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ApsTRACT. In this paper the properties of convex set and its inscribed poly-
gons in a two dimensional Euclidean spaag' are studied. Consequently we ap-
plied our results in solving a problem in geometry of Banach space. '
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Let Ey be a two dimension Euclidean space, K be a bounded central symmetric
convex set with origin o as its center and interior point, and C = 8K be the
boundary of K. For vectors z, and y in Eg, we use [x, y] to denote the line segment
connecting z and y, Jz| the usual Euclidean norm , and {{z,y]] or |y — z| the usual
Euclidean length of [z, y] in Es.

1. INVERTIBLE LINEAR MAPPING IN Ey

Let T be an invertible linear mapping from Ej to Es, then T maps a line segment
to a line segment; a pair of parallel lines to a pair of parallel lines [4].

Proposition 1: T does not change the ratio of lengths of two parallel line seg-
ments. ‘

Proof: Suppose [p1, ¢1] | [p2, g2, then g3 — p2 = ¢(g1 — p1) for some real number
¢. So T(g2) — T(p2) = ¢(T(g1) — T(py)). Therefore g(g:g:%zf) = %}% =|c|.

Let F be the set of all ellipses centered at the origin of Es. :

Proposition 2: F is invariant under 7"

Proof: Let F : (z,y)A(])=c, where A is a 2 x 2 matrix with det(A) > 0, be an

ellipse in Ey. Let T(;) =M (;), where M is a 2 x 2 invertible matrix representing
T under standard coordinate system of E;. Then T'F : (z,y)M'AM ({)=c, where
det(M'AM) = (det(M))2det(A) > 0, is again an ellipse.

If F1, and F? are two ellipses in Fs.

It is easy to see via mapping both F! and F? to the unit circle S of Ep: T1(F!) =
T»(F?) = S that there cxists an invertible mapping T = T; ' T such that T(F!) =
F?,
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2. DIRECTIONAL DISTANCE

‘We use n-gon to denote the polygon with n sides. ,

Definition 1: The directional distance or C-length of line segment [x, y] with
respect to C = 8K in F,, which is denoted by |y — z{l¢ is the ratio of |y — z| and
|rl,where (y ~ ) || r, and r € C.

Definition 2: A n-gon in Fs is called regular n~gon with respect to C if all n-sides
have the same C-lengths.

Remark: If C is unit circle of Eg, regular n-gon becomes normal n-gon.

A continuous mapping z({t) from a closed intervai [a,b] to a metri¢ space X is
called a curve in X: D = z(t),a <t < b. A curve is called simple if it does not have -
multiple points. A curve is called closed if z(a) = z(b).

The concept of the C-length of a curve in F; resembles the same concept in
usual case.

Definition 3: For curve D = 2(t), let P stands for a partition a = t5 < 1, <
<. <t < .. <ty=h of interval EG, b] and l(D, P} = Z‘?:] ”-’Z(t,,) . 22(}‘5,'_1)“0,
where z;(t),1 = 0,1,2, ..., n are called partition points on D, then the C-length (D)
of curve D = z(t),a < t £ b, is defined as the least upper bound of I(D, P) for
all possible partitions of [a, b]: (D) = supp{l(D, P)}. If YD) is finite the curve is
called rectifiable.

For a normed linear space X , we use X7 to denote a two dimensional subspace
of X, then S(X3) = {x : ljz}] = 1} is a simple closed central symmetrié curve and
unique up to orientation.

Theorem 1: Let Es, K, and C be as above. Let H,, Hs be closed convex subsets
of Eg, and have nonvoid interiors. If Hy C Hj, then I{8(H))) < {O(H,)), where
I{(8(H;)) denote the C-lengths of the circumferences of H;,i=1,2.

Theorem 2: Let E;, K, and C be as above and 2L be the C-length of C itself,
then 6 < 2L £ 8.

For definition 3, theorem 1 and theorem 2-see [2] and [3].

For a vector z € C, let k be one of arcs of C from z to —z, K’ be one half of K
containing k, and let g(s) : [0, L] — & be the standard representation of « in terms
of arc length, where L is the C-length of x, g(0) = z, and g(L) = —

Theorem 3:

{i) o(s) = llg(s) — =i]c is a non-decreasing continuous function from [0, Lj to
, .
(i) If C does not contain any line segment, then ¢(s) is a strictly increasing
function.
(iil) If C does not contain any line segment with C-length greater then 1, then
ip(s) is a strictly increasing function from [0, In] to. [0, 1], where L is some
number between 0 and L. .

Proof: The first part (i) follows from theorem 4F of [3].

To prove (ii), let y1 = g(s1), 92 = 9(s2) € K With 0 < 51 < s2 < L, 11 # 12
but ljyn — zlic = ljye — zllc = a. Let uy = (g1 — x)/a and uz = (y2 — z)/a, then
u1,u2 € & and [u1,u2] || [11,92] as shown in Figure 1. So the four points y1, ¥, u1,
and up are co-lmea.r by the convexity of K’ Therefore the whole line seguent
[uz, 1] C

To prove (i), let g1, Y2, w1, and up be as in (i), and [lys —allc = [lv2—llo = a,
where 0 <a £1.
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FIGURE 1

Ifa=1,]lu ~ mllc = lluz - alle +llya —yille =1+ llya — mlle > 1.

