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Abstract

The Sierpinski graph S(n, K,,), known for its recursive and hierarchical construction,
serves as a significant model for multiprocessor interconnection architectures. Its extended
variant, denoted S* (1, K), further strengthens these properties and has practical relevance
in areas such as parallel computation and VLSI circuit design. This work investigates the
unresolved Maximum Subgraph Problem (MSP) for the extended Sierpiniski graph S* (1,
K;), with nn > 2, a problem originally proposed by Joshwa et al. [1], and still open for general
values of m. We introduce a computational framework, implemented in SageMath, for
determining the maximal edge count among all subgraphs induced by r vertices, where 1
< r < 3"+ 1. In addition, we examine minimum wirelength embeddings of S'(n, K,) into
various hierarchical graph topologies, a key factor in optimizing communication efficiency
and layout complexity in networked systems.

Subject Classification: 05C10, 05C60, 05C62, 05C75.

Keywords: Embedding, Wirelength, Extended Sierpifiski graph S'(n, K;), Maximum subgraph,
Hierarchical structures.

1. Introduction and Preliminaries

Graph embeddings have broad applications across fields such as
communication networks, data management, and computational modeling. By
embedding one graph into another, researchers can simulate task distribution,
assess communication paths, and improve network efficiency. This is typically
achieved by minimizing key embedding parameters such as dilation, edge
congestion, and wirelength which directly influence system performance and
resource optimization.

Let A= (V,,E,) and B = (V, Eg) be two finite graphs. An embedding of A
into B [1], denoted by ¢: G — H, consists of:

1. Each vertex of A is mapped to a unique vertex in B.
2. Each edge (uv) € E(A4) is mapped to a path in B connecting ¢(u) and
pv).

Edge Congestion: For an embedding ¢, the edge congestion [2] on an edge
e € Ep is the number of guest edges e’ € E, whose paths P,(e’) include e.
Formally,

C,(A,B(e)) = |{e' € Ey:e € P,y(eN)}.
Wirelength: The total communication cost of an embedding is measured by its

wirelength [3], defined as the sum of the congestions over all host edges:
WL,(A B) = Yeer, C»(A B(e)), Then WL(A, B) = minWL,(4,B).
@

Maximum Subgraph Problem (MSP): Another classical problem closely
related to embeddings is the Maximum Subgraph Problem [4]. Given a graph
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A= (V,E) and integer 1 < m < |V|, MSP seeks a subset W €V, [W|=m,
such that the induced subgraph A[W] has the maximum number of edges:

Lom) = max_ [EAWDL.
Lemma 1.1: [6] Let @: A = B be an embedding. Suppose an edge cut S € E(B)
separates B into two components B' and B*. Let A’ = A[p~*(V(BY))] for
j = 1,2, and assume:
. Each edge between vertices in A’ has no edge in S.
. Each edge between vertices in A' and A? use exactly one edge firom S.
+ V(A and V(A?) are optimal subsets.

Then,
Co(S) = Tuev(ary dega(w) — 2|E(AY)| = Yyev a2y dega(u) — 2|E(A%)].

Lemma 1.2: [3] Let ¢: A — B be an embedding, and let [tE(B)] denote the

multiset where each edge appears v times. {S,:1 <y < k} be a partition of

[tE(B)], with each S; satisfying the Modified Congestion Lemma. Then,
1

WL,(A B) = ;2521 C,(Sy).

Extended Sierpinski graph S*(n, K,,,): The Sierpinski graph, denoted by
S(n, K,,), was introduced by Klavzar and Milutinovi¢ [5]. It is inspired by the
Sierpinski triangle, a well-known fractal, and exhibits a hierarchical structure that
makes it particularly useful for recursive algorithms and network modeling. In
Klavzar and Mohar [14] extended this concept by introducing the extended
Sierpifiski graph, denoted by S*(n,K;). This variant builds on the original
Sierpinski graph by incorporating additional connections to improve its structural
properties, such as fault tolerance and connectivity. The extended network finds
applications in parallel computing and distributed systems, where efficient
communication and robustness are critical.

