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Abstract

In this article, we consider two interesting classes of an infinite planar graphs (viz.,
the flower graph S, = F, , and the graph D}, constructed using prism graph) and for these,
we study a graph parameter, called the mixed metric dimension (MMD). We prove that both
of these are the families of planar graphs with an unbounded and non-constant MMD. We
also discuss the concept of an independent MMD and for these classes of infinite graphs,
we show that the mixed metric basis set £, is independent. We also compare the results of
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MMD, with some of the already obtained results regarding the variants of metric dimension
for these two planar graphs.
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1 Introduction

The metric dimension (MD), a key graph invariant, has emerged as one of
the most extensively studied topics in graph theory and finds relevance across
numerous areas. The MD has applications in almost every computational branch
of sciences, like mastermind games, chemical science, computer science, etc.
Firstly, metric generators (resolving sets) were called as locating set by Slater in
[1], where he introduced the concept of MD and consider an issue of identifying
uniquely the position of an intruder in the given complex network. On the other
side, the idea of the MD of a network was autonomously presented by Melter
and Harary in [2], where the resolving sets are treated by giving another name
i.e., the resolving sets.

After the introduction of this significant concept of metric dimension in
the initial two articles [1, 2], various interesting results both theoretical and
applicative for this graph parameter have been published. Slater in his first paper
[1] focused on the location of a thief present in the network, while others
researchers incorporated this idea to pattern recognition and image processing
[3]. Some other explore its applications in chemical sciences [4] and while some
have investigated the route of a navigating robots in a considered network [5].
The notion of MD contributed towards the issues related to network discovery
[6] and has marked its applications in enhancement of combinatorial
optimization [7]. For in depth knowledge of MD and its related work, one can
refer [8, 9, 10] and references therein.

Suppose the graph T = (V(I"),E(I")) to be undirected, connected and
simple, where E(T") interprets the edges and V(T') be the vertices of the graph T
Let dr(x,y) and dp(x, e) represents the distance between the two vertices x,y
and an edge e = ab and vertex x respectively, where dr(x, e) = min{dr(x, a),
dr(x,b)}. A single vertex x € V(I") resolves (determines or distinguishes) two
elements a,b € V(I') U E(T) if dr(x,a) # dr(x,b). A subset £ (8; for edge
resolving set or £, for mixed resolving set) of V(I'), is called as the resolving
set (RS) in T, if elements of the set £ determines each pair of distinct vertices of
a graph I'. Mathematically, for an ordered subset £ = {a;, a;,a3,...,a,} of
vertices of I, and a member v € V(T'), the representation \code of v regarding £
is the ordered p-tuple {(v|8) = (dr(v, a1), dr (v, @z), dr (v, @3), ..., dr (v, ap)).

If for any two distinct vertices a and b of ', {(a|®) # {(b|®), then £ is
called as the RS of I'. The set & with resolving property and minimum
cardinality is name as the metric basis (MB) of I', and the MD of I is nothing the
cardinality of its MB set, and which is represented by S(I') or dim(T).
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After the introduction and in depth exploration of the notion of resolving
set and corresponding MD for connected graphs, various other variants of this
concept have been introduced. Several prominent researchers have introduced
distinct variants of resolving sets like for instance, partition resolving , edge
resolving, edge-partition resolving, local resolving, fault-tolerant resolving,
strong resolving, mixed resolving, dominant resolving, fractional resolving sets,
etc. Then, these newly introduced concepts have been examined both
theoretically and from the applicative view points. These graphs parameters are
collectively known as resolvability parameters. For in depth knowledge of these
notions, one can refer [9, 11, 12, 13] and references there in. Also, there are
infinitely many graph families for which some of these resolvability parameters
have not been studied, few of them are listed in these papers [14, 15, 16].

Definition 1: Independent Resolving Set (IRS): In I, a subset L C V(I') is
IRS, if L is both a RS and independent.

From the definition of MD, one can clearly find that the MD deals with the
vertices of graph only. Similar to MD, an interesting concept known as EMD
was initially defined by Kelenc, Tratnik, and Yero, [16], which consider only the
edges present in a graph under consideration. In particular, the notion of MD
uniquely identifies the vertices of a graph whereas the notion of EMD identifies
all the edges of a graph. In order to define the notion of EMD, we have to
consider the geodesic between a vertex t and an element e = ry form E(T),
which is define as: dr(t,e) = min{dr(t,r),dr(t,y)}. Then, a subset &g
consisting of vertices from V(TI') is said to be an ERS if for each pair of distinct
edges e; and e, in E(T), there exist a vertex s in &g, such that dp(s,e;) #
dr(s,e;). The set 8 with edge resolving property and minimum cardinality is
name as an edge metric basis (EMB) of I', and the EMD of T is nothing the
cardinality of its EMB set, and which is represented by B¢ (T") or edim(I").

Definition 2: Independent Edge Resolving Set (IERS): In I', a subset
Ly € V(I') is an IERS, if L is both a ERS and independent.

