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Abstract

Two-dimensional (2D) magnetic materials have arisen as viable contenders for
next-generation nano-spintronics, quantum computing and high-density data storage
technologies, owing to their distinctive magnetic and electrical characteristics at the atomic
level. This study examines the molecular graph of a two-dimensional monolayer structure
M3C12X12, where M represents a metal atom, C signifies carbon and X indicates a halogen
atom. The molecule displays a Kagome lattice configuration, recognised for its unusual
electrical properties. Employing graph-theoretic methodologies, we calculate several degree-
based topological indices, such as the First Zagreb index, First hyper-Zagreb index, First
and Second Gourava indices, Reciprocal Randic index, First and Second K-Banhatti indices
and the Platt index. These indices function as molecular descriptors that measure structural
characteristics pertinent to the compound’s physicochemical and magnetic properties. Our
work illustrates the efficacy of topological indices in the structural characterisation of 2D
materials and establishes a basis for further theoretical and computational investigations in
materials science and nano-technology.

Subject Classification: 05C92.
Keywords: M,C,,X,, lattice, Chemical graph, QSAR, QSPR, Topological descriptors.

1. Introduction

Two-dimensional (2D) magnetic materials have garnered considerable
interest owing to their potential applications in burgeoning domains such
as nano-spintronics, quantum information processing and highdensity
data storage technologies [1, 2]. These materials demonstrate distinctive
magnetic, electrical and structural characteristics at the atomic level,
rendering them optimal candidates for next-generation electronics. Half-
metallic (HM) magnets are particularly noteworthy due to their possible
application in spin-filters, which facilitate the formation of a completely
spin-polarized current, hence promoting low energy consumption and
enhancing the performance of spintronic devices [2, 3]. Moreover,
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ferromagnetic semiconductors, such as bipolar magnetic semiconductors
(BMSs), are considered attractive prospects for effective spin production
and injection methods in spintronic technologies.

However, there are a number of basic problems that make it hard for
these materials to be widely used. These include the need for high Curie
temperatures, high saturation magnetisation, high magnetic anisotropy
energies and long-range magnetic order. The exploration of novel 2D
materials with tailored magnetic and structural attributes continues to be
an active area of study to address these challenges.

In this study, we focus on the molecular graph corresponding to the
monolayer lattice structure of M,;C,,X,,, where M signifies a metal atom, C
indicates carbon and X denotes a halogen atom. This chemical makes a 2D
Kagome lattice out of corner-sharing equilateral triangles. This shape is
famous for its unusual electrical and magnetic characteristics, such Dirac
cones and flat bands. The distinctive symmetry and connectivity of this
lattice structure have motivated researchers to explore several 2D
metalorganic framework (MOF) possibilities that share analogous
topologies. They are especially interested in the candidates’ inherent
magnetic and electronic characteristics, which are being studied using
firstprinciples calculations and theoretical analysis.

Since the discovery of graphene [4], there has been a lot of interest in
2D covalent-organic frameworks and layered nanostructures because of
their unique physical properties and their use in small electronic parts.
Numerous studies have been conducted on 2D boron nitride nanomeshes
[7], metal carbides [8], graphene oxide [9], silicene [10], porous graphene
[11], and molybdenum disulphide (MoS,) [12] for a wide range of uses.
The continuous search for innovative 2D materials is crucial to meet the
growing demands in materials science and nanotechnology [5, 6, 8].
Simultaneously, there has been substantial progress in the synthesis and
use of metal-organic frameworks (MOFs), which have exhibited
considerable promise in several domains, including drug delivery, sensing,
gas storage and catalysiscitere [13, 14]. MOFs are porous materials formed
by the coordination of metal ions or clusters with organic ligands. This
unique structure gives them several advantages, including a large surface
area, tunable pore size and diverse functionality.

Graph-theoretic techniques have shown to be exceptionally helpful in
examining the structural characteristics of these molecular lattices. A
molecular graph is a mathematical idea in which atoms are shown as
vertices and chemical bonds as edges. Topological indices, which are
numerical invariants that come from these networks, are very useful for
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linking structure information to several physicochemical and biological
aspects of the substance. Degree-based topological indices have been
extensively utilised in modelling quantitative structure-property
relationships (QSPR) and quantitative structure-activity relationships
(QSAR) within cheminformatics, drug design, nanomaterials
characterisation and toxicity prediction [15].

