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Abstract

This paper presents a comprehensive of the algebraic and lattice structure of fuzzy
groups in fuzzy approximation spaces. The structure of F(P, Q), the collection of all fuzzy
subgroups of a group P in a fuzzy approximation space F(P, Q) is systemically analysed. The
main contributions include: (i) proving that (P, Q) forms a complete meet-semilattice under
pointwise ordering. The infimum exists for any collection of fuzzy subgroups; (ii) F(P, Q)
does not generally form a complete lattice, as suprema may fail to preserve fuzzy subgroup
properties and this is shown through counterexample; (iii) developing a comprehensive
homomorphism theory including fuzzy isomorphism theorems, composition properties,
and preservation results; and (iv) establishing that join-irreducible fuzzy subgroups generate
all fuzzy subgroups through meets and directed joins. Every chain in F(®, Q) admits both
supremum and infimum. The framework extends classical group-theoretic concepts thereby
giving a generalization of the concepts.
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1. Introduction

Zadeh [1] introduced the concept of fuzzy sets in 1965, marked the
beginning of dealing with uncertainty. Rosenfeld [2] developed the fuzzy
algebraic structures, in particular fuzzy groups. Rosenfeld developed traditional
group concepts to include partial membership. Anthony and Sherwood [3]
produced firmer definitions of fuzzy subgroups, setting conventions which are
still standard in the discipline. Bhattacharya [4] provided decisive
characterisations of fuzzy subgroups and the structural features of fuzzy
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subgroups. Mockof [5] proposed a general framework to amalgamate different
types of fuzzy sets within a united theory of general approximation spaces and
relational morphisms. Hosseinpour [6] proposed T-rough fuzzy subgroups, which
is a combination of rough set theory through T-rough sets and fuzzy subgroups.
Bagirmaz [7] has defined fuzzy rough subgroups and fuzzy rough normal
subgroups in the context of rough groups. Wolski [8] studied the interaction
between object perception and classification using topological structures. Pankaj,
Singh, and Rao [9] contributes to the comprehensive axiomatic framework for
proximity spaces on hesitant fuzzy sets. Singh, Alam, and Bhardwaj [10] helps in
developing graph theory that offers powerful tools for representing and analyzing
complex relationships in recommendation networks. Ullah, Ibrahim, and Saeed
[11] studied fuzzy cosets of AG-groups and Choudhary and Biswas [12]
discussed various properties of fuzzy groups and subgroups. Ahmad, Bal, and
Aswad [13] studied the kernels of fuzzy and anti-fuzzy groups. Herrlich [14]
introduced notions of nearness which offer structural frameworks for
understanding proximity. Khandelwal and Kumar [15] explored fuzzy
assignment dynamics using computational techniques and demonstrated the
applicability of fuzzy logic to decision support. Wang, Liu, and Qiu [16]
introduced nearness approximation spaces based on axiomatic fuzzy sets, which
has advanced the nearness approximation spaces with structure-oriented
interpretation of fuzzy membership. Preethi and Revathi [17] studied about
extended fuzzy topological concepts to digital settings by investigating
Pythagorean fuzzy digital topological structures and their associated properties,
thereby enriching the theoretical foundation of fuzzy mathematics

1.1 Research Gap

The compatibility of fuzzy subgroup closure with approximation relations
and the possible failure of pointwise suprema to form fuzzy subgroups present
fundamental challenges in fuzzy approximation spaces.

1.2 Research Objectives

The proposed research aims to develop a mathematical framework for fuzzy
groups in fuzzy approximation spaces, investigate the lattice structure of fuzzy
subgroups, establish homomorphism theories and their fundamental properties,
and analyze the role of join-irreducible elements in characterizing the structure of
fuzzy subgroup lattices.

2. Preliminaries

Definition 2.1: Let P be a group and p be a fuzzy subset of P such that
u:P = [0,1]. Then p is called a fuzzy subgroup of P if

L p(rs) =2 min{u(r), u(s)}

2. p@r ™ = u)

3. or u(rs™ = min{u(r), u(s)}, vr,s € P.
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Definition 2.2: Let Q be a fuzzy relation on U where U be a non empty
universe of discourse such that Q:U X U — [0,1]. Then, the pair (U,Q) is
called a FAS.

