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Computation of certain topological indices of star hexagon network
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Abstract
Graph networks were formulated, motivated from the structure of molecules, social 

connections, flow of information, transport systems, and several other physical phenomena’s. 
New networks are proposed by researchers and its properties are studied for potential 
application in emerging fields. Inspired by the tiling of the Euclidean plane with hexagons 
and stare-shaped tiles, we have presented a new network in this research, namely, the Star 
Hexagon Network. We compute some of the well-known degree based topological indices 
namely Generalized Zagreb Index, Atom Bond Connectivity Index, Geometric Arithmetic 
index and other derived indices also for the star hexagon network. The centrality measures 
of the super cell of the network were also studied. 

Subject Classification:  05C09, 05C92.

Keywords: Graph network, Topological indices, Centrality measures.

@	E-mail:	johnsyjane@gmail.com

@	ORCID-ID: 0000-0002-4919-004X

Keywords : Graph Network, Topological Indices, Centrality measures   
†E-mail: bitat@karunya.edu.in  
*E-mail: jebasinghs@karunya.edu (corresponding author)  
‡E-mail: nagara@hope.ac.uk  
§E-mail: divya_deepam@karunya.edu 
#E-mail: johnsyjane@gmail.com  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

1.  Introduction  
Graph networks are structures used to symbolize relationships between 

entities. They’re broadly utilized in numerous domains which includes computer 
science, social network evaluation, biology, transportation structures, and more. 
Graph networks are a versatile tool for modelling and analyzing complicated 
systems wherein relationships among entities are critical to understand the 
domain of study. They provide an effective framework for representing, 
visualizing, and analyzing interconnected records. 

The application of graph theory to the study of molecule structures is 
commonly referred to as chemical graph theory, a subfield of many other 
scientific disciplines. In order to establish quantitative structure–activity 
relationships, we are often interested in using graph theory techniques to 
estimate the structural properties [1]. Degree-based indicators are very 
significant and vital in the field of chemistry. Wiener [2] is credited with 
developing the concept of chemical indexes. Chen, Shin, and Kandlur [3], were 
the first to present the hexagonal mesh. Various kinds of Zagreb and Balaban 
chemical indices were computed for hex-derived networks by Ali, Sajjad, and 
Sajjad [4]. With the aid of topological indices, they analyze their chemical 
behavior. 
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In [5] authors introduce a new interconnection network, namely, hexagon 
star network that contains a composition of triangles around a hexagon and 
found a correlation of their network to the computer central network system. 
The terms "star hexagon network" and "hexagon star network" may sound 
similar, but they refer to different network topologies based on their structural 
arrangements. In a star hexagon network, the vertices of a star like graph are 
connected to multiple hexagonal sub networks, whereas in hexagon-star 
network, the vertices of a hexagon graph are connected to multiple triangle sub 
networks, forming a star-like shape. Rajan, Grigorious, and Stephen [6] 
computed the topological indices of the silicate, honey comb, and hexagonal 
networks. The authors also examined the material's mechanical, chemical, and 
physical characteristics, which showed good correlation with the crystal 
structure of gold. Motivated by the chemical structure of a regular hexagonal 
lattice, the scientists studied networks of carbon nanotubes and identified several 
indices for this important class of networks. The topological indices of the 
carbon nanotube networks and fullerenes have been established by Bača et al. 
[7]. Hasani and Ghods [8] computed the fuzzy topological indices of linear and 
multi cyclic naphthalene hydrocarbon. Jalali and Ghods [9] derived the 
topological indices of thorny graphs. Raza and Guirao [10] develop the M-
polynomial for metal trihalides and uses it to efficiently derive various degree-
based topological indices in a unified analytical framework. Tousi and Ghods 
[11] determine the topological indices of TiO₂ [m, n] nanotubes by modeling 
their structure as graphs and deriving exact mathematical expressions for these 
indices. Falahati-Nezhad and Azari [12] analyze porphyrin-based dendrimers by 
computing discrete Adriatic indices to characterize their structural and 
topological properties. Gao and Farahani [14] evaluate Zagreb topological 
indices for jagged-rectangle benzenoid systems to understand their structural 
properties. 