This study analyses the calculation of diverse degree-based
topological indices for the molecular graph of the M,C,,X,, monolayer. The
indexes include the First Zagreb index, the First hyper-Zagreb index, the
First and Second Gourava indices, the Reciprocal Randic index, the First
and Second K-Banhatti indices and the Platt index. Prior graph-theoretic
studies have been conducted on molecular structures, encompassing
Alzheimer drug compounds [15], silicon carbide [16], and alkane structures
[17], demonstrating the versatility and efficacy of topological indices in
the examination of diverse molecular systems.

The rest of this work is set up like this: Section 2 outlines the necessary
prerequisites and formal definitions of the topological indices studied in
this work. Section 3 shows what we found in our study, along with graphs
and a full explanation. In the conclusion, Section 4 finishes the study and
talks about what could happen in the future.

2. Molecular Graph Structure and Topological Indices
2.1 The M,C,,X,, Lattice Structure

The M,C,,X,, lattice is a two-dimensional molecular structure where
M stands for metal atoms, C stands for carbon atoms and X stands for
halogen atoms. The numbers below each letter show how many of each
type of atom there are. This lattice has a kagome-like structure, with atoms
arranged in a hexagonal framework and alternating metal and carbon-
halogen connections [18-23].

The atomic structure may be shown as a molecular graph
G=(V(G),E(G)), where vertices represent atoms and edges indicate
chemical bonds. The M,C,,X,,(m,1) extension of this lattice, which has mxn
unit cells, has 54mn-25m-25n+25 vertices and 72mn-36m-361n+36 edges. to
unit cells, has 29mn-(n-1)-n(m-1)=27mn+m+n vertices and 36mn edges.

Figure 1 shows this structure, which might be used in quantum
computing and spintronics because of its unique electrical properties.
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Figure 1
The molecular graph of M,C,,X,, lattice.

2.2 Graph Theoretical Foundations

A molecular graph is a simple graph (no loops or multiple edges) where:
e The degree d, of vertex v enumerates its incident edges (chemical bonds).

e Topological indices are numerical representations that remain unchanged
under graph isomorphism.
e These indices represent molecular characteristics in QSAR/QSPR analyses.

2.3 Degree-Based Topological Indices
We analyze the M,C,,X,, lattice using these indices in Table 1:

Table 1

Key topological indices and their chemical significance.
Degree-Based Topological Indices Chemical Interpretation
First hyper-Zagreb (HM;) Degree variance between adjacent atoms
Gourava indices (GO1.GO3) Combined additive/multiplicative bond effects
Reciprocal Randic (RR) Molecular branching and connectivity
K-Banhatti (B,.B,) Vertex-edge interactions in bonding networks
Platt (PI) Molecular cyclicity and strain
Zagreb (M,) Total bond energy approximation
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Mathematically, these indices are defined as:

HM,(G)= ¥ (d,+d))’,GO,(G)= ¥ (d, +d +dd ) GO,G)

uveE(G) uveE(G)

Z (du + dv )dudv’

uveE(

6}
RR(G) = ZG)Jdudv ,B(G)= X (3d, +3d, —4),B,(G)

uveE( uveE(G)
= Y (d,+d)d, +d -2),
uveE(G)
PIG)=M,(G)-2|EG)| where M,(G)= ¥ d°

veV(G)

2.4 Computational Approach

For the M,C,,X,,(m,n) lattice, we:

1. Classify edges by vertex degree pairs (d,, d,)

2. Derive general formulas for each index

3. Analyze trends using 3D plots and heatmaps (Figure 3 (a)-3 (p))
4

Growth of various topological indices with respect to the parameter m=n.

3. Main Results
3.1 Structural Analysis and Edge Partitioning

The molecular graph of M,C,, X, ,(m,n) (Figure 1) contains vertices
with degrees 2, 3 and 4, which generate distinct edge types that are
essential for the computation of the topological index. The complete edge
partitioning is illustrated in Table 2, which serves as the basis for our
analytical approach.