Definition 3.1: For integers n,m =1, the generalized Sierpinski graph
S(n, K,,) consists of vertices that are all sequences of length n over the set
{0,1,..,m—1}

V(iS(n, Ky)) = {(aq,ay, ...,a,)|a; € {0,1,...,m—1}}.

Two vertices (ay, ...,a,) and (by, ..., b,) are linked by an edge if there is an
index t € {1, ...,n} such that:

. the coordinates after ¢ are identical: a; = b; forall i > ¢,
. the t-th coordinates differ: a, # b;,
. the coordinates before t are swapped: a; = b, and b; = a, forall i <'t.

Definition 3.2: Given a generalized Sierpinski graph S(n, K,,,), the extended
Sierpinski graph S*(n,K,,) is formed by introducing a new vertex s and
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connecting it to every vertex considered extreme in the original graph:
V(ST (n Kpn)) = V(S Ky)) U {s},
E(ST(n,Ky)) = E(S(n, K»)) U {(s,v)|v is extreme in S(n, K;,)}.
In particular, for m = 3, the resulting graph is denoted S*(n, K3), which is
the primary focus in this study.

2. Maximum Subgraph Problem of S*(n, K3)

The Maximum Subgraph Problem seeks to identify, for a given integer [, the
l-vertex induced subgraph of a graph A that contains the maximum edges. This
problem is a special case of the edge-isoperimetric problem and is known to be
NP-complete. Previous results by Harper [7] and Rajan, Greeni, and Joshwa [6]
have solved the MSP for classical Sierpinski graphs S(n, K,,,). Recently, Joshwa,
Rajan, and Rajalaxmi [9] extended these findings to the further-extended
Sierpifiski graph S**(n,K,,) for n =2, m = 3. However, the MSP for the
extended Sierpifiski graph S*(n,K,,) , particularly for m =3, remains
unresolved.

Lexicographic Optimality

Vertex Labeling Scheme : Let the vertices of S*(n,K3) be labeled as
Vg, V4, ..., U3n_q using a lexicographic order consistent with the construction of
S(n, K3). The additional vertex vg, which connects to the extreme vertices, is
assigned the label v(3n,s),,. Remaining vertices follow sequential lexicographic
order, shifted accordingly.

Theorem 2.1: [7] In S(n,K,,), selecting the initial 1 vertices according to
lexicographic ordering results in a subgraph with the maximum number of
induced edges.

Theorem 2.2: Let A denote the extended Sierpinski graph S*(n, Ky,), and let 1
be an integer satisfying 1 <1 < 3"+ 1. Among all subsets Z < {0,1, ...,3™}
with cardinality |Z| = 1, the induced subgraph A[Z] reaches its optimum edges
when Z ={0,1,...,1 — 1}.

Proof: According to Theorem 2.1, in the Sierpinski graph S(n, K,,,), selecting the
first [ vertices in lexicographic order yields a subset that maximizes the number
of internal edges. Since the extended structure S*(n, K3) retains the fundamental
adjacency characteristics of S(n, K,,), this optimality result continues to hold.

Therefore, for any subset Z € {0,1, ..., 3"} with |Z| = [, the configuration
Z ={0,1,...,1 — 1} produces the highest edge count in the induced subgraph
AlZ].

Theorem 2.3: Let an integer | be expressed as 1= Y!_, a;3" with digits
a; € {0,1,2}. Foreach i = 1,2, ...,t, define

— mi 3-1 -1 j
B; = min {ai, EZFO a]-BJ]}, and
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1 .
=7 1?:0 ai(3l+1 -3+a -1 +ZE:1 Bi-

Then, the induced edge count 1,(1) in S*(n,K3) is given by:

343

1 if1<l<>—,

WO =y +2 it 20 <1<3m,

fy+3 ifl=3"+1.

Proof: We consider the vertex labeling in S*(n, K3) as described in Section 2,
where each label corresponds to a unique vertex.

Casel: 1 <1< TITH We prove the result by induction on ¢.
Base case (t = 0): Here | = ay < 3, so the vertices form a complete graph
Kq,- The induced edges are
a 1
L) = (20) =2a,(3"" —3+a,— 1),
matching y; for t = 0.