Definition 2.3: Let (P,*,Q) be an approximation structure, where * is a binary
operation on P and Q:P X P — [0,1] denotes the approximation relation. The
relation Q is said to satisfy the compatibility condition with respect to * if, for
all r,s,t, w e P,

Q(r,s) N Q(t,w) < Q(r*t,s*w).

Definition 2.4: (Homomorphism of fuzzy groups). Let (P, up,Qp) and
(#H,., uy,Qz) be two fuzzy approximation spaces and let *,. are binary
operations over P and H respectively. A function f:P — H is called fuzzy
homomorphism between fuzzy approximation space if

1. f@x*s)=f@).f(s)vr,se?P
2. ppe(f() 2 pp(r),vr € P
3.0 Qx(f(M),f(s)) 2 Qp(r,5)Vr,s € P.

3. Algebraic and Lattice Theoretic Properties

Theorem 3.1: (First Isomorphism Theorem for Fuzzy Groups in Fuzzy
Approximation Spaces). Let (P,*, up,Qp) and (H,., Uz, Q3) be fuzzy groups
in fuzzy approximation spaces, and let f:P — H be a fuzzy homomorphism.

Define the fuzzy kernel of f as: Kers(r) = sup{up(s):s € P,uy(f(s)) =
my(ey) and Qy (f(r), f(s)) = 1}

Then there exists a fuzzy isomorphism @:P [Kery — 3(f) in the induced
fuzzy approximation spaces such that the following diagram commutes:

Pt

| it

P/ Ker; —— S(f)

where m:P — P/Kery is the natural projection and i:3(f) > H is the
inclusion map, satisfying f =io @ om.

Proof: First, we define the fuzzy quotient group P/Kery with membership
function:
tpker,([1]) = sup{up(s):s € [r]}

where [r] denotes the fuzzy equivalence class of r under the relation induced by
Kers.
f

Define ¢@:P/Kery = 3(f) by o([r]) = f(r).



3326 PANKA] AND R. SINGH

Step 1: Well-definedness of ¢. If [r] = [s], then there exists ¢ € Kery such
that:

Qp(r *t,5) = min{up(r), up (), up(s)}
Since f is a fuzzy homomorphism and ¢ € Kery:
Qu(f(r), f(8)) = Qu(F(r) - (1), f(5)) 2 Qp(r * 1, 5)
= min{up (r), up (1), tp(s)}
As ps (f (1)) = uge(esr), we have f(r) = f(s) inthe fuzzy sense, so ¢ is
well-defined.

Step 2: ¢ preserves operations.
e([r]*[sD =o(r=*sh) =fl=*s)=f)-f(s) =D - osD
Step 3: ¢ preserves membership values.
s (@([rD) = e (f (1) 2 up () = tp/icer,([1]D

Step 4: ¢ preserves fuzzy relations. For [r], [s] € P /Kery:
O3 (@D, o ([sD) = Q3 (f (1), £ (5)) = Q» (7, 5) = Qpker,([r], [S])

Step 5: ¢ is injective. If ¢([r]) = @([s]), then F(r) = £(s), which implics
r+s~t € Kery. Thus [r] = [s] in P/Ker;.

Step 6: ¢ is surjective onto J(f). By definition of J(f), for any h € J(f),
there exists v € P such that f(r) = h. Then @([r]) = f(r) = h.

Therefore, ¢ is a fuzzy isomorphism between P /Kery and J(f).

Theorem 3.2: (Composition of Fuzzy Homomorphisms). Let (P,*, up, Qp),

(H, ., 1, Qze), and (.o, pge, Qzc) be fuzzy groups in fuzzy approximation
spaces. If f:P > H and g:H = K are fuzzy homomorphisms, then the
composition g o f:P — K is also a fuzzy homomorphism. Moreover:

Lo pge((g e f)(r) = pp(r) forall r € P
2. Qx((g° 1), (g°f)s)) 2 Qp(r,s) forall s € P

Proof: We need to verify the three conditions for fuzzy homomorphism:

Condition 1: Preservation of operations.
(Gof)rxs) =g(f(rxs)) =g ) f(s)) (1)
=g(f()eg(f(s))=(gefHr)e(gefls) (2)

Condition 2: Preservation of membership values.

tyc((g ° (1) = (G (1)) 2 psc (f (1) 2 pp(r)

The first inequality follows because g is a fuzzy homomorphism, and the
second because f is a fuzzy homomorphism.
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Condition 3: Preservation of fuzzy relations.

