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Abstract

For a graph G, the Sombor index and harmonic index are respectively defined as

S0(6) = EquE(G) Y, degcz; (w) + degé(v) and H(G) = ZquE(G) m,

where E(G) is the edge set and deg.. (1) denoting the degree of a vertex u in G. In this paper,
we aim to find extremal trees in the class of chemical trees with the given number of vertices
of degree 4 for the Sombor index and the harmonic index. We observe that the extremal
chemical trees maximizing the Sombor index also minimize the harmonic index in this class.
Furthermore, we construct the corresponding extremal trees.
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1. Introduction

Let G = (V(G), E(G)) be a simple graph with order n and size m, where
V(G) and E(G) denote its vertex set and edge set, respectively. The degree of a
vertex u is denoted by degs;(u). A path is a sequence of distinct vertices
V1,Vq, V3, ..., Uy, in Which two vertices are adjacent if they are consecutive in the

¥ E-mail: ikrahjahangir@gmail.com

" E-mail: memoona .ahm@gmail.com

$ E-mail: raosultan58@gmail . com

* E-mail: farook.ra@gmail.com (Corresponding Author)

© @ Taru PuBLicaTIONS


http://www.tarupublications.com
http://dx.doi.org/10.47974/JDMSC-2227

2600 1. JAHANGIR ET AL.

sequence. A tree with each vertex having its degree less than or equal to 4 is called
a chemical tree. The graph G — uv is obtained by removing the edge uv, and
G + uv is derived by inserting an edge between the vertices u and v that are
non-adjacent. Denote by S,, the star graph with order n. The double star graph
Spq is a tree with exactly two non-pendant vertices that are adjacent by an edge,
one with degree p and other with degree gq. The number of edges between
vertices of degree { and j is denoted by m;;(G), and n;(G) represents the the
number of vertices with degree i.

The topological indices are used to analyze molecular structure graphs and
characterize the physicochemical properties of a compound. Harry Wiener
presented the Wiener index to examine the boiling points of alkanes [1]. In
literature, several vertex-degree-based topological indices have been introduced
and extensively studied [2]. Fajtlowicz [3] defined the harmonic index as part of
certain conjectures generated by the computer program Graffiti and defined it as

2
}[(G) = ZquE(G) degg(w)+degg(v)’

After [4], the harmonic index gained substantial attention, which led to
numerous publications, and research is still ongoing on this index [5-7].

In 2021, Gutman [8] introduced the Sombor index using the geometric
framework and expressed it as

S0(6) = Tuver(a) v degi (W) + degé (v).

This geometric perspective on the Sombor index has quickly captured the
interest of researchers [9-12]. Extremal (chemical) trees are found under various
degree parameters for the Sombor index and harmonic index [9, 11, 13-21]. For
other indices, several results on extremal graphs have been documented in the
literature [22-24]. Finding extremal trees is a key problem in chemical graph
theory. Zhou, Lin, and Miao [25] determined the maximum Sombor index among
trees and unicyclic graphs with a fixed matching number. Since vertex degree
corresponds to molecular bonds, addressing problems under specific degree
constraints is important. In this context, we find extremal chemical trees with k
vertices of 4 degree for the SO and H indices. In [14], the authors provide the
following relationships for a chemical tree:

2my1(G) + my(G) + my3(G) + myy(G) = ny(G), (1.1)
My (G) + 2myz(G) + My3(G) + Myy(G) = 2n,(6), (1.2)
my3(G) + my3(G) + 2m33(G) + m3,(G) = 3n3(6), (1.3)
M4 (@) + M2a(G) + M3a(G) + 2myy(G) = 4ny(G). (1.4)
Clearly

n(G) = ny(G) + ny(G) + n3(G) + n,(G). (1.5)

By the handshaking lemma, the following holds:
2(n(G) — 1) = n(G) + 2n,(G) + 3n3(G) + 4n,(G). (1.6)

The Sombor index and harmonic index of a chemical tree can be restated as
follows, respectively:
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SO(T) = Yicisjea \iI% + j2my(T), (1.7)
H(T) = Srsisjen 7 miy (7). (1.8)

Let CT, ) be the set of chemical trees of given order n (= 3k + 2) with
exactly k > 1 vertices of degree 4. A chemical tree in CT;, is graphically
feasible for n > 3k + 2. For each n € {5,6} and k = 1, CT;, has only one
chemical tree, namely, S5 and S,,. For different brackets of n and k, the
extremal trees in the class CT, ) are different. This motivates us to define the
following sub-classes:

CiTnx ={T €ECT, 13k +2 <n <4k k =2}
CoTnk ={T €ECT |4k <n <5k -2,k =24}U{T €CT,xIn=9k =2},
CsTnw ={T €CTx|n =5k — 2,k 23} U (T € CT, ;In = 3k + 4,k € {1,2}}.

In this paper, we aim to find extremal chemical trees in CJ;,; for SO index
and H index. These extremal chemical trees maximizing the SO index also
minimize the H index. Furthermore, we construct the corresponding extremal
trees.

2. Chemical trees with maximum SO index and minimum H index

In this section, we present the extremal trees that exhibit the maximum SO
index value and minimum H index value in the class CJ;, ;. To prove the main
theorem, we need the following results:

Lemma21:/fx >0, a>b>0, and c =2 1, then
(i) VxZ+a—+Vx2+b>0.

.. c c
(11) m—m<0

(iii) h(x) = Vx2 + b —VxZ + a is strictly increasing.

(iv) g(x) = Vx2+ a —+Vx2 + b is strictly decreasing.

c c . . .
v) o) = prsenl & strictly decreasing.

. c c . . . .
(vi) Y(x) = prryailpnll strictly increasing.
The following corollary is an immediate result of the handshaking lemma.

Corollary 2.2: [26] Every graph has an even number of vertices of odd degree.
In the forthcoming lemmas, we determine the values of m;; and n;.

Lemma 2.3: If T € CT,, maximizes the Sombor index (minimizes the harmonic
index), then n,(T) < 1.

Proof: On the contrary, suppose that n,(T) > 1. Then there exist u and v with
degr(u) = degr(v) = 2. Now, distinguish the following cases:

Case 1: When uv € E(T).
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Suppose that u; # v and v; # u are the neighbor of u and v,
respectively. Construct a tree T’ € T, as follows: T' =T —uuy + vu,.
Clearly, degr,(u) =1, degr,(v) =3 and degs,(w) =degr(w) for all
w € V(T)\{u, v}. Then

SO(T") = SO(T) =deg?(u) +9 —\/degi(uy) + 4 ++/9 + degi (v,)
—J4+deg?(v) +VIF+1-VET 4

From Lemma 2.1 (i), we get
S0(T" —So(T) > 0,
which is a contradiction. Now
2 2 2 2 2 2

H(T") - H(T) = - + - PRI

degr(u)+3  degr(uq)+2  3+degr(v;) 2+degr(vy) 3+1 242

From Lemma 2.1 (ii), we get
H(TH —H(T) <0,
which implies a contradiction. Hence, uv is not in E(T) with deg;(u) =2 =
degr(v).