HO<a<land |lug—yillc €1, let v=y; —uy then v € K. Since [z,1]} |
[o,w], [vs3n] || {o,uz], and |y — z{/|us} = |y — zl/Jue| = a < 1, wo have z €
Aoyyv\d(Doyv) as shown in Figure 2. But Aoyyv € K. This implies that z €

U wy

Y2 4y

FIGURE 2

K\C, which contradicts z € C. So |juz—y|lc > 1. This contradicts the hypothesis.

Theorem 4: ' ' .

(i) H C docs not contain any line segment, n > 3, and z € C, then there exists
a unique inscribed regular n-gon of C with x as its one of n vertices.

(if) If C does not contain any line segment with C-length greater then 1, n 2 8,
and z € ¢, then there exists a unique inscribed regular n-gon of C with x
as its one of n vertices.

Proof: Proof of (i): For a vector z € C, let g(s) : [0,2L] — C be the standard
representation of C in terms of arc length, where 2L is the C-length of C. Let n+1
vectors: z = 21 = g(0),y2 = g(51),¥3 = 9(82), -, Yn-1 = 9{8n-2).Un = 9(8n-1)
and Yns1 = g{sn) , where 0 < 61 < 82 < ... < 82 < 8p—1'< 8, < 2L, are arranged
counterclockwise on € such that {lya — 21llc = llys — v2lle = .- = ||lyn — Yu-1lle =
a1 = ynlic. From theorem 3, s, is a strict increasing and continuous function
of [|y2 — z1}|c. Hence there exists a unique vector x5 € C and consccutive vectors
T3, ..., Tn a0d Znya on C such that ||z —z1llc = |[zz~22llc = ... = [z ~Zauille =
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HZa+1 — Zalle, and Tpay = ¢(2L). This implies 2,41 = 71 = 2. The polygon with
vertices = = Iy, T2, 23, ..., Ln~1 and Z, is an inscribed regular n-gon of C with x as
its one of n vertices.

The part (i) would be proved by using theorem 1, theorem 2, (m} of theorem 3,
and same argument as in the proof of part (i).

3. InscrRIBED REGULAR PoryGon iIn C

If S is the unit circle in Es, then every inscribed regular n-gon hecomes normal
n-gon and has side length of 2sin 5;. By using an invertible mapping from a given
ellipso F to the unit circle, every inscribed regular n-gon in F has side F-length of
2sin o, from proposition 1 and 2 in section 1.

Theorem 5: Every inscribed regular n-gon in an ellipse F' has side F-length of
2sin &

Blff? is the converse true? That is: let K be a bounded central symmetric convex
set in Ey and C = 8K, if every inscribed regular n-gon in C has side C-length of
2sin 7=, then C must be an ellipse?

Lemma 1: If the curve C is invariant under a rotation by ¢, where 0 < a < 45°,
then C does not contain any line segment with C-length greater then 1.

Proof: This is a direct result of theorem 2.

Theorem 6:

(i) If the curve C is invariant under a rotation by %, and C does not contain
any line segment, then for any x € C the unique inscribed regular 4n-gon
with  as its 4n vertices has side C-length of 2sin [-.

(ii) If n > 2, and C is invariant under a rotation by -, the above result is still
true.

Proof: In (i), n > 2 implies that = < 45° and 4n > 8, so in both cases (i)
and (ii) the existence and uniqueness of such inscribed regular polygon is shown in
theorem 4. Suppose z = 3 = Zgp41, T2, T3, ..., L4n De the consecutive 4n vertices

of the inscribed regular 4n-gon as shown in Figure 3. Then Zxazio = (1"7;1—1}3,
T1 = Tantl
o
Enged
Vn+l
T2ni1
FIGURE 3
and Amloznﬂ = Z. Let vpyq € C, and LTni10VUn) = £ then I‘Un+1l ='|z1], and
:z - @
(22 — 1) || vai1- SO Hﬁbz ~nlle=F4 = i ’,‘;f" = 28111 =

Theorem 7:
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(i) If the curve C is invariant under a rotation hy 5%, and C does not contain
any line segment, then for any 2 € C the unique inscribed regular (4n + 2)-
gon with & as its dn +2 vertices has side C-length of 2sin &.

(ii) If n > 2, and C is invariant under a rotation by 577 the above result is

still true.