Inductive step: Assume the formula holds for ¢t —1. For t > 1, the first [

vertices (in lexicographic order) consist of:

. a, full copies of S*(t, K3), contributing (gt) edges between these copies.

. A partial copy on the remaining [, = Y!Z} a;3" vertices, plus S, edges
linking it to the a, full copies.

By the induction hypothesis, the partial copy contributes 1, (l;) = p; edges.
Therefore, the total induced edges are:

a
(D = ac ESHEK)) + (5) + 1) + e
3t-3 - _ i -
= O 2l (3 — 34 a;— 1) + 6L B+ e
=32t 4B =3+ a, - D+ 3L, B =

=a;-

3"+5

Case 2: <1<3". Let v; be the vertex labeled [. For [ above the

midpoint, each new vertex contributes exactly two edges connecting it to
neighboring vertices, following the structure of S*(n, K3). Hence,

L) =w-1+2

Case 3: 1 = 3™ + 1. The final vertex connects to three existing vertices, adding
three edges, so

(D) = +3.
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Algorithm 1: Computation of 1,(l) for Extended Sierpinski Graphs S™(n, K3)

Input: An extended Sierpinski graph S*(n, K3) and an integer [
Output: Value of 14(1).

/* Step 1: Convert | to base-m representation */ :

if [ = 0 then

L return 0;

4 Initialize a « Base-m digits of [;
Set ¢ + length of a — 1;

w N

@

; /* Step 2: Compute correction factors «; */ ;
Initialize list o « [[;
8 fori < 1totdo

§ m—1 1
b i 3 K J .
9 Compute «; = min {u,. (”" I E =0 @M -‘ },

10 Append «; to list a;

=

11 /* Step 3: Evaluate /4(l/) using case-based rules */ ;

an

12if 1 <1< — then
- 1 .

13 Compute /i, 32' pai(a; — 1431 =3)+ 3¢ B;;
14 return /u; )

3"+5
15 else if ‘I < <[ < 3" then
16 Lreturnﬂ;u i 425
17 else if [ = 3" | 1 then
18 L return ;| + 3;
3. Main Results

In this section, we present exact computations of the wirelength required to
embed extended Sierpinski graphs into several host structures, including paths,
caterpillars, 1-hierarchical caterpillars, and banana trees. Accurately determining
these wirelengths is essential for reducing communication overhead in distributed
architectures and plays a key role in improving the efficiency of network-based
algorithms.

3.1 Minimum Linear Arrangement

The Minimum Linear Arrangement (MinLA) problem involves assigning
the vertices of a graph A to positions along a linear sequence (or path) so that the
sum of the distances between connected vertices is minimized. This problem was
first studied by Harper [15] in the context of designing efficient error-correcting
codes, where minimizing the total separation between related elements is
important. Finding an optimal linear placement is computationally challenging,
and in fact, determining the minimum arrangement has been proven to be
NP-complete [1].

MinLA Embedding Algorithm
Input: Extended Sierpinski graph S*(n, K3;) and a path graph Psn,,, where
n=2.
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Algorithm:
*  Assign the vertex labeling scheme to S*(n, K3) as described in Section 2.

*  Label the vertices of the path P3n,; sequentially from 1to 3™ 4+ 1, starting
from the leftmost node.

. Define a vertex mapping ¢:V(A) — V(B) such that each vertex x € V(A)
is mapped to @(x) = x.

Output: The mapping ¢ yields a minimum linear arrangement of the extended
Sierpinski graph.

Proof of correctness : For each edge (y,y +1):1 <y < 3n, in the graph
Pgnyq, it forms an edge cut SY. It disconnects P3n,; into two components,
denoted as BY and BY , where V(BY)={12,..,y} and V(BY)={y+
1,...,3™ + 1}. Using THeorem 2.3, G? is the optimal on S*(n, K3). Thus, each
§¥ fulfils the condition stated in Lemma 1.1. Then, for 1 <y < 3n,C,(S”) is
minimum. The linear arrangement is considered to be a minimum by Lemma 1.2.

Theorem 3.1: The MinLA of S*(n, K3) is given by
MinLA(S*(n, Ky)) = 23™1(3" + 1) = 2531, Li(y).