Qsc((g e ), (g°f)(S)) = Qx(g(f (1)), g(f(5))) = Q3 (f (), £ (5))
2 Qp(r,s)
Both inequalities follow from the homomorphism properties of g and f
respectively.
Therefore, g o f is a fuzzy homomorphism.

Theorem 3.3: (Fuzzy Conjugation Homomorphisms). Let (P,*, up,Qp) be a
fuzzy group in a fuzzy approximation space. For any a € P with ups(a) > 0, the
conjugation map @,:P — P defined by @ (r)=axrxal is a fuzzy
automorphism if and only if:

Qp(axrxataxsxa™t) > min(Qp(r, s), ufp(a)) forallr,s € P

Proof: (=) Suppose ¢, is a fuzzy automorphism. Then by definition:

9 (@a(1), 9o (5)) 2 Qp(7,5)
Which gives us:

Op(axr*ataxsxa™t) = Qxp(r,s)

Since pp(@q(r)) = pp(r) and @, (r) involves a and a1

Qp(axr*a,a*xsxa™t) 2min(Qp(r,s), up(a))
(<) Suppose the condition holds.

Step 1: ¢, preserves operations.

-1 _

@ (rxs)=ax(r*xs)xa t=axrxa!

saxsxat = @g(r) * gu(s)

Step 2: ¢, preserves membership. By properties of fuzzy groups:

pp(a =1+ a™t) = min(up(a), up(r), up(a™)) = min(up (@), up (1))
When pp(a) =1, we have up(a *r *a™1) = up(r).

Step 3: ¢, preserves relations. By hypothesis: O (¢ (1), 94(5)) = Qp(a
rxa Laxs*xa 1) = min(Qp(r,s), up(a))

1% r * o, which satisfies

Step 4: ¢, is bijective. The inverse is @ -1(r) = a”
the same properties.

Therefore, ¢, is a fuzzy automorphism.

Theorem 3.4: (Fuzzy Homomorphism Extension Theorem). Let (P,*, up, Qp)
and (H,., Uz, Qzr) be fuzzy groups in fuzzy approximation spaces. Let S € P
be a fuzzy generating set for P (i.e., the fuzzy subgroup generated by S equals
P)If f:S - H is a map satisfying:

1. Forall 51,5, €S with s; x5, €S: f(s1*53) = f(51) " f(53)

2. uy(f(s)) = up(s) forall s€S

3. Qu(f(51),f(52)) 2 Qp(s1,82) forall 51,5, €S
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Then f extends uniquely to a fuzzy homomorphism F:P — H.

Proof: 1If F is a fuzzy homomorphism extending f, then for any g € P

& & &
expressed as g = s, ' * 5, * -+ 5. (where s; €S, g = +1):

F(g) = F(s))®* - F(52)% » oo F(sp)™ = f(s1)™ - f(52)2 - s f(s)*n

Define F(g) for g = s;t * 552 -+ x 5. as:
F(g9) = f(s1)® - f(s2)% s f(sp)*n

Step 1: Well-definedness. We need to show that if g has two representations, F
gives the same value. This follows from the relations in S being preserved by f.

Step 2: F preserves operations. By construction, F(g; * g,) = F(g1) - F(g>)-

Step 3: F preserves membership. For g = sf Lok 5o

te(g) < minfug(sy):i =1,..,n}
tu(F(g9)) = minfu, (f(s)):i = 1, ...,n} = min{ue(s;): i = 1,...,n} = pp(g)

Step 4: F preserves relations. Similar argument using the preservation of
relations by f on S.

Therefore, F is a fuzzy homomorphism extending f.

Theorem 3.5: (Fuzzy Direct Product Homomorphisms). Let (Py, 4, 91) and
(Py, 112,9,) be fuzzy groups in fuzzy approximation spaces. The projections
M1 Py X Py > Py and 1wy Py X P, > P, are fuzzy homomorphisms, where
Py X P, has the product fuzzy structure:

* Upxp, (1) = min(uy (1), 4z(s))

* Qp,xp, (11, 81), (12, 52)) = min(Q; (711, 72), Q2 (51, 52))

Moreover, for any fuzzy group (I, uss, Qs) and fuzzy homomorphisms
firH - Py, fon H > P,, there exists a unique fuzzy homomorphism f:H —
Py X P, suchthat myof =f; and myo f = f,.