After the concept of metric basis and edge basis, an interesting graph
invariant, known as mixed metric basis (MMB) was originally formulated by
Kelenc, Tratnik, and Yero, [16]. This new notion brings together the concepts of
MD and EMD, and termed it as the MMD of I'. For this, let £, € V(T') and is
said to be a MRS for T, if for any two distinct members of E(I") U V(I") are
recognized by some vertex in £,. The mixed metric code/representation
(MMR) for any member k of V(I') UE(T) corresponding to the set £, =
{y1,v2,¥3,...,vp} in I, is an ordered p-tuple {y (k[8y) = (dr(k,y1), dr(k,v2),
de(k, V), dr (. ¥p))- 1F Qo (ka|24s) # Gy (ka|2). for any ky and ky in
E(T) u V(I"), then &, is said to be a MRS for I'. The set £, with mixed
resolving characteristics and minimum cardinality is name as a mixed metric
basis (MMB) of T, and the MMD of T is nothing the cardinality of its MMB set.
Symbolically, it is represented by mdim(I"). Now, for this graph invariant we
define the following:
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Definition 3: Independent Mixed Resolving Set (IMRS): In I', a subset
Ly € V(') is an IMRS, if L), is both a MRS and independent.

In this work, we investigate MMB and MMD for two interesting infinite
planar graphs viz., D, and F,y,,. For these planar graphs, authors have
computed the MD as well as EMD, providing the base to this paper. Regarding
MD and EMD, for D, and F,,,, we have the following listedobtained results
for them.

Theorem 1: [17] Let D, be a planar graph with 5n edges and 3n vertices. Then,
B(Dy) = 3, foranyn = 6.

Theorem 2: [18] Let F,ym be a planar graph with 3n edges and 2n vertices.
Then, for every n = 6, we have

2, if n is even natural;
B (Fscm) = {3, othewise.

and regarding the EMD, we have

Theorem 3: [17] Let D;, be a planar graph with 5n edges and 3n vertices. Then,
for every n = 3, we have

4, if n=34,;
Be(Dp) = {E] + 1, otherwise.

Theorem 4: [18] Let Fuim be a planar graph with 3n edges and 2n vertices.
Then, for every n = 3, we have

3, if n=4,;

Be(Fum) = { b M 1=35;
[;], otherwise.

By using definition 2 and EMD of F, ,, and D, we obtain the following
two results respectively.

Theorem 5: Let F,y,, be a planar graph of size 3n and order 2n. Then, its
IEMD is E] for everyn = 6.

Proof: For detailed proof, consider Theorem 2.3[1] for reference.
and

Theorem 6: Let Dy, be a planar graph of size 5n and order 3n. Then, its IEMD
is E] + 1, for everyn = 6.

Proof: For detailed proof, consider Theorem 3[17] for reference.
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The organisation of this manuscript is as under: Section 2 determine the
MMD of an infinite planar graph Dy, and also study MRS &, for it with
independence characteristic. Section 3 determine the MMD of the second
infinite planar graph F,..,, and also study MRS &,, for it with independence
characteristic. In our last part of the manuscript, we summarizes our findings
and results related to the above said families of the infinite planar graphs.

2. MMD of Infinite Graph D;,

The planar graph D, [17] comprises of n four-sided faces, n triangular
faces, an n-sided face, and a 2n-sided face, refer Fig. 1. This planar network is
generated from D,, (the prism graph) in a manner that, it is constructed from D,,
by inserting a new vertex between the vertices qg and qg,¢ (say, 1) in the outer
cycle of the prism graph and again adding the edges between the vertices gz and
qr+1- The set of edges has cardinality 5n and the set of vertices has cardinality
3n for D, and are presented by E(D;) and V(D,), where E(D;) =
{PrAr, ArTe, PePr+1, Ardr+1, TRqR+1: 1 S B <n} and V(Dp) = {pe, qe,1:: 1 <
3 < n} (we take £ = @, in Figures 1 and 2).

For easy working, we name the vertex set {pg:1 < {3 < n} in D,, present
on the innermost cycle as the p-cycle vertices, we name the set of vertices
{gz: 1 < 3 < n} in D, present on the middle cycle as the g-cycle vertices, and
finally we name the set of vertices {rg: 1 < 8 < n} present on the outer side of
Dy, as the outer vertices. For simplicity, we will take pn41 = P1, 14n = q1, and
The1 = 77. In the present section, we will investigate MRS for D,, and prove that
such a set has minimum of n 4+ 1 number of vertices. Furthermore, we will
prove that the MRS is also independent for D,. Next, in order to obtain our
desired results regarding MMD of D,,, we strongly need the following three
important Lemmas:

Figure 1
Infinite Planar Graph D;,, forn > 6
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Lemma 1: Let £y, be any MRS for the plane graph D;,. Then, the set of outer
vertices {rg|1 < § < n} c &,

Proof: For the contradiction, we suppose that at least one vertex from the set
{rz|1 <3 < n}, is not in the MRS &,,. WLOG, for any f3, we suppose that

1 € £y. Then, we have {y(qgl€y) = {n(rqr|Ly) and {y(qr+1lLy) =
O (729 +118Mm), a contradiction.