Case 2: When uv ¢ E(T).

Let Nb;(u) = {uy,u,} and Nb;(v) = {vy,v,}. According to Case 1, the
degrees of uy, u,, v; and v, cannotbe equal to 2. WLOG, assume that u; and
v; lie on the u,v-path (where u; and v; may coincide). Construct a tree
T" €CT,, as follows: T" =T —uu,+vu, Clearly, degr,(u)=1,
degr,(v) = 3 and degy,,(w) = degr(w) for all w € V(T)\{u, v}. Then

SO(T") — SO(T) =/deg?(u,) + 3% + y/deg?(vy) + 32 + \/deg?(v,) + 32
+/12 + degi () — /degi (up) + 2% — /degF (v)) + 22
—/deg}(v,) + 22 = 27 + degf(wy).
From Lemma 2.1 (i), we achieve
SO(T") — SO(T) > \/deg?(v,) + 3% — \/deg(v,) + 22
+/12 + degi (uy) — /22 + degi(uy).
From Lemma 2.1 (iii) and (iv), we have h(dr(uy)) = h(3) and
g(dr(vy)) = g(4), respectively.
SO(T") — SO(T) > V25 — V20 + V10 — V13 ~ 0.084 > 0,
which is a contradiction. Now

HT") - HT) = ——— - —— z____2
degr(uz)+3 degr(uz)+2 degr(v1)+3 degr(v1)+2
2 2 2 2

degr(v2)+3  degr(v)+2  1+degr(uy) 2+degr(ug)’
From Lemma 2.1 (vi), we have W(degr(u,)) < ¥(4), ‘P(degT(vl)) <

Y(4), ¥Y(degr(v,)) < W(4) and from Lemma 2.1 (v), we have ®(degr(u,))
< @(3). Then
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H(T/r)_j_[(T)SE_E+E_E+E—E+E—Ez—0.0043<0,
7 6 7 6 7 6 4 5

which leads to a contradiction. This concludes the proof.

Lemma 2.4: If T € CT,, maximizes the Sombor index (minimizes the harmonic
index), where n — k is even, then (i) n,(T) =0, (ii) n(T) = g + S +1, and

(iii) ny(T) =2 -2 —1.
Proof: On the contrary, assume that n,(T) # 0. By Lemma 2.3, we have
n,(T) < 1, which implies n,(T) = 1. Since n — k is even, we have n — k =
2t, for t; = 1. By (1.5), we get n,(T) + n3(T) = 2t; — 1. By Corollary 2.2,
n,(T) + n3(T) must be even. But n,(T) + ng(T) = 2t; — 1 is odd, which is a
contradiction. Therefore, n,(T) = 0.
(ii). From (1.5), (1.6) and n,(T) = 0, we get
n=n,(T)+n3(T) +k, @.1)
ny(T) + 3n3(T) = 2n — 2 — 4k. ‘
n

The solution of the system (2.1) is n(T) = g+ g +1 and n3(T) = P
32—k — 1. This finishes the proof.

Lemma 2.5: If T € CT,,, maximizes the Sombor index (minimizes the harmonic
n+k+1

index), where n — k is odd, then (i) n,(T) =1, (ii) n(T) = - and (iii)

n-3k-3
ng(T) = 2

Proof: (i). On the contrary, assume that n,(T) # 1. By Lemma 2.3, n,(T) < 1
which implies that n,(T) = 0. Since n — k is odd, we have n — k = 2t; + 1
for some t; = 1. Now the remaining proof is similar to Lemma 2.4.

Lemma 2.6: If T € C, T, , maximizes the Sombor index (minimizes the harmonic
index), where n — k is even, then (i) my,(T) # 0 when k = 2, (ii) my,(T) =
myp(T) = my3(T) = mpy(T) =0, (iii) my3(T) =0, (iv) ms3(T) =0, and

(V) may(T) =2 =2 =3, myy(T) =S+ 2+ 1, and myy(T) = 4k —n + 1.

Proof: (i). On the contrary, assume that m,,(T) = 0 when k > 2. Then (1.4)
becomes
M34(T) = 4k —my4(T) — myu(T). (2.2)
From (1.1), we deduce m44(T) < ny(T). Then by using Lemma 2.4 (i)—(iii)
and the fact that T € C; T, (for n < 4k), (2.2) becomes as
3k-2
From (1.3), we deduce

ms,(T) < 3ns(T). 2.4)
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By using Lemma 2.4 (iii), and the fact that T € C,7,,,, (for n < 4k), (2.4)
becomes as
3k—6
M3, (T) < ——,

which contradicts (2.3). Hence, my,(T) # 0.
(i1). This is an immediate result of Lemma 2.4 (i).

(iii). On the contrary, assume that there exists uv with deg;(u) = 1 and
degr(v) =3 in T. Let Nby(v)\{u} = {vy,v,}. Since T € C; T, and k = 2,
by Lemma 2.6 (i), there exists xy € E(T) with deg;(x) =degr(y) = 4.
WLOG, let vv; lie on the v, x-path (where v and x may coincide). Clearly,
degr(v1) =3 (ny(T) =0, by Lemma 2.4). Construct a tree T' € C;T;, ) as
follows: T'=T —uv —vv, —xy +uv, +xv+vy . Clearly, degr(w) =
degr(w) for all w € V(T). Now, we discuss two cases:

Case 1: When vx € E(T"). Then
SO(T") = SO(T) = /deg}(x) + deg2(v) + deg?(v) + degi(y)
+/deg} () + deg}(vy) — /degZ(u) + degi (v)
—/deg}(x) + deg}(y) — /deg}(v) + deg?(vy)
= V25 + V25 — V10 — V32 + /1 + deg?(v;)
—\/3% + degZ(vy).

From Lemma 2.1 (iii), we have h(degs;(v,)) = h(3). Then
SO(T") — SO(T) = V25 + V25 — V10 — V32 + V10 — V18 ~ 0.1 > 0,

which is a contradiction. Now
2 2 2

HT) =31 = degr(x)+degr(v) + degr(v)+degr(y) * degr(w)+degr(v1)
2 2 2
degr(w)+degr(v)  degr(x)+degr(y) degr(v)+degr(vi)

2 2 2 2 2 2

4+3 344 1+3  4+4  1+degr(v;) 3+degr(vy)’

From Lemma 2.1 (v), we have ®(degr(v;)) < ®(3). Then

H(Tl)_j_[('[')Si+i_i_i+i—iz—001l<0,

4+3 3+4 1+3 4+4 1+3 3+3

which is a contradiction.