Table 2
Edge partitioning of M,C,,X,, lattice based on vertex degrees.
(d,, d,) where uv e E(M,C,,X,,(m,n)) Number of edges
(2,2) (4m+4n)
(2,3) (12mn)
(2,4) (12mn-4m-4n)
(3,3) (12mn)
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3.2 Computational Framework

We developed a systematic algorithm (Algorithm D-TI) for computing
topological indices that combines:

e Degree-based edge partition data from Table 2
e  Mathematical formulations of each index

e Cross-verification through index relationships (e.g., Platt-Zagreb identity)

Algorithmic Details: The computation involves three phases:
1. Initialization: Set all index accumulators to zero

2. Edge Processing: For each edge type (d,d,), compute: s=d +d, (degree
sum), p=d, d, (degree product) and Update each index using its specific
formula

3. Validation: Verify consistency between direct Platt calculation and Zagreb-
derived value Ensure edge count matches theoretical prediction (See
Algorithm 1).

Algorithm 1 Computation of Degree-Based Topological Indices (D-TT)

Algorithm 1 Computation of Degree-Based Topological Indices (D-TI)
Require: Edge partition {(dy,d,) = fa, d,(m,n)} of G = M3C12X12
Ensure: Symbolic expressions for all indices

1: Initialize accumulators: HM;,GOy,...,] My 0

2 |E|+0 > Total edge counter
3: for all edge types (dy,d,) with count fg, 4,(m,n) do
4
5
6

Compute s =d, +dy, p=dy - d,
HM, < HM; + f4, 4,(m,n) - s2
GOy < GOy + f4,.4,(m,n) - (s +p)

T > Similar updates for other indices
8  |E|« |E|+ fa,d,(m,n)

9: end for )

10: Verify PI(G) = M;(G) —2|E|

11: return Index polynomials in (m,n)

1.1 Closed-Form Solutions
Applying Algorithm D-TT yields exact expressions for each index:
GO,(G)=480mn-32m-32n.
GO,(G)=1584mn-128m-128n.
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B1(G)=468mn-24m-24n.

B2(G)=756mn-64m-64n.

Pl(Q(m,n))= 204mn-8m-8n-36mn=168mn-8m-8n.
M1(G)=204mn-8m-8n.

Discussion. The topological descriptors are influenced by the structural
parameters m and n of M,C,X,, as indicated by these symbolic
expressions:

e The term mn is the primary factor contributing to the indexes’ growth,
which is indicative of the molecul€’s recurrent modular structure.

e The First hyper-Zagreb index (HM,) and Second Gourava index (GO,)
demonstrate the most rapid growth rates, rendering them susceptible to
molecular expansion and branching.

e The Reciprocal Randic index is sensitive to nonuniform degree pairings,
such as (2,3) and (2,4), as evidenced by the presence of irrational elements
involving /6 and /2.

e The internal consistency of our results and the correctness of the D-TI
Algorithm are confirmed by the accurate matching of the Platt index
computed directly and via the Zagreb identity (modulo symbolic
simplification).

e Although both K Banhatti indices scale similarly to the Zagreb-type
indices, they include adjusted degree-based edge contributions that are
beneficial for comparative molecular stability analysis.

These formulae, derived using the D-TT Algorithm, can be used to
analyze and compare structural features of related molecular networks or
substituted derivatives of M,C,X,,.

Graphical Analysis of Topological Indices

In order to acquire a more comprehensive understanding of the
structural behaviour of M,C,,X,,, we assessed the closed-form expressions
of the topological indices for a range of m and n. The growth trends and
mutual comparisons of the indices were analysed by plotting them as
functions of m and n. The sensitivity of each index to changes in molecular
complexity is exemplified by these graphical analyses, which also verify
the symbolic trends that were obtained through the D-TT Algorithm.

In order to compare the asymptotic growth of various topological
indices in the molecular graph
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Growth of Topological Indices (Unnormalized, log-scale, m = n from 1 to 100)
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Figure 2

Growth of various topological indices with respect to the parameter m=n in the
M,C,,X,,. The indices are plotted without normalization on a logarithmic scale
to emphasize their asymptotic behavior.