Lemma 2: Let 8y, be any MRS for the plane graph D,,. Then, at least one vertex
from the p-cycle is in &y.

Proof: Suppose on the contrary that no vertex from the p-cycle is in £, i.e., for
any f3, pg € £y Then, we have {; (qg|2y) = {u (Prar|LMm), a contradiction.

In Lemma 3, we set the lower possible bound for the plane graph Dy,
regarding its MMD.

Lemma 3: For planar graph D;,, we have By (D;;) = n + 1, for each n = 4.

Proof: Suppose the MMD of Dj, is equals to n i.e., Sy;(Dy) = n (on contrary).
Then, by considering Lemma 1 and Lemma 2, we will always obtain a
contradiction, as the cardinality of the collection {rz|1 <8 < n} is n. So, we
always find that 5y, (D;;) = n+ 1.

Finally, for the upper bound of the graph D, regarding its MMD, we have
the following interesting and important result:

Theorem 7: Let D;, be a planar graph of size 5n and order 3n. Then, we have
Bu(D) =n+ 1, for everyn = 4.

Proof: In order to prove that S, (D;) <n+ 1, suppose Ly = {p, 71,72+
Tn_1,Tn} € V(D). We will prove that £, is the MMB set for the Prism type
graph D;,. Note that for n = 4,5, one can see that the set £, is the MMB set for
D;, by simple manual evaluation. Next, for each n = 6, we have to prove that its
MMD is unbounded, to attain this we consider two cases based on the integer n
i.e., when n is odd and when it is even.

Case (1) n is odd.

For this situation, the integer n takes the shape n = 2£ + 1, where £ € N
and £ = 3. Let 8y = {p1, 71,72, Te41, Te42} € V(Dy,). Now, to see that ), is the
resolving set in the mixed sense for Dj;, we will represent the MMRs for every
member present in V(D) U E(D;,) corresponding to the set £;,.

Now, the MMRSs for the vertices {v = pg, qg, 1| = 1,2,3,...,n} regarding
L) are:
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SIS

* —_—
By = {P1, 71,72, Te41, T2}

Sm(gl8y):(B=1)

R—123,£—R+3,E+1)

S (gl 8u):(8 = 2)

(R—1,R2E—RB+3,E—R+4)

mglem):B<R<£+1)

R-1RBB—1E—R+3,E—RB+4)

Sm(gl€un):(B=£+2)

(E—R+22£—R+4R—1,R—£,E—R+4)

In(gl8):(E+3<RB<
2£+ 1)

RE—R+22£-R+42£—-R+5R—-E£R—-£-1)

AGEUN)

* —
8y = P17, 72 Ter1, Tes2)

Sm(qgl8m):B = 1)

(R 1,2,£—R+2,£)

Im(qgpl€m):(B = 2)

BR—11L,E—R+2E—R+3)

Sm(qpl8m)B<B<£+1)

BR—1,R—2,E—R+2,E—RB+3)

Sm(qgl€y):(B =£+2)

(RE—R+32£—R+3,R—2,R—£—1,£—R+3)

1

(RE—R+32£—R+32£—R+4,R—£—1,8—
£-2)

AGEUN)

* p—
By = {P1, 71,72, Te41, T2}

S (gl €y):(B = 1)

(R+1,02,£—R+2,E+1)

Sm (rg|2y):(B = 2)

(R+1,80E—R+2E—R+3)

Im(gl8m):B < B<£)

R+1LRRB—1LE—R+2,E—R+3)

Sm(g| &) B=£+1)

(£ —R+ 3,8, —1,0,£ — R + 3)

Sm (| &) (B = £+ 2)

(E—R+32£—R+3,8—1,R —£,0)

In(mel&):(E+3<R<2£+1)

(£ —R+326 —R+32E—R+4,R—£,R —
£-1)

and the MMRs for the edges {& = pgPr+1, PrArs Arr+1, drTor TRAR+1118 =
1,2,3,...,n} regarding L}, are:

Sm(el€m)

*
By = {P1, 71,72, Te41 T2}

Cu(Prpr+1|8y):(B =1)

RB—123E—R+2,E+1)

Cm(PrPr+1180):(8 = 2)

R—1,82E—RB+2,E—R+3)

Sm(PePr+1l8u):B S B < £)

R-1,RBB—1E—R+2,E—R+3)

Sm (Pepr+1l8y):B=£+1)

QRE—R+1L,RR—1,2,E£—R +3)

S (Pepr+1l8m):B = £+ 2)

(E—R+12£—R+3,8—1,R —£,2)

O (Depre1|8h):(E+3 <R <2£+

D

(£ —R+ 126 —R+326—R+4,R —£,R—
£-1)

Sm(elem)

*
By = {P1, 71,72, Te41, T2}

Cm(Prqrl8y):(B = 1)

(B—1,1,2,£— R+ 2,£)




2852

S. K. SHARMA, Y. AL-QUDAH AND V. K. BHAT

S (P gl €):(R = 2)

B-1,8-11L,E-RB+2,£-0B+3)

{m(Prarl8):B<R<E£+41)