Case 2: When vx € E(T").Then
SO(T") — SO(T) =V25+V25 -vV10 — V32 + V1 + 16 —V9 + 9 =~ 1.01 > 0.

which is a contradiction. Now

H(T') — H(T) =2 42 _2_ 242 _ 2 L _0064<0.
4+3  3+4 143 4+4  1+4  3+4
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which is a contradiction. Therefore, m,5(T) = 0.

(iv). On the contrary, assume that there exists uv € E(T) with degy(u) =
3=degr(v). Let Nbr(v)\{u} = {vy,v,}. By Lemma 2.6 (i), there exists
e' = xy € E(T) with degy(x) = degr(y) = 4. Now the construction of a tree
T’ € C,T,,x and calculations are the same as in the proof of Lemma 2.6 (iii).
Thus, we have

SO(T") — SO(T) = V25 + V25 — V10 — V32 + V10 — V18 ~ 0.1 > 0,

and
n_ 2 2,2 2z 2 L
HT) - H(T) = 443 + 3+4 + 3+degr(vy) 3+3  4+4  3+degr(vy) 0.011 <0,

which is a contradiction. Hence, m35(T) = 0.

(v). By utilizing both Lemmas 2.4 and 2.6 (i) — (iv) in (1.1) — (1.4), we derive

may(T) =2 =2 =3, myy(T) =2+ 2+ 1, and my,(T) = 4k —n+ 1. This
finishes the proof.

Lemma 2.7: If T € C;T,, maximizes the Sombor index (minimizes the
harmonic index), where n — k is odd, then (i) my,(T) # 0 when k > 2, (ii)
mya(T) =0, (iii) myp(T) =0, (iv) mys(T) =0, (v) myz(T) =0, (vi)
ma3(T) = 0, and (i) Maq(T) = T, My (T) = “22%, My (T) = 2, and
my,(T) =4k —n+ 1.

Proof: (i) The proof is analogous to Lemma 2.6 (i), by utilizing Lemma 2.5 (i)—
(i1).

(i1) This result directly follows from Lemma 2.5 (1).

(iii) On the contrary, assume that there exists uv € E(T) with degr(u) =
1 and degy(v) = 2. Let Nby(v)\{u} = {v;}. Clearly, degr(v;) = 3 (since
n,(T) = 1, by Lemma 2.5). Since T € C;T, ) and k = 2, by Lemma 2.7 (i), it is
evident that there exists e’ =xy € E(T) with degr(x) =degr(y) =4 .
Construct a tree T' € C;Tp,, as follows: T' =T —uv —vv; —xy +uv; +
xv + vy. Clearly, degr,(w) = degr(w) for all w € V(T). Then

SO(T") — SO(T) =20 + 20 — V5 — V32 + /1 + degZ(v,) — /22 + deg(vy).
From Lemma 2.1 (iii), we have h(degr(v;)) = h(3). Thus
SO(T") — SO(T) = V25 + V25— V10 — V32 + V10 — V13 ~ 0.6 > 0,

which is a contradiction. Now

HI)=H(T) =242—2— 24— 2

6 3 8 ' 1+degr(vy) 2+degr(vy)

From Lemma 2.1 (v), we have ®(degr(v,)) < ®(3). Thus
HT)-HT) <2-2-2+42-2x-015<0,

3 3 4 4 5
which is a contradiction. Hence, mq,(T) = 0.
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(iv) On the contrary, assume that there exists uv € E(T) with degy(u) =
3 and degr(v) = 2. Let Nbr(v)\{u} = {v;}. Since T € C;T,,, and k = 2, by
Lemma 2.7 (i), there exists e’ = xy € E(T) such that deg;(x) = degr(y) = 4.
Construct a tree T' € C;T,,, as follows: T' =T —uv —vv; —xy +uv; +
xv + vy. Clearly, degr,(w) = degr(w) forall w € V(T). Then
SO(T*) — SO(T) = V42 + 22 + V22 + 42 + /32 + deg2(v,) — V32 + 22
—V4% + 4% — \[22 + deg?(vy).
From Lemma 2.1 (iv), we have g(degr(v1)) = g(4). Thus
SO(T*) — SO(T) = V20 ++20 + 25 — V13 —+/32 =20 ~ 0.20 > 0,

which is a contradiction. Now

HA)-HT) =2+2-2-24 2 2

6 6 8 3+degr(vy) - 2+degr(vy)”

From Lemma 2.1 (vi), we have W(degy(v,)) < ¥W(4). Thus
HT)-—HT)<r+:-:-242_2~ 003<0.
33 3 47 6

which is a contradiction. Hence, m,3(T) = 0.

(v) The proof of this case is analogous to Lemma 2.6 (iii).

(vi) This proof is similar to Lemma 2.6 (iv).

(vii) By utilizing both Lemmas 2.5 and 2.7 (i) — (vi) in (1.1) — (1.4), we
I myy(T) = "5, My (T) = 2 and myy(T) = 4k —

n + 1. This completes the result.

derive my,(T) =

Lemma 2.8: If T € C,T,,, maximizes the Sombor index (minimizes the harmonic
index), where n—1k is even, then (i) my(T) =m,(T) =my3(T) =

My (T) = 0, (i1) myy(T) =0, (iii) my3(T) = 0, and (iv) mz,(T) = 72_k_

21, myy(T) = S +5+ 1, and myy(T) =n— 4k — 1.

Proof: (1). This result directly follows from Lemma 2.4 (i).

(i1). On the contrary, assume that m,,(T) # 0. We claim that m,53(T) and
ms3(T) are not simultaneously 0. To prove this, assume to the contrary that
my3(T) = m43(T) = 0. By using Lemma 2.8 (i) in (1.1) — (1.4), we derive
M4 (T) = ny(T), Mm34(T) = 3n3(T) and my,(T) = 4k — ny(T) — 3n3(T). By
using Lemma 2.4, we obtain my,(T) =8k + 2 — 2n. Since T € C,T, (for
n =4k + 1), it implies that my,(T) < 8k +2 —2(4k + 1) =0, which is a
contradiction. Hence, m3(T) and ms3(T) are not simultaneously 0. Therefore,
we discuss the problem in two cases.

Case 1: When m5(T) # 0.

The proof is analogous to Lemma 2.6 (iii). Hence, we conclude that
my,(T) = 0.
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Case 2: When mg5(T) # 0.