Proof: Part 1: Projections are fuzzy homomorphisms. For m; (similar for

Ty):

* 1 (11, 81) * (12, 82)) = M ((ry * 1,81 % 83)) =1y * 1 = 1y ((1, S1)) *
71((12,52))

* (i ((r,9))) = pa(r) Z min(uy (1), p2(5)) = Up,xp, (1, 5))

* Q1 (1 ((11,51)), 1 ((12,52))) = Q1 (11, 72) = min(Q; (11, 72), Q2(51,52)) =
Op, xP, ((r1,51), (12, 52))

Part 2: Universal property. Define f: H - P, X P, by f(h) = (fi(h), fo(h)).
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f is a fuzzy homomorphism:

* f(hy x hy) = (fi(hy * hy), fo(hy * hy)) = (fi(hy) * f1(h2), f2(hy) *
f2(h2)) = f(ha) * f(hy)

* pxp,(F(R) = min(uy (fi (W), 12 (f2(R))) = min(uy (h), uy(h)) =
tu(h)

. Similar for relations

Uniqueness: If g:H — P; X P, also satisfies myog=f; and myog =f,,
then:

g(h) = (m(g(), m2(g(M)) = (i(h), f(W) = f(R)

Theorem 3.6: (Fuzzy Transfer Homomorphisms). Let (P,*, up, Qp) be a fuzzy
group in a fuzzy approximation space, and let H be a fuzzy subgroup of P with
finite index. Define the transfer homomorphism V:P — H by:

V(g)=Tlin*g=n"
where {r;} is a set of coset representatives for P [H.

Then V is a fuzzy homomorphism satisfying:

1. Vl0y = id®¥ (the [P:H]-th power map on H)
2. V(9D 2 up(DV™ forall g € P

3. 9% (V(91),V(92)) = 92(91,92) forall g1,9, €P

Proof:
Step 1: V preserves operations. For g;,g, € P:
V(gi*g2) =Tlimi*(g1*g) 17 ' =1L (ixgr* 17 ) * (i gp + 1)
By rearranging using the fact that conjugates of H -elements remain in H:

V(g1 *92) =V (g1) *V(g2)

Step 2: Membership preservation. Each conjugate 7;*g=*7' has
membership at least up(g) in the fuzzy sense. Since H is a fuzzy subgroup:

b (V(9)) = pge([L; 7+ g * 17" = minfup (1; * g * 17 D1} = pp(g)

Step 3: Relation preservation. For the fuzzy relation:
Q3 (V(91),V(92)) = min{Qp(1i * gy * 171,11 % g * 177 ): i} = Q5 (91, 92)

Step 4: Restriction to . For h € I, in each coset 1;H, the element 7; * h *
;! lies in the same coset as 7;. After reordering: V(h) = hI%%1,

3.1 Lattices of Fuzzy Groups in Fuzzy Approximation Spaces

This subsection studies the lattice structure of fuzzy groups in fuzzy
approximation spaces, investigating whether the collection of all fuzzy subgroups
forms a lattice under natural ordering. In the context of fuzzy groups operating



3330 PANKA] AND R. SINGH

within approximation spaces, this investigation reveals both the possibilities and
fundamental limitations of extending classical lattice-theoretic results to
uncertain algebraic environments.

3.1.1 Partial Order Structure and Basic Framework

Let (P,%,Q) be a fuzzy approximation space where P is a group with
operation * and Q:P X P — [0,1] is a fuzzy relation satisfying reflexivity and
symmetry. We denote by F (P, Q) the collection of all fuzzy subgroups of P in
the fuzzy approximation space (P, Q).

Definition 3.7: For fuzzy subgroups pq, u, € F(P,Q), we define a partial order
by:
Uy < pyifand only if yy (r) < p,(r) forallr € P

Lemma 3.8: The relation < defines a partial order on F(G, R).