R-1,B—1,8—2,E—R+2,E—R+3)

{m(Ppqpl€m):(B =£+2)

(RE—R+22£—-R+3,R-2R—£-LE-R+
3)

Inu(Prqel@):(E+3<B <
2£+ 1)

(2£—R+22£—RB+326—RB+4R—£—1,R —
£-2)

RGN

*
Ly = {P1, 71,72, Te41 T2}

Im(qgqp+1l8m):B = 1)

®1,1,E£—R+1,£)

(g qp+118m):B = 2)

BR-—1LE-R+1LE—R+2)

{m(qrqp+118m):B S B < £)

BR-1,8-2,E-RB+1LE-LR+2)

Im(qrqp+1l8m):B=£+1)

RE-B+2,8-1,8-21,£-8+2)

(m(qpgp+1|8m): B =£+2)

QRE—R+22£—R+2,R—2,R—£—1,1)

(m(qrr+1l8M)(E+3 =R <
2+ 1)

QRE—R+22£—R+22£—R+3,B—£—
1,R—£—2)

ARG

*
By = {17072 Ter1 Ter2)

m(qrmel8y):(B = 1)

(R,0,2,£ — R +2,£)

Sm (a7l m):(B = 2)

RRB—10E—R+2,E—RB+3)

{m(q7elu):B < B < £)

RB—1,8B—2,E—R+2,E—R+3)

Sm(qeral€m):B=£+1)

(RB8—1,8—20E—R +3)

Sm(qeral8m):B = £ +2)

(2E—R+32£—R+3,R—2,R —£—1,0)

D

In(qeme|8y):(E+3 <R < 2£+

(RE—R+32£—R+32£—R+4R—£—1,8—
£-2)

Sm(el€m)

*
By = {Pu 7072 Ter1 Tes2)

(m(qrrre1183):(B =1)

RB+1,01LE—R+1,E—R+2)

Sm(q7a+1|80):(B = 2)

R+1,R0E—R+1,E—R+2)

Cm(qpre+1|83):B = B < £)

R+1,RBR—1,E—RB+1,E—R+2)

Sm(@grp+a|8p): (B =£+1)

(E—R+22£—R+2,R—1,0,£—R +2)

(@741 |8p):(B = £+2)

(2 — R+ 2,26 — R+ 2,26 — R+ 3,R — £,0)

D

I (Qaresr|@):(E+3<R<2E+ | QE—R+22£—R+226—R+3,R—£R —

£-1)

From the above, for the MMR of edges and vertices for the graph Dj,
regarding the set L),, we find that for 1 < <n and R # 1,2, £+ 1,£ 4+ 2,
Cm(qel€h) = Cu (el €y) and {ay(gr+a|Lh) = {u(RGg+1/Lh)- In the rest of
the cases, there does not exist any two vertices and edges in D, with the same
mixed metric code. Forevery 1 <8 <nand 8 # 1,2, £+ 1,£ + 2, we see that

(gl 8y U {re}) # Cu(reqel 8 U {r}) and {y(qee1l8y U {1:}) # {u (el
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Ly U {rg}). From this, we have {y (qg|2x) # {n (1rqg|Lm) and {y (ge+1|Ly) #
Cn(2qr+118m), for any 1 < 8 < n and so |2y| < n + 1. Now, on combining
Lemma 3 and the above discussion, we find that £,, is the MMB set for the
plane graph Dy, which implies that 5,,(D;) = n + 1 in this case.

Case (2) nis even.

For this situation, the integer n takes the shape n = 2£, where £ € N and
£ > 3. Let &y = {p1, 11,12, 7541} € V(D). Now, to see that £;, is the resolving
set in the mixed sense for Dj;, we will represent the MMRs for every member
present in V(D) U E(D,,) corresponding to the set £,.

Now, the MMRs for the vertices {v = pg, qg, 1:|R = 1,2,3,...,n} regarding

L5, are:

CIESN)

By ={py,1, 12 Tesa}

Smg|8m):(B = 1)

R-123,£+1)

S (g 8m):(B = 2)

R—1,82E—B+3)

Im@elem):B<B<E£+1)

R—1,88—1E—R+3)

Cm(Pel8y):B=£+2)

(E—R+12£—R+3,8— 1,8 —£)

0 (Pg|8u):(E + 3 < R < 2£)

QRE—R+12£—R+32£—R+4,R—£)

Cmu([8um)

By = {P1,71, 72, Te41)

(m(ggl8m): (B =1)

($3,1,2,£)

Im(qgl8m):(R = 2)

R R—11E—R+2)

Cu(qel€):B<R<E£+1)

RR—1,R—2,E£—R+2)

Cm(qpl8u):B=£+2)

(RE—R+226—R+2,R—2,R —£—1)

(E—R+226—R+22£—R+3,R—£—1)

UCIEN)

By ={py,1, 12 Tes1})

Cm(gl8u):(3=1)

R+1,02E—R+2)

(gl 8a):(3 = 2)

B+ 1,80, —R+2)

(m(gl8m):B =B < £)