The proof is analogous to Lemma 2.6 (iv). Hence, we can conclude that
my,(T) = 0.

(iii). On the contrary, assume that m,5(T) # 0. Then there exists e = xy €
E(T) with degy(x) =1, degr(y) = 3, and let Nb;+(y)\{x} = {y1,y,}. From
(1.1), we deduce mq3(T) + m4(T) < ny(T). Since my3(T) # 0, it implies that
my4(T) < ny(T). By using Lemma 2.4 (ii) (namely, n,(T) = g+ S +1), we
obtain my,(T) <2+ + 1. Since T € C;T (for n < 5k — 2 and k > 4), we

have mq,(T) < 5k2_—2

with degree deg,(u) = 4 with at most 2 pendant vertices. Let u be a furthest
vertex from y, and u; and u, be the non-pendant neighbors of u. WLOG,
suppose that yy; and u,u are located on the y,u-path (where y and u may
coincide with y; and u,, respectively, and y; may coincide with u,). By
Lemma 2.4 (i) (that is, n,(T) = 0) and Lemma 2.8 (ii) (that is, mu,(T) = 0),
clear that degr(u,) # 2 and degy(u,) # 4. Hence, degr(u,) =3. Let w
and z be the neighbors of u, other than u. Construct a tree T' € C,T,, as
follows: T' =T —u,w —u,z + xw + zx. Clearly, deg;/(u,) =1, degr,(x)
= 3 and degr,(t) = degr(t) forall t € V(T)\{u,, x}. Then

SO(T") — SO(T) = \/deg2(w) + 3% +/deg?(z) + 32 + V32 + 32
—VAZ + 1+ V42 + 32 — /32 + degi(w)
—y32+deg?(z) —\/32+1~0.2> 0.

which is a contradiction. Now

+§+ 1 = 3k. This implies that there exists a vertex u

N _ — 2 2 2,22 2
}[(T) }[(T) - degr(wW)+3 + degr(z)+3 + 3+3 + 4+1 4+3
-z 2~ -0.05<0.

3+degr(w) 3+degr(2) - 1+3

which is a contradiction. Hence, mq3(T) = 0.

(iv). By utilizing both Lemmas 2.4 and 2.8 (i) — (iv) in (1.1) — (1.4), we
derive mgy(T) =22 =2 =1, myy(T) =2+ 5+ 1, and myy(T) = n — 4k — 1.

This finishes the proof.

Lemma 2.9: If T € C,7;, maximizes the Sombor index (minimizes the
harmonic index), where n — k is odd, then (i) m,,(T) = 0, (ii) m.,(T) = 0,
(iii) mya(T) =0, (iv) my3(T) = 0, (v) my(T) =2 and my3(T) = 0, and

(i) mag(T) = 75 mag(T) = "5 and mya(T) = n— 4k = 1.

Proof: (1). This result directly follows from Lemma 2.5 (i).

(ii). On the contrary, assume that m,,(T) # 0. Then there exists xy €
E(T) with degr(x) =1 and deg;(y) = 2. Let y; be the neighbor of y
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distinct from x, and let u be a furthest vertex from y with degree 4, where
Nbr(u) ={u; |1 <i<4}. WLOG, assume that yy; and uu, exist on the
u, y-path, and y; and u, may coincide. From Lemma 2.5 (i) (that is, n,(T) =
1), it is clear that 3 < degr(u,) < 4. Construct a tree T' € C,T,, as follows:
T"=T—-{uy; |1 <i<3}+{xu;|1<i<3} Clearly, degp(u)=1,
degr,(x) =4 and degy,(w) = degy(w) forall w € V(T)\{u, x}. Then

SO(T") — SO(T) =¥, (Vdeg?(u) + 4% — 42 + deg?(w;))
+V42 + 22 =12 + 22 + /deg?(u,) + 12

—\J4% + deg?(uy).

From Lemma 2.1 (iii), we have h(degr(u,)) = h(3). Thus

SO(T") = SO(T) = /4% + 22 + /32 + 12 — \[42 + 32 — /12 + 22 ~ 0398 > 0,
which is a contradiction. Now

"N _ -3 2 _ 2 2z
}[(T) :]{(T) T 4=l (deg-p(ui)+4 deg-p(ui)+4) + 442 1+2
2 2

degr(ug)+1  4+degr(us)’

From Lemma 2.1 (v), we have ®(degr(v,)) < ®(3). Thus
HT)-HT) <-4+ -2~ -011<0,

4+2 1+2 3+1 4+3
which is a contradiction. Hence, mq,(T) = 0.

(iii). On the contrary, assume that m,,(T) # 0. Then there exists xy €
E(T) with degr(x) =degr(y) =4. We claim that my5(T), m,3(T) and
m33(T) are not simultaneously 0. To prove this, assume that m.5(T) =
my3(T) = ms3(T) = 0. By utilizing Lemmas 2.9 (i)—(ii) in (1.1) — (1.4), we
derive my4(T) = ny(T), maa(T) = 2Zny(T), m34(T) = 3n3(T) and my,(T) =
4k —ny(T) — 3n3(T) — 2n,(T). By using Lemma 2.5, we have my,(T) =
8k +2—2n. Since T € C,T,,, (for n =4k + 1), it implies that my,(T) <
8k + 2 —2(4k + 1) = 0, which is a contradiction. Hence, m3(T), m,35(T)
and m3(T) are not simultaneously 0. Therefore, we distinguish the following
cases.

Case 1: When my3(T) # 0.

The proof is analogous to Lemma 2.6 (iii). Hence, we conclude that
my,(T) = 0.
Case 2: When m45(T) # 0.

The proof is analogous to Lemma 2.6 (iv). Hence, we can conclude that
m44(T) = 0.

Case 3: When m,5(T) # 0.

The proof is analogous to Lemma 2.7 (iv). Hence, we can conclude that
m44(T) = 0.



SOMBOR INDEX AND HARMONIC INDEX OF CHEMICAL TREES 2609
From each case, we obtain m,,(T) = 0.

(iv). This proof is analogous to that of Lemma 2.8 (iii) up to the y, u-path,
employing the Lemma 2.5 (ii). Since u, is the non-pendant neighbor of 4
degree vertex u, by Lemma 2.9 (iii) (that is, m4(T) = 0), it implies that
degr(u,) # 4. Therefore, degr(u,) € {2,3}. Now we discuss the problem in
the following cases.

Case 1: When deg;(u,) = 3.
The proof is analogous to Lemma 2.8 (iii).