 

  

Figure 1 
Super cell 

Figure 2 
Star Hexagon Network 

 
In the literature, motivated from the tiling of Euclidean plane using regular 

polygons, hexagonal networks were introduced using triangle polygon and their 
topological indices were studied [13]. Also honeycomb networks were 
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introduced using hexagon polygon and their topological indices were studied. A 
regular star polygon is a decagon with ten equal sides and five angles. It is 
known that, the regular polygons, hexagon and the star polygon can tile the 
plane in a uniform manner. In this paper, we present a novel graph network 
namely ‘Star Hexagon Network’ whose super cell consists of a regular star 
polygon in the center and six hexagons placed on the boundary of the star 
polygon Figure 1 and study certain topological indices of the network. Since the 
derivations of topological indices rely purely on graph theory, they can be 
applied to any interconnected networks and not limited to networks obtained 
from molecules [15]. The arrangement of the super cell in rows and columns 
infinitely gives the star hexagon network Figure 2.  

2. Preliminaries 
Let G = (V, E) be a basic graph in which E = E(G) is a collection of 

unordered pairs of unique elements of V(G) called edges or lines, and V = V(G) 
is a non-empty set of objects called vertices or points. The sets are referred to as 
the vertex set (V (G)) and the edge set (E(G)). The number of edges that 
coincide with a vertex v∈V(G) is its degree, represented by dv. If two vertices (u 
and v) of G have an edge (e = uv) connecting them, then they are adjacent [13]. 

In the following, we discuss the centrality measures of the super cell of the 
star hexagon network. A graph's closeness to every other vertex is measured by 
its closeness centrality. A vertex's proximity centrality is the inverse of the 
average geodesic distance between it and every other vertex in a graph. A vertex 
with a higher proximity centrality rating would be in a better position to 
disseminate information to other vertices. 

Closeness Centrality [16], [17] CCi(SHN) = 
 

∑  (   ) 
 , where ∑  (   )  is 

the total of the distances between x and y.  

      

{
 
 

 
 

 
                    

 
                

 
                     
 
                    

 

The total of the distances between each vertex and every other vertex in a 
graph is known as farness centrality. It is the reciprocal of closeness centrality, 
meaning that closeness is low if farness is high.  

   {
                    
                

                     
                    

 

It can be observed that the vertices                  are having high 
farness and less closeness, whereas the vertices                   are having 
low farness and high closeness measures.  
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In the following, we derive the topological indices of the network. The 
graph network's edge set can be separated into two partitions, E4 and E6, and 
their partitions are listed in Table 1. Every edge e = uv belonging to E4, satisfy 
the condition, du = dv = 2, and every edge e = uv belonging to E6, satisfy the 
condition du = 2, dv = 4 or du = 4, dv = 2, where du and dv stand for u and v's 
respective degrees. 

Table 1 
Edge Partition of Star Hexagon Network 

Edge partitions Edges Frequency 
E4 (2, 2) 8r + 4c 
E6 (2, 4) 4r + 24rc -4c 

 
where c represents the number of columns and r the number of rows. In the 
following we define certain topological indices, which are commonly studied for 
graph networks. The Generalized Zagreb index is defined as 

        (   )  ∑ (    ) 

(     )        ( ) ,  

                               [18]. 
The Generalized Zagreb index, which is the first Zagreb index when α = 0 

and β = -1, is described as   
      (   )   ∑ (     )      ( )  

When α = 1 and β = 0, the Generalized Zagreb index reduces to Second 
Zagreb Index [19] and it is defined as 
     (   )   ∑ (    )      ( )  

We obtain the Randic Index [20] from the Generalized Zagreb index 
when α = -1/2 and β = 0. It is described as   

  R(SHN) = ∑  
√          ( )  

The Sum Connectivity Index [21], which is part of the Generalized 
Zagreb index when α = 0 and β = ½, is defined as 

     (   )  ∑  
√           ( )  

The Generalized Zagreb index's Second Refined Zagreb Index [22] is 
generated when α = 1 and β = 1. It is described as 

       (   )  ∑ (     
           ( ) ) 

We have the Hyper Zagreb Index [23] in the Generalized Zagreb index 
when α = 0 and β = -2. It is defined as 
    (   )   ∑ (     ) 