M.,C,,X,,, we assessed each index for values of m=n that ranged from
1to0 100. The results are presented on a logarithmic scale in Figure 2, which
demonstrates a significant degree of variation in the magnitude and rate
of increase among the indices. In particular, the second geometric-
arithmetic index (GO,) and the hyper-Zagreb index (HM,) demonstrate
the most rapid development, with the forgotten index (F), the first and
second bond incident degree indices (B,,B,) and the Randic-Rouvray (RR)
index being closely followed. In the interim, the Platt index and the initial
Zagreb index (M,) expand at a significantly slowed pace.

Thisnecessitates the utilisation of a logarithmic y-axis, as itemphasises
scaling disparities that are not readily evident when the indices are
normalised over a restricted range. This plotillustrates that the comparative
magnitudes of all indices are significantly influenced by the presence of
nonlinear elements (such as square roots) and the leading coefficients,
despite the fact that they all grow polynomially with respect to the network
size. These discoveries provide a profound insight into the indexes’
responsiveness to the graph structure and validate their use in
characterising diverse silicate network attributes.
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3.4 3D surface plots

The lattice measuring M,C,X,, underwent calculation and
examination of its topological indices. Figures 3 (a) to 3 (p) show the three-
dimensional surface plots and heatmaps for each of the sixteen indices
that we are interested in. The goal of this section is to show eight topological
indices in a visual way using three-dimensional surface plots and the
heatmaps that go with it. Figures 3 (a) to 3 (p) show these pictures. Each
index is shown with two graphs. The first plot is a three-dimensional
surface plot that shows how the index values vary based on the parameters
m and n. The second plot is a heatmap, which shows the same data in two
dimensions with colour coding to make it easier to understand and
compare. These visualisations show the patterns of growth, trends and
symmetry that go along with the numbers when the graph parameters are

(a) 31) plot ()f M1 (h) Heatmap of M;. (¢) 3D plot of B1 (d) Heatmap of B:.

Surtace Plt o B2

(c) SD p]ot of B,. (f) Hcatmap of B,. (g) 3D plot of GO, (h) Heatmap of (101

30 Surface Plot of

(1) 3D plot of of GO,. (]) Hedtmap of GO.. (k) 3D pl()t of HM,. () Heatmap of HMI

30 Surface Plotof AR

30 Surface Plot of Plat

//‘y,«

P 57 «

(m) 3D plot of Platt. (n) He;tmap of Platt. (0) 3D plot 0f RR. (p) Heatmap of RR
Figure 3
Topological indices of M,C,,X,, lattice: (a-P).
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changed. To understand how the graphs, work and how sensitive and
discriminating each index is, you need to have these types of insights. You
may use these charts to understand and compare the mathematical and
chemical meanings of the topological indices. This makes them a highly
helpful tool. This shows how the indices change in both variables in a way
that you can see.

4. Conclusion

This study investigates the molecular graph associated with the
monolayer lattice structure of M,C,,X,,, a two-dimensional metal-organic
framework (MOF) characterised by a Kagome lattice topology, recognised
for its fascinating magnetic and electronic characteristics. Utilising graph-
theoretic methodologies, we calculated many degree-based topological
indices, such as the First Zagreb, First hyper-Zagreb, First and Second
Gourava, Reciprocal Randic, First and Second K-Banhatti and Platt indices.
These indices give significant numerical representations that summarise
the structural attributes of the molecular network, providing insights into
the compound’s probable physicochemical properties.

Our findings underscore the relevance of topological indices in the
analysis and characterisation of intricate molecular structures, especially
for innovative 2D materials. The results endorse the extensive application
of graph-theoretic models in cheminformatics and materials science,
particularly for forecasting features pertinent to nanotechnology,
spintronics and molecular electronics.

Future endeavors may encompass the expansion of this methodology
to more categories of 2D frameworks and the investigation of relationships
between calculated indices and empirically derived features, including
magnetic anisotropy, bandgap and thermal stability. Moreover, machine
learning algorithms utilizing topological indices might augment forecast
accuracy in materials discovery and design.
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