Case 2: When deg;(u,) = 2.
Let w be the neighbor of u, other than u. Construct a tree T’ € C,T,, as

follows: T' =T —u,w +xw . Clearly, degr,(u,) =1, degy,(x) =2 and
degr,(t) = degy(t) forall w € V(T)\{u,, x}. Now

SO(T") — SO(T) = /deg2(w) + 22 + V22 +32 + V42 + 1 — /42 + 22
—JdegZw) + 22 — V1 + 32 ~ 0.09 > 0,

which is a contradiction. Then

H(T’)—H(T)Z 2 +i+i_i_;—iz—0.03<0,

degr(w)+2 243 441 442  2+degr(w) 1+3

which is a contradiction. Hence, m,5(T) = 0.

(v). On the contrary, assume that m,,(T) # 2. By Lemma 2.5 (i), clear that
my,,(T)2. Now, it is evident that m,,(T) < 2. Let u be the vertex of degree 2
and Nb;(u) = {uy,u,}. WLOG, assume that degy(u,) = 3 and degr(u,) €
{3,4} (by Lemma 2.9 (i)—(ii)). Next, we distinguish the following cases.

Case 1: When deg;(u,) = degr(u,) = 3.

Let x be a vertex of degree 4 and x' be its non-pendant neighbor. By
Lemmas 2.5 (i) and 2.9 (iii), it is evident that degy(x") = 3. WLOG, let
u, x-path containing uu, and xx' (where x’ and u, may coincide). Construct
T' € C,T,, asfollows: T' =T — uu; — uu, — xx’ + xu + x'u + uyu,. Clearly,
degr(w) = degy(w) forall w € V(T). Then

SO(T") = SO(T) =/ deg}(x) + degi(u) +/degi(x) + deg?(u)
+y/degF(ur) + degi(u;) — \/degi(w) + degf(uy)
—/degi (uz) + degi(u) — \/degi (x) + degi (x)
= V42 + 22 +/32 + 22 + /32 + 32 — /22 + 32
—V/32 + 22 — /47 + 32
~ 0.10 > 0,
which is a contradiction. Now
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’ _ 2 2 2
HA) = H(T) = degr(x)+degr(uw)  degr(x)+degr(u)  degr(ui)+degr(uz)
2 2 2

degr(w+degr(uy)  degr(uz)tdegr(w)  degr(x)+degr(x’)

=2 42422 2 _ 2 _ _0019<0,

T 442 342 3+3 243 3+2 443
which is a contradiction.

Case 2: When degr(u,) = 4 and degr(u,) = 3.
Firstly, let's discuss the neighbors of 4 degree vertices. By Lemma 2.5 (ii),

we have ny(T) = n+’;+1. Since T € C,T,, for 4k <n < 5k — 2, we can infer
that
2k <2 <ny(T) < £ < 3k. 2.5)

From Lemma 2.9 (ii) and (iv), it is evident that pendant vertices are adjacent
to k vertices. Subsequently, based on (2.5), we conclude that there exists a
vertex of degree 4 with exactly 3 pendant neighbors and another vertex of
degree 4 with at most 2 pendant neighbors. Now, focusing on the pendant
vertices, we examine the following subcases:

Subcase 1: When u; has three pendant neighbors.

Let y be another vertex of degree 4 with at most 2 pendant neighbors.
Assume that y; and y, are the non-pendant neighbors of y. By Lemmas 2.5 (i)
and 2.9 (iii), it is evident that degr(y,) = degr(y,) = 3. WLOG, we suppose
that there exists a u,, y-path containing uu, and yy, (where u, and y, may
coincide). Construct a tree T"' € C,T;,, as follows: T =T —yy, —yy, +
uy + u,y + y,y,. Clearly, deg,n(w) = degr(w) forall w € V(T). Then

SO(T") = SO(T) = /deg?(y) + degr(u) +degi (uz) + degr (y)
+/degi(yy) + degi(v,) — \degi (v) + degi (v1)
—\/degi () + degi(y) —/degi(w) + degi(uz)
= V42 + 22 442 + 32 + /32 + 32 — /42 4 32
—V42 +32 —+/22 + 32

~ 0.10 > 0,
which is a contradiction. Now
H(T") —H(T) = 2 + 2 + :
) @ degr(y)+degr(u) = degr(uzx)+degr(y) degr(vi)+degr(¥2)
2 2 2
degr(y)+degr(y1) degr(y2)+degr(y) degr(w)+degr(uz)
_ 242,222 2 . g019<0,

T 442 443 343 443 443 2+3
which is a contradiction.

Subcase 2: When u; has at most 2 pendant neighbors.
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Let u'; be any non-pendant neighbor of u, other than u. Assume that v
be any pendant vertex and N,(T) = {x}. From Lemmas 2.9 (ii) and (iv), it is clear
that degr(x) = 4. Then there exists a u,, v-path that contains uu, and xx’,
where x' be any non-pendant neighbor of x (u, and x' may coincide). By
Lemmas 2.5 (i) and 2.9 (iii), it is evident that degr(x') = degr(u'y) = 3.
Construct a tree T € C,T,, as follows: T"' =T —u'juy; —uu, — x'x + ux +
ux' 4+ u'yu,. Clearly, degrm(w) = degr(w) forall w € V(T). Then

SO(T"") = SO(T) = /deg(x) + deg7 (u) +/deg}(u}) + degf (u,)
+ydegF (up) + degi(x) — /degi(uy) + degf (w,)
—/deg?(u,) + degi(w) — \/deg2(x') + deg?(x)
=42+ 22+ V32 +32+V32+ 42 —V32 4+ 42
—V/22 +32 - /42 + 32

~ 0.10 > 0,
which is a contradiction. Now
2 2
HT")—-H(T) = +
Jdegr(x)+degr(u) \/degT(ui)+degT(u2)
4 2 _ 2
Jdegr(u)+degr(xn) \/degr(u'l)+d€gr(u1)
_ 2 _ 2
Jdegr(up)+degr(w)  \Jdegr(xn+degr(x)
-2 4,2 2 2 2 _ 2z
T 4+2 | 343 3+4 344 243 443
~ —0.019 > 0,

which is a contradiction. In each case, we get a contradiction. Therefore,
my,(T) = 2. Since n,(T) = 1 and m,,(T) = 2, it implies m,3(T) = 0.

(vi) By utilizing both Lemmas 2.5 (i) — (iii) and 2.9 (i) — (v) in (1.1) — (1.4),
KNS my(T) =2 and maa(T) =n—4k—1.

we derive mg,(T) =
This establishes the proof.