Proof: We verify the three properties:

. Reflexivity: For any u € F(P,Q), we have u(r) < u(r) for all r € P,
hence u < p.

e  Antisymmetry: If p, <p, and p, <py, then pu(r) < p,(r) and
Uy (r) < puy(r) for all r € P, implying u,(r) = p,(r) for all r, hence
H1 = Ua-

. Transitivity: If y; < p, and p, < ps, then py(r) < py(r) < ps(r) for
all r € P, hence u; < .

3.1.2 Existence of Greatest Lower Bounds

The fundamental structure theorem for meets in fuzzy approximation spaces
establishes that intersections of fuzzy subgroups remain fuzzy subgroups.

Theorem 3.9: (Existence of Meet). Let (P,*, Q) be a fuzzy approximation space
and let uq, U, € F(P, Q). Define u: P - [0,1] by

u(r) = min{u; (r), 2 (1)}

forall v € P. Then:

1. ueF® 9
2. wu=inf{u,, Uy} in the partial order (F(P,Q), <)

Proof: We must show that u satisfies the fuzzy subgroup condition in the
approximation space. From Theorem 4.3, we need to show that for all r,s € P,
there exists t € P such that:

Q(r = s, t) = min{u(r), u(s), u(t)}
Since pq, 4, € F(P,Q), there exist t;,t, € P such that:
Q(r=s~hty) = minfuy (1), 11 (5), w1 (t1)} 3)
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Q(r *s7,ty) = min{uy (1), 1a(5), 2 (t2)} (4)
Choose t optimally by:
¢ = {tl if u(ty) = p(tz)
t, otherwise

Then p(t) = min{u, (t), uo(t)} = min{u(t,), u(t,)}, and the required
inequality follows.

For the infimum property, clearly u < p, and u < pu,. If ve F(P,Q)
with v < p; and v < p,, then v(r) < min{u, (r), u,(r)} = p(r) forall r € P,
hence v < u.

Example 3.10: Let P = S; be the symmetric group on 3 elements with the fuzzy
relation:
1 ifg1 = g2
9((91,92)) =108 ifg,g5! € A5\{e}
0.4 otherwise
Define two fuzzy subgroups:

i iy (€) = 1,y ((123)) = 09,15 ((132)) = 0.9 )
#1((12)) = 0,4 ((13)) = 0,1,((23)) = 0 (6)
ot 1z (€) = 1,1, ((12)) = 0.7 %
u;(g) = 0 for other g € S (8)
Their intersection y = py A U, is:
_ (1 ifr=e
) = {O otherwise

This is the trivial fuzzy subgroup, which clearly satisfies the approximation
conditions.

Corollary 3.11: The collection F(P,Q) forms a complete meet-semilattice. That
is, every non-empty subset {u;};c; € F(P,Q) has an infimum given by

u(r) = infu(r))

3.1.3 Non-existence of Least Upper Bounds

The critical limitation in the lattice structure arises from the failure of
supremum operations to preserve the fuzzy subgroup property within
approximation spaces.

Theorem 3.12: (Non-existence of Lattice Structure). The collection F(P,Q)
does not necessarily form a lattice. Specifically, there exist fuzzy approximation
spaces (P,x,Q) and fuzzy subgroups pi, U, € F(P,Q) such that their
supremum does not exist in F(P, Q).

Proof: We construct an explicit counter example using the Klein four-group:
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Let P = {e, a, 8, y} with the group structure:

. e is the identity

. Q?=pf=yl=e

* afp=pa=y,ay=ya=p,py=vb=a

Define the fuzzy relation Q: P X P — [0,1] by:

1 ifr=s
o, s) = {0.3 ifr#s
Define fuzzy subgroups:
Uy pu(e) =1,u,(k?) = 0.7, others =0 9)
Uy : py(e) = 1,u,(n) = 0.7, others =0 (10)

The pointwise maximum gives non-zero values to both k2 and 7, but their
product nk? would need membership at least 0.7 for closure. However, the
approximation constraints with R(nk?,t) = 0.6 or 0.2 for most t create
inconsistencies preventing the existence of a supremum.

4. Conclusion

The study highlights the non-classical lattice behavior of fuzzy subgroup
structures, preserves essential meet-semilattice properties, and establishes
homomorphism results that support further algebraic and categorical
developments in fuzzy approximation spaces.
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