Proof: In (ii), n > 2 implies that g < 45% and 4n + 2 > 8, so in both cases
(i) and (ii) the existence and uniqueness of such inscribed regular polygon comes
from theorem 4. Suppose z = 21 = Zgn43, %2, 23, o, Lansa be the consecutive
4n + 2 vertices of the inscribed regular (4n + 2)-gon as shown in Figure 4. Then

Zzoz10 = 505, and £310Tn42 = @HDT 8o (2 — 21) Il Znt2. Therefore ||zg —

2n+1
e JE2X1) L [E2—X1] g T
331”0 = Tonez] L]I_IT'L = 2Zsin dny2°
Tl = Tdn43
Tan42

E2n4-2

FIGURE 4

Theorem 8:

(i) If the curve C is invariant under a rotation by sy @nd C does not
contain any line segment, then for any z € C the unique inscribed regular
(2n + 1)-gon with z as its 2n + 1 vertices has side C-length of 2sin 575

(ii) If n > 4, and C is invariant under a rotation by 5775 the above result is
still true. ‘

Proof: In (ii), n > 4 implies that g < 45% and 29n + 1 > 8, so in both
cases (i) and (ii) the existence and uniqueness of such inscribed regular polygon is
shown in theorem 4. Suppose & = 1 = Zany2, T2, 23, ..., Longr be the consecutive
2n + 1 vertices of the inscribed regular (2n + 1)-gon as shown in Figure 5. Then

g B 2143
LxoZi0 = % Let v, € C with Zziov, = zg:+11)r then |v,| = |z1], and

(@2 = 71) | vn- S0 |lza — 3 lc = 22l = lmmml = g 1

By using an invertible mapping from Es to Fy and proposition 1, we can enhance
the above three theorems a step further:

Theorem 9: '

(1) If the curve C is an image under an invertible mapping of a curve C” which is
invariant under a rotation by -, and C does not contain any line segment,
then for any = € C the unique inscribed regular 4n-gon with z as its 4n
vertices has side C-length of 2sin L.
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1= T2n42

Lantl

Un

Tl Tni2
-z

FIGURE 5
(ii} Ifn > 2, and C is an image under an invertible mapping of a curve ¢’ which
is invariant under a rotation by ;=, then the above result is still true.
Theorem 10:

(i) If the curve C is an image under an invertible mapping of a curve C” which
is invariant under a rotation by 2—}4_—1—, and C does not contain any line
segment, then for any z € C the unique inscribed regular (4n + 2)-gon with
z as its 4n + 2 vertices has side C-length of 2sin F5.

(iiy If n > 2, and C is an image under an invertible mapping of a curve C’
which is invariant under a rotation by 37, then the above result is still
true.

Theorem 11:

(i) If the curve C is an image under an invertible mapping of a curve C’ which
is invariant under a rotation by 2’(5?1{'—'1-'17’ and C does not contain any linc
segment, then for any x € C the unique inscribed regular (2n+ 1)-gon with
z as its 2n + 1 vertices has side C-length of 2sin 5775,

(i) If n > 4, and C is an image under an invertible mapping of a curve ¢’
which is invariant under a rotation by 2(717:4?0" then the above result is still
true.

It is easy to construct a nonelliptical bounded central symmetric convex sct

satisfying the conditions of any one of the above six theorems. So the inverse of
theorem 5 is not true.

4. APPLICATIONS TO GEOMETRY OF BANACH SPACES

Proposition 3:
(i) Let X, be a two dimensional Banach space, then U(X3) = {z : |lz|| < 1},
the unit ball of X, is a bounded central symmetric convex set;
(ii} For any bounded central symmectric convex set K with the origin o as its
mterior point in Ey there is a unique two dimensional Banach space with
K as its unit ball.
(iii) X3 is a Hilbert space if and only if S(X5) is an ellipse.
Proof: The part (i) comes directly from definition of norm.
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To prove part (i), for any z € E; we define a norm as the C-length, where C' =
8K the boundary of K. We only need to show how to get the triangle inequality.
Lot u,v € Eq, without loss of generality we assume {jufle = 1, and |[vljc > 1. Let
v’ = o, 8] N C, w = av, where a > 0 such that jw—v| = Ju| as shown in Figure 6. Let
7=, vINfo,u+v] and g = CNfo, u+v], then |[o, fli < |[o, g}| by the convexity of

K. Therefore ||u+uflo = el < el = Jub = o = [lo]lo+1 = [|ullc+|[v]lo-

FIGURE 6

The part {iii) comes from proposition 1 and 2 in section 1.

The theorems 6-11 show that for a Banach space X, the condition that every
inscribed regular n-gon of S(X) has side C-length of 2sin £ does not implies that
X becomes an Euclidean space.

It is casy to sce that if X is an inner product space, then for any fixed A >
0,]jzll = lyl} = 1,z + Ayl = |}z — Ayl| which implics that jlz+y||? = |lz— Myl|* =
)i + X3}Jy]|? = 1+ 2. In 1980, Borwein and Kcener [1] asked for a Banach space
X whether the existence of such A implies that X is an inner product space. In two
dimensional Banach space X3, let A = 1 and € = 5(X5), Borwein and Keener'’s
question becomes: If every inscribed regular polygon with 4 sides, rhombus, of
S(X2) has side C-length of 2sin ¥ = /2, must X, be a two dimensional Euclidean
space?

Let C : p = (|cos46|3 + [siné’{%):a“z,O < 6 < 2w, then C is a central symmetric
nonelliptic curve, invariant under rotation of % and has no line segment. Let Xo
be a two dimensional Banach space with C as its unit sphere, then every inscribed
regular rhombus of $(X2) has side C-length of 2sin % = +/2 from (i) of theorem 6,
but X3 is not Euclidean space by (iii) of proposition 3.
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