Lemma 2.10: If T € C37,; maximizes the Sombor index (minimizes the

harmonic index), where n—k is even, then (i) m,(T) =my,(T) =

My3(T) = mpu(T) =0, (i) mye(T) =0, (iii) my(T) =3k, and (iv)
n 3k

5k
M3a(T) =k, myz(T) =2 =+ 1, and my3(T) = 2= — = 2.

Proof: (i). This result directly follows from Lemma 2.4 (i).

(ii). The proof of this case is similar to Lemma 2.8 (ii).
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(iii). On the contrary, assume that mq,(T) # 3k. Then we have m,,(T) >
3k or my,4(T) < 3k. If m,4(T) > 3k, then there exists a vertex of degree 4
with 4 pendant neighbors, which is not possible. Therefore, we consider the case
when mq,(T) < 3k. We further claim that if m,(T) < 3k, then m3(T) > 0.
On the contrary, assume that m,3(T) = 0. From Lemma 2.10 (i), (1.1), and
my3(T) =0, we have m4(T) = ny(T). This implies n,(T) < 3k. By using
Lemma 2.4 (ii), we deduce §+ S + 1 < 3k. Consequently, n < 5k — 2 which

leads to a contradiction, as T € C37;, ;. Hence, my3(T) > 0.

Then there exists xy € E(T) with degy(x) =1 and degy(y) =3.
Moreover, my,(T) < 3k implies that there exists a vertex u with degree
degr(u) =4 with at most 2 pendant vertices. Let u; and u, be the
non-pendant neighbors of u. Let y; and y, be the neighbors of y other than x.
WLOG, let yy; and u u be located on the y,u-path (where y; and u; may
coincide). By Lemmas 2.10 (ii) and 2.4 (i), it is clear that degy(u,) = 3. Let w
and z be the neighbors of u, other than u. Construct a tree T' € C3T,, as
follows: T"' =T — u,w — u,z + xw + zx. Clearly, degr,(u,) =1, degr,(x) =
3 and degr,(w) = degr(w) for all w € V(T)\{u,, x}. Now

SO(T") — SO(T) = /deg2(w) + 3% + /deg?(z) + 32 + V32 + 32
+V42 + 12 — V42 + 32 — /32 + degZ(w)
—/32 + deg(z) — V12 + 32 = 0.20 > 0.
This is a contradiction. Then
HT)=HT) = ———t———h —p 2 — 2

T degr(w)+3 = degr(z)+3 = 3+3  4+1 443

-2z 2 2 5 _005<0.

3+degr(w) 3+degr(z) 143
This leads a contradiction. Hence, mq,(T) = 3k.

(iv) By utilizing both Lemmas 2.4 (i) — (ii) and 2.10 (i) — (v) in (1.1) — (1.4),
we derive ma,(T) = k, my3(T) =2 =22+ 1 and my3(T) = 5 — >~ 2. This
concludes the proof.

Lemma 2.11: If T € C37,,, maximizes the Sombor index (minimizes the
harmonic index), where n — k is odd, then (i) m,,(T) =0, (ii) m,(T) =0,
(iii) mye(T) = 0, (iv) mp3(T) = 1, (v) my(T) = 3k, and (vi) mye(T) =

1, mys(T) = "4 myg (1) = 25 and may(T) = k — 1.

Proof: (1). This result directly follows from Lemma 2.5 (i).

(i1). The proof is similar to that of Lemma 2.9 (ii).

(iii). This proof is analogous to Lemma 2.9 (iii).
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(iv). On the contrary, assume that m,5(T) # 1. Let u be the vertex with
degree 2 and let u; and u, be its neighbors. From Lemma 2.5 (i), it is clear that
m,3(T) < 2. Therefore, m,3(T) =0 or my3(T) = 2. Next we have the
following two cases:

Case 1: When my3(T) = 2 and degr(u;) = degr(uy) = 3. This case is
analogous to Lemma 2.9 (iv).

Case 2: When m,3(T) =0 and degr(u,) =degr(uy,) =4. We claim
m,,(T) = 2, then my5(T) # 0. To prove this, assume that m;5(T) = 0. From
Lemma 2.11 (ii), m;3(T) = 0 and (1.1), we have m4(T) = n,(T). By using
n+l2c+1. Since T € C3T,, (n > 5k — 3), we
= 3k — 1. However, it is easy to see that for n = 10

Lemma 2.5 (ii), we obtain m,,(T) =
have mq,(T) > w

and k = 2, if m,,(T) = 2, then m4(T) < 3k. This gives a contradiction.
Assume that there exists xy € E(T) with degr(x) =3 and degr(y) =1.
WLOG, let u; does not lie on the u, x-path. Construct a tree T' € C3T;,; as
follows: T' = T — uu, + yu,. Clearly, degr,(u) = degr(u) — 1, degr,(y) =
degr(y) + 1 and degr,(w) = degr(w) forall w € V(T)\{u, y}. Then

SO(T") = SO(T) =/(dr(y) + 1? + d}(w;) — /degi(w) + degi(w,)
—\/degi(y) + deg(x) ++/(degr () + 1)? + deg?(x)
+/(degr(u) — 1)? + deg?(u,) — y/deg? (u) + deg?(u,)
=V22+42 + V12 + 42 + V22 + 32
—V22 4+ 42 —22 + 42 —/32 + 12

~ 0.09 > 0.
This is a contradiction. Now
2 2 2
H(TH —-H(T) =
) ) degr(¥)+1+degr(u1) + degr(u)—1+degr(uz) + degr(¥)+1+degr(x)

2 2 2

degr(u)+degr(u1)  degr(u)+degr(uz) degr(y)+degr(x)

2 2 2 2 2 2

__+__|_____———z—0.030<0.

T 244 1+4 243 244 2+4  3+1
This leads to a contradiction. Hence, m,5(T) = 1.

(v). On the contrary, assume that m,,(T) # 3k. Then we have m,(T) >
3k or my,(T) < 3k. However, my,(T) < 3k because otherwise it would imply
the existence of a vertex of degree 4 with four pendant neighbors. We further
claim that if my4(T) < 3k, then m;3(T) > 0. On the contrary, assume that
my3(T) = 0. By Lemma 2.11 (ii) and (1.1), we have m4(T) = n.(T). This

implies n;(T) < 3k. By using Lemma 2.5 (ii), we obtain %’m < 3k. This gives

n < 5k — 1 which is a contradiction as T € C37,, ;. Hence, my3(T) > 0.
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Then there exists xy € E(T) with degy(x) =1 and degy(y) =3.
Moreover, my,4(T) < 3k implies that there exists a vertex u with deg;(u) = 4
with at most 2 pendant vertices. Let u; and u, be the non-pendant neighbors of
u. Let y; and y, be neighbors of y other than x. WLOG, let yy; and u,u lie
on the y, u-path. By Lemma 2.11 (iii), it implies that degy(u,) # 4. Therefore,
degr(u,) € {2,3}. Now, arises following cases:

Case 1: When degr(u,) = 3. This case is similar to Case 1 of Lemma 2.10 (iii).