(R+1,8,R—1,E—R+2)

m(gl8m):RB=£+1)

(2E—R+22£—RB+2,8—1,0)

O (g 8u):(E + 2 < B < 2£)

(£ — R+ 2,26 — R+ 2,26 — R+ 3,R — £)

and the MMRs for the edges {e = pgpgi1, Prdr GrqR+1, drTR TRAR+11B =
1,2,3,...,n} regarding &, are:

Cm(el8a)

‘QM = {plerTZ'rE+l}

Sm(PgPr+1|8m):(B = 1)

R—123,£—R+2)

Cm(Prpr+18u):(B = 2)

B—1,82E—B+2)

Cm(Prpr+1l8M):B =B < £)

B-—1BR—1,E—R+2)

CmuPrpr+1l8m):(B=£+1)

(£ —R,26£ —R+2,R —1,2)

Cm(PrPr+1l8u):(E + 2 < B < 2£)

(2E — R, 26 — R+ 2,2E — R + 3,R — £)
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Cm(el8um)

QM = {plf 71,72, T£+1}

Sm(Ppqp|€m):(B = 1)

R—1,1,2,£)

S (Prqg|€m):(B = 2)

R-1,8—11,E—RB+2)

SmPpqelEm):B<=B<£+1)

R-1,B—1,8—2,E£—R+2)

Sm(Ppqp|€m):(B = £+2)

QRE—R+12£—R+2,R—2,R—£—1)

{u (Pedel8um):(E + 3 < B < 2£)

QRE—R+12£—R+22£—R+3,R—£—1)

Cm(el8um)

Ly ={p1, 11,72, 7841}

{m(qrqr+118m):(B = 1)

®1,1,E£—R+1)

{m(qrqr+118m):(B = 2)

®RB8—11E—R+1)

{m(qrqr+118m):(3 = R < £)

RR—1,B—2,E—R+1)

{m(qrar+118m):(B=£+1)

QRE-R+12£—-R+1,8—21)

Im(qrdp+1]8m):(E + 2 < R < 2£)

RE-RB+12£6-R+12£—-RB+2,R—£-1)

Cm(el8um)

By ={p1, 11,72 Te41)

Sm(qprel€n):B =1

($3,0,2,£)

Sm(qprel€y):(B = 2)

(R,8—1,0,£—R +2)

{m(qrrel8m):3 = R < £)

RR—1,8—2,E—R+2)

Im(qere|€y):(B = £+ 1)

®,R—1,8—2,0)

Sm(qerel€m):B = £ +2)

RE-RB+22£-R+2,8-2,R—-£-1)

Ov(qrre|8y):(E + 3 < R < 2£)

RE-RB+22£-R+22£-R+3,R—£-1)

v (el 8um)

By ={p1, 11,72, Te41)

m(qrre1|8a):(B =1)

®+101LE—R+1)

m(qrTee1|8a):(B = 2)

R+1,80E—R+1)

{m(qrrre1l8m): 3 S B < £)

R+1,R8—1,E—R+1)

{m(qrrre1|8a): (B =£+1)

(E—R+12£—R+ 1,8 —1,0)

{m(qrrre1|8m):(E+2 < B < 2£)

QRE—R+ 126 —R+ 126 — R+ 2,8 — £)

From the above, for the MMR of edges and vertices for the graph Dj,
regarding the set £;, we find that for 1< <n and R+ 1,2,£+1,
Cm(qgl8am) = S (el Ly) and Ga(Ggea|La) = Su(qr+1|Lhr)- In the rest of
the cases, there does not exist any two vertices and edges in D,, with the same
mixed metric code. For every 1< <n and §# 1,2,£+ 1, we see that

Cm(qel €y U {1e}) # Cu(reqel €y U {re}) and $y(qgeal8y U {re}) # (u(eqgpqal
£ U {rg}). From this, we have {y (qg|2x) # {n (7RG |Ly) and Cy (qr+1|Ly) #
O (29 +118y), for any 1 < 8 < n and so |2y]| < n + 1. Now, on combining
Lemma 3 and the above discussion, we find that £,, is the MMB set for graph
Dy, which implies that 5y, (D;,) = n + 1, which completes the proof.
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Theorem 8: Let D, be the prism type graph of size 5n and order 3n. Then, its
independent mixed metric number is n + 1, for every n = 4.

Proof: For detailed proof, consider Theorem 7 for reference

3. MMD of the Flower Graph S,, = F, 3

The graph denoted by F,,, [1] and consisting of nm number of edges and
n(m — 1) number of vertices is called a Flower graph if it has n vertices which
induce n-cycle and n sets of m — 2 vertices each of which forms the m-cycle
around the n-cycle so that every m-cycle uniquely intersects the n-cycle on a
single edge. The Flower graph S,, = F, 3 comprises of n 3-sided faces, an n-
sided face, and a 2n-sided face (see Figure 2). It is obtained from the Cycle
graph C,, by including a new vertex between the vertices pg and pg,q (say, qg)
in the p-cycle of the Cycle graph and again adding the edges between the
vertices pg and pg,;. The edge set of cardinality 3n and the vertex set of
cardinality 2n for the graph S, is denoted by E(S,) and V(S,) respectively,
}’;’hefe} E(Sn) = {Prdr 9rPr+1, PePr+1: 1 < B <n} and V(S,) = {pg, qp: 1 <

<nj.