Proof: Apply the MinLA algorithm to assign labels to the vertices of S*(n, K3)
and to the path P3n, . The congestion on each §¥,1 <y < 3™ 4+ 1 is minimum
by MinLA Algorithm and is given by C,(8”) =3y — 2I4(y),1 <y < 3™ By
Lemma 1.2, we get

MinLA(S*(n, K3)) = B34 Cp(S7) = 23™1(3" + 1) = 2330, L(y).

3.2 Caterpillar

A tree is referred to as a caterpillar if removing all its leaf nodes (vertices of
degree one) results in a simple path, known as the spine. For n > 2, the
caterpillar structure, denoted by CAT, is formed by starting with a path
Vi, V,, ..., V. Each internal vertex along this path is then extended by attaching
two leaf nodes, except for the last vertex v,, which has exactly three leaf
neighbors [9, 11].

Embedding Algorithm A
Input: The S*(n, K;) and a CAT tree with 3™ + 1 vertices.

Algorithm:
. Assign the vertex labeling scheme to S*(n, K3) as described in Section 2.
. For the caterpillar, assign labels based on a preorder traversal of its structure.

. Define a vertex mapping ¢: V(A) = V(B) such that each vertex x € V(A)
is mapped to @(x) = x.
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Output: The algorithm produces the exact wirelength of the embedding.

Proof of Correctness: Let S¥, with 1 <y < 3™""! — 1, denote a cut edge along
the backbone of the caterpillar, which divides it into two components, BY and
BY, such that the vertices of BY are {1,2,...,3y}. Let AY and AY be the
preimages of BY and BY under the mapping ¢ . By Theorem 2.3, AY
constitutes a maximum subgraph in S¥(n, K3). Consequently, each cut edge S
(for 1<y<3"1—1) meets the conditions of Lemma 1.1, and the
corresponding cost C,(S”) is minimized.

Next, let Sj, with 1 <y <2-3""1 41, represent a cut edge among the
pendant vertices of the caterpillar, which separates it into components B; and
B,
under ¢ as A}, and A_}, Again, by Theorem 2.3, A}, is an largest set in
$*(n,K3). Therefore, each cut edge Sy (for 1 <y <2-3""1 + 1) meets the
criteria of Lemma 1.1, and C, (S;) achieves its minimum.

where B; consists solely of individual vertices. Denote their preimages

Theorem 3.2: The wirelength of S*T(n, K3),n = 2 into a CAT is given by

3n—1

WL(S*™(p,q), CAT) = 2 (3" + 9" + 6) — 252, 1 ,(3y).

Proof: By Lemma 1.1, we have C,(S¥) =9y — 2I,(3y) for 1<y <3"' -1
and C,(Sy) = 3 for 1 <y < 2x 3" " + 1. Then by Lemma 1.2, we can get the

minimum wirelength as:
3n—1

WL(S*(n,K3), CAT) = 235,71 Co(S”) + X251 Co(S9)

= %(3n +9"+6) — 23351 L, (3D).
3.3 I-Hierarchical Caterpillar

This caterpillar is a specialized tree structure built by integrating multiple
star graphs. Let S; represent a star with k leaves. To construct this structure, a
single leaf from each Sj is connected to a distinct vertex on a central caterpillar
C. The resulting graph, denoted by Cj ., maintains a caterpillar structure when the
star components are removed, i.e., C\S, forms a caterpillar [9, 12].

Embedding Algorithm B
Input : The S*(n, K3) and a Cﬁz’ p=3,q=3.
o

Algorithm:
. Assign the vertex labeling scheme to S*(n, K3) as described in Section 2.

. labeling of vertices in Csnyq X is done through preorder traversal.
>
. Define a vertex mapping ¢: V(A) — V(B) such that each vertex x € V(A)
is mapped to ¢@(x) = x.
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Output: The algorithm produces the exact wirelength of the embedding.