      ( )  
Harmonic index [24] is described as  

   (   )  ∑  
     

      ( )  
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Atom bond connectivity index [25] is described as 

     (   )  ∑ √       
          ( )  

Vukičević and Furtula [26] proposed the Geometric Arithmetic Index 
GA(SHN) index, another well-known connectivity topological descriptor, which 
is represented by 

    (   )  ∑  √    
           ( )  

3. Topological Indices of Star Hexagon Network 
Theorem 1: Consider the star hexagon network. The generalized Zagreb 
indices and indices derived from it are as follows;  

ZG1(SHN) =               
ZG2(SHN) =               

R(SHN) =  √ {    (   √ )          (√   )} 

    (   )   
√ 
[  (  √ )         (√   )] 

      (   )   
 (           ) 

  (   )=                

Proof: The Generalized Zagreb index is defined as 

       (   )  ∑ (    ) 
(     ) 

       ( )    (1) 

Where E(G) is the star hexagon network's edge partition and α and β are 
real numbers. Table 1 lists the network's edge partitions along with the number 
of edges in each partition. In the following, we obtain the various topological 
indices of the network from the generalized Zagreb index.  

Case 1: To generate the first Zagreb Index, substitute α = 0 and β = -1 in (1) 
    (   )  ∑ (     )      ( )   ∑ (     )        ∑ (     )        
     (     )   (             )                 

Case 2: To obtain the second Zagreb Index, substitute α = 1 and β = 0 in (1) 
     (   )  ∑(     )   ∑ (    )        ∑ (    )        

  (     )   (             )                

Case 3: Randic Index is obtained by substituting α = -1/2 and β = 0 in (1)  

  R(SHN) = ∑  
√          ( )  

   ∑  
√              ∑  

√            
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       (     )    
 √ 

(             ) 

    
√ {    (   √ )          (√   )} 

Case 4: To obtain the Sum Connectivity Index, substitute α = 0 and β = ½ in (1) 

    (   )  ∑  
√         ∈ ( )   ∑  

√         ∈     ∑  
√         ∈   

    
√ 

(     )   
√ 

(          )   

    
√ 
[  (  √ )         (√   )] 

Case 5: The Second Refined Zagreb Index is obtained by substituting α = 1 and 
β = 1 in (1)  

      (   )  ∑ (     
         ∈ ( ) )  ∑ (     

         ∈   )   ∑ (     
     

)    ∈   

    
 (     )   

 (          )   
 (           )  

Case 6: The Hyper Zagreb Index is obtained by substituting α = 0 and β =-2 in 
(1) 
    (   )   ∑ (     )     ∈ ( )   ∑ (     )     ∈     

   ∑ (     )     ∈   
     (     )    (         )                 

Theorem 2: The star hexagon network's harmonic index is H(SHN)  
 
 (           ), where c indicates the number of columns and r indicates 
the number of rows. 

Proof: Using the edge partition of star hexagon network, the Harmonic index is 
obtained below. 

   (   )  ∑  
         ∈ ( )   ∑  

         ∈    ∑  
         ∈   

    
   (     )   

   (          )   
 (           ) 

Theorem 3: The star hexagon network's atom bond connectivity index is 

ABC(SHN)  √ 
  (         ). 

Proof:  

     (   )  ∑ √       
        ∈ ( )   

   ∑ √       
        ∈    ∑ √       

        ∈   
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   (     )√     
     (          )√     

    √ 
  (        ) 

Theorem 4: The star hexagon network of Geometric Arithmetic Index GA(SHN) 
is  

    (   )  ((    √ )    √     (    √  ) )
 

. 

Proof: 

    (   )  ∑  √    
     

      ∈ ( ) ∑  √    
     

 ∑  √    
         ∈      ∈   

    ((    √ )    √     (    √  ) )
 

 

4. Conclusion  
This article presents the star hexagon network and assesses its degree-

based topological indices. Additionally, the network's super cell's centrality 
measures were examined. The network's abruptness index, distance-based 
topological indices, stability, structural sensitivity, and use in computer 
networks and other relevant fields are to be explored further. 
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