Case 2: When degr(u,) = 2. Let w be the neighbor of u, other than u.
Construct a tree T’ € C3Tp,, as follows: T'=T —u,w+xw . Clearly,
degr,(uy) =degr(u;) —1 , degr,(x) =degr(x)+1 and degr,(w) =
degr(w) forall w € V(T)\{u,, x}. Now

SO(T") — SO(T) = \/deg2(w) + 22 + V22 +32 + 42 + 12 — /42 + 22
—yJdegi(w) + 2% _12 + 3% ~ 0.09 > 0.

This is a contradiction. Now
2 2 2 2 2 2

HTY-HT) =———F = — -2 2+ _003<0,

degr(w)+2 = 243 441 442 degr(w)+2 143

which is a contradiction. Hence, m,5(T) = 0.

(vi). By utilizing both Lemmas 2.11 (i) — (v) and 2.5 in (1.1) — (1.4), we
derive myg(T) = 1, mys(T) =22 maa(T) = 22522 and may(T) = k —
1. This establishes the proof.

Theorem 2.12: Let T € CT,,, be a tree with maximum Sombor index (minimum
harmonic index). Then the values of SO(T) (H (T)) are given in Table 1.

Table 1
Extremal chemical trees in CT',;, for Sombor index and harmonic index

n and k CT,, | Maximum value of SO index Minimum value of
’ H index
n=5and k=1 \{Ss} |4V17 6/5
n==6and k=1 {Sy,} [3v17 +v20++5 7/5
n —k is even C1Tnk (15+«/_ 8\/_) " (\/_ 45+32\/‘) 53n—11420k—29
W7+ WE—15
—k is odd C, T 1s+\/_ 8v2 Vi7—- 45+32\/— 159n-39k—71
n iso 1Tk | ( ) n+( Y =
+ “_ i2 +4vZ + 45
n —k is even C, T, 6\/_+\/_ 5 35+\/_ 24V2 41n-14k—-23
29nk ( ) n+ ( )k _105
+\/_ 5-3v2
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354v17-24+/2. 41n-7k-19

n—k isodd CoTnk (6\/_+«/_ 5 Yk
105

n+ (
+4x/_—3x/_+M

n —k is even C3Tnk (‘/_”‘/_)n +(5+3V17
_5\/_+9\/—)k+\/__6\/_

175n-111k-70
420

n—k is odd C3Tnk (\/_+3\/’) +(5- 5V10+9v2 175n—462105k—22
2

+3\/_)k+\/_—5+M

Proof: 1t is easily seen that CT;; = {S5} and CJg; = {S,,}. The results for the
extremal values of S5 and S,, are given in Table 1 by direct calculation. We
now discuss the problem in the following cases:

Case 1: If T € C,T,; and n — k is even, then by applying Lemma 2.6 in (1.7)
and (1.8), respectively, we obtain

53n—12k-29
}[(T) = 140

SO(T) = (BNI2) gy (YTASERE) ) 1 VT + 4VZ — 15,

2

’

Case 2: If T € C;T,,; and n — k is odd, then by applying Lemma 2.7 in (1.7)
and (1.8), respectively, we obtain

159n-39k-71
HI) ==% —

SO(T) = (15”?_8‘/7) n+ (m—42+32\/5) k + m2—4s + 42 + 445,

)

Case 3: If T € C,7,,, and n — k is even, then by applying Lemma 2.8 in (1.7)
and (1.8), respectively, we obtain

41n-14k-23
H) ==

SO(T) = (I (BNT202) 4 4 V7 - 5 - 372,

’

Case 4: If T € C,T,; and n — k is odd, then by applying Lemma 2.9 in (1.7)
and (1.8), respectively, we obtain

41n-7k-19
H) ==

SO(T) = (6ﬁ+\2/ﬁ—5)n n (35+\/1_Z—24\/E)k + 445 — 3\/§+x/1_72—25.

Case 5: If T € C37,, and n — k is even, then by applying Lemma 2.10 in (1.7)
and (1.8), respectively, we obtain

H(T) =—n—-Ck-

140 6

SO(T) = (“_ff)n+ (5+3vI7 - 222 4 V10 - 6v2.

)
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Case 6: If T € C37;,, and n — k is odd, then by applying Lemma 2.11 in (1.7)
and (1.8), respectively, we obtain

5 41 19

.7'[(T) —ETL—E —m,

SO(T) = (T222) 54 (5 - 22 4 377 )k + VI3 — 5 + 2T
This finishes the proof.

3. Construction of extremal trees

From Theorem 2.12, we found chemical trees in the class CT;; that
maximize the Sombor index and the same trees simultaneously minimize the
harmonic index. In this section, we construct the corresponding extremal
chemical trees. Notably, CT, , has only S, and S,, when n =5, k=1 and
n =6, k = 1, respectively. Thus, let us construct the extremal chemical trees,
excluding the cases where n € {5,6} and k = 1.

Corollary 3.1: If T € C,T,,, and n — k is even, then the tree T with maximum
S0 index and minimum harmonic index is shown in Fig. 1.

n-3k-2
; , e 2

1 2 dh-n+2

% Yy ywlHel
Figure 1

T € C1T; when n— k is even.

Corollary 3.2: If T € C;T;, and n — k is odd, then the tree T with maximum
SO index and minimum harmonic index is shown in Fig. 2.
n-3k-3
1 2 2

vV

Figure 2
T € C1T,, when n — k is odd.

Corollary 3.3: If T € C,T,, and n — k is even, then the tree T with maximum
SO index and minimum harmonic index is shown in Fig. 3.
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v Y}/ YI/ %/Y V Y %
Figure 3

T € C;T,,x when n — k is even.

Corollary 3.4: (a) If T € C;Ty ., n—k isodd, n =9 and k = 2, then the tree
T with maximum Sombor index and minimum harmonic index is shown in Fig.4a.

(b) If T € CTp, . n—k is odd and k = 2, then the tree T with maximum
SO index and minimum harmonic index is shown in Fig. 4b.

(@ n=9andk = 2.

1 2 e 2 1 . -4k

L t/%/ Yy“%/ Y \}/\}/r/

(b) If k> 3.
Figure 4
T € C;T,x when n — k is odd.

Corollary 3.5: (2) If T € C3T,, 4, n — k is even and k = 1, then the tree T with
maximum SO index and minimum harmonic index is shown in Fig. Sa.