Proof of Correctness: Let S be a cut edge of C3n+12 such that removing S?!
==

from C&Z produces two components, B! and B!, with V(BY) =

2
3M+1

{1,2, ’T} By Theorem 2.3, A® forms an optimal set in S*(n, K3).
Next, let S, for 1 <y < 2, be a cut edge of C 341 such that removing
P

Sy, yields components By, and Bj, where the vertices of By, are (y — 1) 3nT+1 +
210 y- 2 Let 4} = Alp™ (V(B)))] and A, = A[p™*(V(B})]. Again, by
Theorem 2.3, each A}, is an largest set in S*(n, K3). Similarly, for each pendant
cutedge S;f, with 1 <n <2 and 1 <y < 3" — 3, the corresponding preimage
sets are optimal in S*(n, K3). Since all these cut edges satisfy the criteria given in
Lemma 1.1, it follows that the Wiener index under ¢,

WL, (S*(n,K3), Canyy 2), is minimized.

2

Theorem 3.3: The wirelength of embedding S*(n,Ks),n = 2 into -hierarchical
caterpillar C,k,, is
=2

wL <S+(n,K3), Cayq ) =3n+ 3" -2
2

Proof: By Lemma 1.1 and Lemma 1.2,
wiL <s+<n, Ks), c_) = Cy(S0) + Ej1 Gy (Sy) + Bam B351° G (55)
=

=+3)+X2,n+2)+ 32, Y3733
=3n+3"" -2,

3.4 Banana tree Bjzn—1

The banana tree graph B(k,t) was defined by Nandini et al. [10]. This
graph is formed by connecting the leaves of k copies of a t-star graph to a single
root vertex that is separate from all the stars. A t-star graph is characterized by t

vertices, where one vertex has a degree of t — 1, and the rest of the vertices each
have a degree of 1 [8, 13].

Embedding Algorithm C

Intput: The extended Sierpinski graph S*(n, K3) and a banana tree Bj zn-1,n >
3.

1.  Assign the vertex labeling scheme to S*(n, K3) as described in Section 2.
2. labeling of vertices in Bj3n-1 is done through preorder traversal.
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3. Define a vertex mapping ¢: V(4) = V(B) such that each vertex x € V(4)
is mapped to @(x) = x.

Output: The algorithm produces the exact wirelength of the embedding.

Proof of Correctness: Let SY, for y = 1,2,3, be cut edges of B3 3n-1. Each SY
separates Bj3n-1 into two components, BY and BY, where |V(BY)| =3™"1.
By Theorem 2.3, each A” forms an optimal set in S*(n, K3). Similarly, let S,
for y = 1,2,3, be another set of cut edges of B;zn-1. Removing S, produces
components By and Bj, where |[V(B})| =3""1 — 1. Let 4}, = A[p"*(V(B,))]
and A}, = A[¢p"*(V(B}))]. By Theorem 2.3, each Aj is an optimal set in
S*(n,K3). For the pendant edges, denote the cut edges as S;,I , with y = 1,2,3
and 1<gq <3"1!-2. Removing each 53‘,1 produces two components of
B 3n-1, whose inverse images in S*(n, K3) are also optimal sets. By Lemma 1.1,

the congestion of each such edge cut is minimized. Therefore, the Wirelength
under ¢, WLy (S*(n,K3), B3 zn-1), is minimized.

Theorem 3.4: The wirelength of embedding S*(n,K3), n = 3 into By zn-1 is
given by
WL(S*(n,K3), Bygn-1) = 3"+ + 3.

Proof: By Lemma 1.1 and Lemma 1.2, the resulting wirelength is the minimum.
311.—1

WL(S+(n; K3); B3’3n—1) = Z;:l Zq:l -2 Cq)(SJ(Z) + Z;zl Cq)(Syl) n 2;21
Co(Sy) =363 433, 44+ 53,3 =3"143,

4. Conclusion

This work addressed the Maximum Subgraph Problem (MSP) for the
extended Sierpifiski graph S*(n, K3) with n > 2, offering an exact solution in
this specific case. However, the problem remains open for general values of m. In
addition, we analyzed the minimum wirelength required for embedding
S*(n,K3) into various structured trees, including paths, caterpillars,
1-hierarchical caterpillars, and banana trees. These findings contribute to a deeper
understanding of embedding efficiency in hierarchical networks.
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