

= cogelt®) [ exp|~Stu+2v22| 60) ay

with ¢z = (7v/2)"1/2e % and c_z =77.
Example 5: Formulae (11) and (12) allows us to compute $,T" for many distribu-
tions T € &', those with compact support at lcast. :
For instance for the Dirac measure 4, at a point a € R

. 2 2
(20) Pol, = Ko, a) = ¢y expifcot a.%— - gi% + cot a%}
as soon as o ¢ %7, and it gives the Hermite expansion of Fresnel functions, re-
minding that Ka(z,a) = 3, eP*hy(a)hp(2).
Remark 4: Formulae (9) generahze to the Fresnel operators 8, = z+ 2 (z €
C,Imz > 0,z # 0, thus for instance & = v/28,): they all have a one dimensional
kernel in 8, generated by F, ¢ and using (9) ‘

b 08,00 o = (cosa—- E‘—;E) Oy

for z # tana, with 2’ = ZE8e-8na — g, (;) | where g, is a hyperbolic rotation of

zsin atcos o . 2
the Poincaré half plane. Thus ®,(ker 8;) = ker 9,,(,) and ®,(e%*7) = aqe ()7,

where a, = @a(ei”%z‘)(ﬂ) = e!/2(zsina + cosa)~1/2 from (17),if 0 < a < 7.

3.2. Deformation of products. Every operator 4 : &' — &' at least weakly con-
tinuous, has a matrix (apq)pqeen defined by apg =< Ahy,, by >, which characteriscs
it, and its conjugate $, 0 Ao &.., has , by (5) and since P.., = ¥}, the matrix
(e*(P=9gp.),,. Mehler’s formula and its corollaries will allow us to compute the
kernel of the deformed operator &, 0 Ao ®_, , knowing that of A.

As a last example , we will compute here the kernel of the deformed product of two
functions: let us define a bilinear operation from § x S to 8, for a € R/27Z, by

Ve, € S(R) ¢ %% = Bo(D_ad * B_ath)

Clearly ¥ is continuous, * is the usual convolution product while % is the pointwisc

product and {0,7/2] 3 « —% is a homotopy between the two classical products.

Since $, =V, one checks easily that =%
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But % is a nuclear operator: for a € R/27Z and z € R there exists Kq(z,.,.) €
&’'(R?) such that for all ¢,¢ € S(R?):

(¢ * ¥)(x) =< Kalz,y,2), ply}(2) >
In R2 v denoting D, the straight line of equation y+z =z, and §p, her canonical
measure. Clearly Ko(z) = dp, and Kz () = ;2. In the general case, we can
compute the kernel

6% vlx) = ] [ / Kol 9) K (2, 0)K —a(y ~ 2,9)B(u)tb() du do dy dz

= cad fi[_z Q4 Ptanl & uzoot & - a
cac_a//f exp2 zcot2+z tan2+yzcot2 uzcot2 yztan2

uztana«{-v cota+vztana]
3 TV S 2

exp% [-2wycot %.+xzcot% - :cztang- - 29:yta,n-g- - u? cot%

+2uy cot 5+ u?tan = 3 + Quyta,n 3~ v? cot 3 +v? tan - ] d(uyp(v)dudvdydz

Integrating with respect to z, and using (186), and later with respect to y, we get
finally:

icot o | 2zv + 2ou — 2uv |
K = PN 2_ 2 _ .2
(2, u,0) = 21r cosa P9 [ cos? & ot -u -y
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