Figure 2
Flower Graph §,, = F,«3, for n > 4.

For easy working, we name the vertex set {pg: 1 < 3 < n} in S,, present on
the innermost cycle as the p-cycle vertices and we name the set of vertices
{qg:1 < 3 < n} present on the outer side of S, as the outer vertices. For
simplicity, we will take p; = ppyq and q; = qn41. In the present section, we
will investigate MRS for S,, and prove that such a set has minimum of n number
of vertices. Furthermore, we will prove that the MRS is also independent for S,,.
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Next, in order to obtain our desired results regarding MMD of §,,, we strongly
need the following two important Lemmas:

Lemma 4: Let 8y be any MRS for the flower graph S,. Then, the set of outer
vertices {rg|1 < 8 < n} c Ly,

Proof: For the contradiction, we suppose that at least one vertex from the set
{qr]1 < 8 < n}, is not in the MRS £,,. Without loss of generality, for any 3, we
suppose that qp € 8y. Then, we have {y(Prlfy) = {u(qrpPr|ly) and
Cm (Pr+112m) = Cu(gePe+1|8m), a contradiction.

In Lemma 5, we set the lower bound for the flower graph S,,, regarding its
MMD.

Lemma 5: For the flower graph S,,, we have $y(S,) = n, where n = 4.

Proof: Suppose on the contrary that the MMD of S,, equals n — 1 i.e., B (S,) =
n—1. Then, by considering Lemma 4, we get contradiction, since the
cardinality of the set {gg|1 < £ < n} is n. So, we always find that 5,,(S,,) = n.

Finally, the following result provides the upper bound for the Flower graph
Sy, regarding its MMD.

Theorem 9: Let S,, = Fyyum be a planar graph of size 3n and order 2n. Then,
we have Ly (S, = Fnxz) =N, for everyn = 4.

Proof: In order to show that $,,(S,) < n, suppose &y ={q1,92,---»9n-1,qn} <
V(S,,). We will prove that £, is the MMB set for the Flower graph S,,. Note that
for n = 4,5, one can see that the set £, is the MMB set for S,, by simple manual
evaluation. Next, for each n = 6, we have to prove that its MMD is unbounded,
to attain this we consider two cases based on the integer n i.e., when n is odd
and when it is even.

Case (1) n is odd.

For this situation, the integer n takes the shape n = 2£ + 1, where £ € N
and £ > 3. Let 3 = {41, 92, 93, 9e+1, Qs+2} € V(S,,). Now, in order to see that
£y is the resolving set in the mixed sense for S,, we will represent the MMRs
for every member present in V (S,,) U E(S,,) corresponding to the set £,.

Now, the MMRs for the vertices {v = pg, qz|f8 = 1,2,3,...,n} regarding
Ly, are:

Sm(@I€m) Ly = {91, 92, 93, Ge+1, Ge+2}

Cu(pgl8m): (B =1) (1,2,3,£—R+2,£)

{m(PelLm):(B = 2) R-11,2,E-RB+2,£-R+3)
{m(PelLm):(B = 3) R-1,R—21LE—R+2,£E—R+3)
ugl8n): (A <R<E+1) |(R—-1,8-2R—3,£—R+2,£-R+3)
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Sm(gl8m):(B = £+2)

B-—1,B—2,R—3,R—£—1,E—R+3)

Sm(gl|8m):(B =£+3)

RE-B+3,8-2,8-3,8—£-1,8—£-2)

Smgl8m):(B=£+4)

RE-B+32£-R+4R-3,B—-£-1,8—-£-2)

Im@el@m):(E+5<RB<2£+
D

RE-RB+32£6—R+42£—-R+5R—-£-1,8—

£-2)

{m(@[Ly)

Ly = {91, 9293, 9e+1, Ge+2}

(m(qrl8y):(B=1)

(0,23,£—R+2,E+1)

m(qrl8y):(B = 2)

(R,0,2,£—R+2,E—R+3)

Sm(qpl€m):(B = 3)

RRB—10£—R+2E—R+3)

Sm(qplem):(4 < B < £)

RRB—1,R—2,E—R+2,E—R+3)

Sm(qgplem):B=£+1)

(R8—1,8—20E—R+3)

Sm(qglem):(B=£+2)

(RE—R+3,R—1,8—2,8—£,0)

Sm(qgl€m):(B =£+3)

QRE—R+32£—R+4R—2,R—£R—£—1)

m(ql8m):(E+4<R<2E+
1)

(RE—R+32£—-R+42£—R+5R—£R—£—
D

and the MMRs for the edges {& = prPr+1,PrR rPr+11R = 1,2,3,...,n}

regarding L}, are:

Cm(ElLy)

Ly = {91, 92,93, 9e+1, Ge+2}

Sm(DgPr+1|8m):(B = 1)