(b)If T € C3Typ, n— k iseven and k = 2, then the tree T with maximum
SO index and minimum harmonic index is shown in Fig. 5b.

n-3k-2
’ ‘2 . ’

) 1) :
(a)If“klzl

I 2 k-2

n-5k+2
S

]

b)Ifk=>2
Figure S
T € C3T, x when n — k is even.
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Corollary 3.6: (a) If T € C37,,, n —k is odd and k = 1, then the tree T with
maximum SO index and minimum harmonic index is shown in Fig.6a .
(b) If T € C3Tp, n —k is odd and k = 2, then the tree T with maximum

SO index and minimum harmonic index is shown in Fig. 6b.
n-3k-3

1 27
@Ifk=1
1 2 o k=2
n-5k+1
12
bIf k=2
Figure 6

C3Tx when n — k is odd.

4. Conclusion

In this paper, we successfully found extremal chemical trees in CT;, that
maximize the Sombor index and the same trees simultaneously minimize the
harmonic index. Furthermore, we completely characterize and construct the
corresponding extremal trees. It is noteworthy that this problem has been
addressed for chemical trees. Consequently, we present the following open
problem:

Problem 4.1: Find the n-vertex trees with given number of vertices of maximum
degree that has maximum Sombor index and minimum harmonic index.

References

[1] H. Wiener, “Structural determination of paraffin boiling points,”
Journal of American Chemical Society, vol. 69, no. 1, pp. 17-20 (1947).

[2] S. Wagner and H. Wang, Introduction to chemical graph theory. CRC
Press (2018).

[3] S.Fajtlowicz, “On conjectures of graffiti-ii,” Congressus Numerantium,
vol. 60, pp. 187-197 (1987).

[4] L. Zhong, “The harmonic index for graphs,” Applied Mathematics Let-
ters, vol. 25, no. 3, pp. 561-566 (2012).



SOMBOR INDEX AND HARMONIC INDEX OF CHEMICAL TREES 2619

[5] A. Ali, L. Zhong, and I. Gutman, “Harmonic index and its general-
izations: extremal results and bounds,” MATCH Communications in
Mathematical and in Computer Chemistry, vol. 81, no. 2, pp. 249-311
(2019).

[6] J. M. Rodriguez and J. M. Sigarreta, “New results on the harmonic in-
dex and its generalizations,” MATCH Communications in Mathematical
and in Computer Chemistry, vol. 78, no. 2, pp. 387-404 (2017).

[7] K. Sayehvand and M. Rostami, “Further results on harmonic index
and some new relations between harmonic index and other topologi-

cal indices,” Journal of Mathematics and Computer Science, vol. 11, pp.
123-136 (2014).

[8] I. Gutman, “Geometric approach to degree-based topological indi-
ces: Sombor indices,” MATCH Communications in Mathematical and in
Computer Chemistry, vol. 86, no. 1, pp. 11-16 (2021).

[9] H. Deng, Z. Tang, and R.-Wu, “Molecular trees with extremal values
of Sombor indices,” International Journal of Quantum Chemistry, vol.
121, no. 11, p. 26622 (2021).

[10] H. Liu, I. Gutman, L. You, and Y. Huang, “Sombor index: review of
extremal results and bounds,” Journal of Mathematical Chemistry, vol.
60, no. 5, pp. 771-798 (2022).

[11] K. C. Das and I. Gutman, “On Sombor index of trees,” Applied Math-
ematics and Computation, vol. 412, p. 126575 (2022).

[12] I. Gutman, B. Furtula, and M. S. Oz, “Geometric approach to vertex-
degree-based topological indices—elliptic Sombor index, theory and
application,” International Journal of Quantum Chemistry, vol. 124, no.
2, p. 27346 (2024).

[13] S.Liuand]. Li, “Some properties on the harmonic index of molecular
trees,” ISRN Applied Mathematics, vol. 781668 (2014).

[14] R. Cruz, I. Gutman, and J. Rada, “Sombor index of chemical graphs,”
Applied Mathematics and Computation, vol. 399, p. 126018 (2021).

[15] H. Deng, S. Balachandran, Y. Venkatakrishnan, and S. R. Balachan-
dar, “Trees with smaller harmonic indices,” Filomat, vol. 30, no. 11,
Pp- 2955-2963 (2016).

[16] H. Chen, W. Li, and ]. Wang, “Extremal values on the Sombor index
of trees,” MATCH Communications in Mathematical and in Computer
Chemistry, vol. 87, no. 1, pp. 23—49 (2022).



2620 I.JAHANGIR ET AL.

[17] Q. Fan, S. Li, and Q. Zhao, “Extremal values on the harmonic number
of trees,” International Journal of Computer Mathematics, vol. 92, no. 10,
pp- 2036-2050 (2015).

[18] R. Wu, Z. Tang, and H. Deng, “A lower bound for the harmonic index
of a graph with minimum degree at least two,” Filomat, vol. 27, no. 1,
pp- 51-55 (2013).

[19] R. Rasi and S. M. Sheikholeslami, “The smallest harmonic index of

trees with given maximum degree,” Discussiones Mathematicae Graph
Theory, vol. 38, no. 2, pp. 499-513 (2018).

[20] R. Cruz, J. Rada, and J. M. Sigarreta, “Sombor index of trees with
at most three branch vertices,” Applied Mathematics and Computation,
vol. 409, p. 126414 (2021).

[21] J. Kok and M. K. Jamil, “A note on the harmonic index and harmonic
polynomial of graphs with weighted vertex degrees,” Journal of Infor-
mation and Optimization Sciences, vol. 40, no. 1, pp. 13-21 (2019).

[22] I Goli Farkoush, M. Alaeiyan, and M. Maghasedi, “On Narumi-Kata-
yama indices of molecular graphs and its modified version,” Journal
of Discrete Mathematical Sciences and Cryptography, vol. 22, no. 7, pp.
1189-1197 (2019).

[23] B. Li, “The first three smallest Estrada indices for trees,” Journal of
Discrete Mathematical Sciences and Cryptography, vol. 20, no. 2, pp. 535
542 (2017).

[24] A. Wusuyin and M. Metsidik, “Schultz indices of F-sums graphs,”
Journal of Discrete Mathematical Sciences and Cryptography, vol. 16, no.
2-3, pp. 167-177 (2013).

[25] T. Zhou, Z. Lin, and L. Miao, “The extremal Sombor index of trees
and unicyclic graphs with given matching number,” Journal of Dis-
crete Mathematical Sciences and Cryptography, pp. 1-12 (2022).

[26] D. B. West, Introduction to graph theory. Prentice hall Upper Saddle
River, vol. 2 (2001).

Received June, 2024