(1,1,2,£— R+ 1,£)

S (DgPr+1|8m):(B = 2)

R-11LLE-R+1E—R+2)

S (DgPr+1|8m):(B = 3)

R®B-—1,R—21LE—R+1,E—R+2)

Cm(ElLy)

Ly = {91, 92,93, 9e+1, Gg+2}

Cm(Prpr+1|8M):(4 = B < £)

B-—1,B—2,R—3,E—R+1,E—R+2)

Cmu(Prpr+1|8M):(B=£+1)

B-1,B—2,R—31E—R+2)

Sm(DpPr+1|8m):(B = £+ 2)

QRE—R+2,R—2,8—3,R—£—1,1)

Sm(DgPr+1|8m):(B = £+ 3)

(RE—R+22£—R+3,R—3,R—£—1,R—£—2)

Cmu(PrPr+1|8M):(E+4 <R <
2£ + 1)

£-2)

RE-B+22£—-R+32£-RB+4,8—-£-1,8—

m(ElLy)

Ly =1{q1, 92,93, 9+1, Ge+2}

v (prapl8M):(B =1)

B—123,£—R+2,£)

S (PrqglLm):(B = 2)

B—102E—RB+2,E—R+3)

Cm(Prqgrlfa):(3 = 3)

R—1,8—20E—B+2,E—R+3)

Cm(Prqrl8p):(4 < B < £)

R-1,8—2,8—3E£—R+2,E—B+3)

Cmu(Ppqrl8r):(B=£+1)

R-1,8—2,8—30E—8+3)
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O (Prar|ym):(R = £ + 2) QE-R+3,R—2,8—3,R—£—1,0)

O (Prqr]Ly):(R = £+ 3) QE-B+32£—R+4R—3,B—£—1,R—£—
2)

In(Prarl|8m)(E+4 < B < QE—RB+32£—R+42£—R+5R—£—1,R—

2£+ 1) £-2)

Cm(el8m) Ly = {91,492, 93, Ge+1, Ge+2}

O (QePrse1]8y):(R = 1) (01,2,£E-—R+1,£—R+2)

$m(rpr+1|8m):(B = 2) (R,01,£—RB+1,£—R+2)

$m(gpr+1|8u):(B = 3) RB—10,E—R+1,E—RB+2)

O (qePre1|8u):(4 < B < £) B®BR—1,8—2,£—R+1,£—R+2)

{n(qePre1l8u):(R = £+ 1) QE—RB+2,8—1,8—2,0,£— R +2)

O (qePre1l8u):(R = £ + 2) QE—RB+22£—R+3,8—2,8—£,0)

{n(qePrs1| @) (E+3 <R <2£+| RE—RB+2,2£ —R+32£ — R+ 4,8 —£,R —

£-1)

From the above, for the MMR of edges and vertices for the graph S,
regarding the set £}, we find that for 1 <8 <n and 8+ 1,23, £+ 1,£+ 2,
S (Pel€h) = {m(qepelLu) and Cy (Pe+1l€y) = Sy (qrPr+1/Lh)- In the rest of
the cases, there does not exist any two vertices and edges in S,, with the same
mixed metric code. For every 1 <f <n and £ # 1,2,3,£+ 1,£ + 2, we see
that  {y (P|8y Y {9e}) # Cm(qrpel€y U {qe}) and {y(pg+1]Ly U {qe}) #
0 (dePas1 |2 U {gg)). From this, we have y (pel€u) # Cu (qepely) and
O (Pr+1184) # (u(qrPr+1184), for any 1 < 8 < n and so [£y] < n. Now, on
combining Lemma 5 and the above discussion, we obtain that £, is the MMB
set for the Flower graph S,,, which implies that £5,,(S,) = n in this case.

Case (2) n is even.

For this situation, the integer n takes the shape n = 2£, where £ € N and
£ > 3. Let 8y ={q1,92,93,9:+1} € V(S,). Now, in order to see that £}, is the
resolving set in the mixed sense for S,, we will represent the MMRs for every
member present in V(S,,) U E(S,,) corresponding to the set £,.

Now, the MMRs for the vertices {v = pg, g |8 = 1,2,3,...,n} regarding
L5, are:

S @IL) Ly =1{91,92 93, e+1}

Su(Pgl8m):(B = 1) (1,2,3,£)

Sm (el 8a):(B = 2) R—1,12,£—R+2)

I (Pl 8m):(B = 3) R—-1,B—21,E£—R+2)

Cn(g)8uy):(4 < BR<E+1) R—1,8—2,8—3,£—R+2)

Im(Pgl8um):(B = £+ 2) QE-RB+2,R—2,8—3,R—£—1)
{m(Pgl8um):(B = £+ 3) QE—RB+22£—-R+3,R—3,B—£—1)
In@pl8u):(E+4<RBR<2E) |QRE—R+22£—R+32£—R+4,R—£—1)
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S IL) Ly =1{91,92 93, Ge+1}

Im(qel):B=1) (023,£—R+2)

$m(qel8y):(B = 2) (,02,£—R+2)

{m(qel8m):(R = 3) ®,B—1,0,£—R+2)

(m(qelem):(4 <R <£) RBRB—1L,R—2,£—R+2)

{n(qgl8y):R = £+ 1) ®,R—1,8 —2,0)

4 (qgl8y):(R = £+ 2) QE—RB+2,8—1,8—2,8 —£)
{n(qgl8y):(B = £+ 3) QE—RB+22£—R+3,8—2,B—£)
Cm(qp|8y):(E +4 < 8 < 2f) (RE—R+22£—R+32£—R+4,R8—£)

and the MMRs for the edges {€ = prpr+1, PR, 9rPr+110 = 1,2,3,...,n} regarding £},
are:

{m(elLm) Ly ={91,92 93, 9e+1}

{m(PePe+118n):(B = 1) (1,12, £E-R+1)

S (PrPr+1l8um):(B = 2) ®R-11,1L,E-R+1)

{m (PaPr+118m):(B = 3) R—-1,B—21,E—-R+1)

Cm(Pepr+1l€y):(4 < B < £) RB-1,R—2,R—3,£E-RB+1)

Cm (PaPe+118m):(B = £+ 1) R—1,8-2,8-31)

Sm(DpPr+1|8m):(B = £+ 2) RE-R+1,R-2,R-3,B—£—-1)

O (PrPre1|80):(R = £+ 3) QE-R+12£—R+2,R—3,R—£—1)
{n(PePri1|8m) (E+4 <R <2£) |(QE—B+12£—B+22£—B+3,R—£—1)

Cm(elLy) Ly = {91,492 93, 9¢+1}

{m(Prqrl8m):(B =1) (R —1,2,3,£)

{m(Pragl€m):(B = 2) R—102E£-R+2)

Im (Prgel®m):(R = 3) R—1,8—2,0£—R+2)

{m(Prgpl8m):(4 < R < £) RB—1,B—2,R—3,E—R+2)

S eqelm):B=£+1) R—1,8—2,8 —3,0)

{n(Prqg|8m):(R = £ + 2) QE-R+2,R—2,R—3,R—£—1)
{n(Prqgr|8m):(R = £ + 3) QE—R+22£—R+3,8—3,R—£—1)
Iu(Prqel8m):(E+4<B<2£) |(RE—B+22£—R+32£—R+4,R—£—1)
Cm(el8u) By = {91, 92,93, qe+1}

$u(gepe+1l8p):(B =1) 01,2,E-R+1)

Im(qepe+118m):(R = 2) (®,0,1,£—R +1)

Im(qepe+118m):(R = 3) ®,R—10,£—R+1)

Im(qgpg+1]8m):(4 < B < £) ®RB-1L,R—2,E-R+1)
Im(gepr+1]8m):(B = £+ 1) QRE-R+1,8—1,8—2,0)
Im(gepPr+1]€y):(B = £ +2) QRE-R+12£—R+2,R—2,R—£)
In(qepre1|8m):(E+3 <R <2£) |QRE-B+12£—-B+22£—B+3,8—£)




2860 S.K.SHARMA, Y. AL-QUDAH AND V. K. BHAT

From the above, for the MMR of edges and vertices for the graph S,
regarding the set L), we find that for 1<f8<n and 8 #1,23,£+1,
S (Pel€h) = {m(qepelLu) and Sy (Pe+1l€y) = Cu(qrPr+1/Lh)- In the rest of
the cases, there does not exist any two vertices and edges in S,, with the same
mixed metric code. For every 1 < <n and £ # 1,2,3,£+ 1, we sec that
Cu(Pel€m Y {qe}) # S (qepel€y U {de}) and {y (De+118y U {s}) # (v (qrPr+1

[£y U {qg}). From this, we have {y (pg|€y) # (u(qrprl€m) and {y (Pr+11€n)
# (y(qrPr+118y), for any 1 < 3 < n and so |2y| < n. Now, on combining

Lemma 5 and the above discussion, we find that £,, is the MMB set for the
Flower graph S,,, which implies that 5,,(S,) = n, which complete the proof.

Theorem 10: Let S,, = Fyumm be a planar graph on 3n and 2n edges and
vertices respectively. Then, for n = 4, the cardinality of its minimum IMRS is n.

Proof: For detailed proof, consider Theorem 9 for reference.

4. Conclusion

The selection of less number of vertices in a graph and using them to
identify all the members (vertices & edges) of a graph is a very interesting
problem. The concept of MMD, which is the combination of two concepts viz.,
MD and EMD, offers a versatile and powerful tool for effectively investigating
and optimizing computational processes in complex networks. In this paper, we
have explored the notion of MMD for two infinite classes of planar graphs, viz.,
D;, and F, - For these two classes, we have determined that the cardinality of
MMB depends upon the number of vertices present in them. This shows that the
notion of MMD is unbounded for these two planar graphs. Moreover, for these
two graphs, we found that the MMB £, and the EMB £ are independent. On
comparing the results obtained for D, and F,y,, regarding MD, EMD, and
MMD, we found that (") < Bg(T) < By (), foreveryn = 7.
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