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Abstract

A graph in which every vertex has the same valency or degree is known as a regular
graph. The double graph D(G) of a regular graph is constructed by duplicating each vertex
and connecting the corresponding duplicates if the original vertices are adjacent. This
method creates a motivating and complex graph structure, raising questions about the
domination properties of D(G). In this paper we focus on the domination of double graph
of some regular graphs which is constructed using an algorithm. The domination number
of connected 2-regular graph on n nodes were found. Further the domination number y of
regular graphs on even and odd orders are determined.
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1. Introduction

Domination in graphs is a branch in graph theory. It has several
applications in physical science, medical science, and more. Haynes,
Hedetniemi, and Slater [2] argued about the centrality and domination for
facilities location and independence. Allan and Laskar [1] have debated about
the domination and independent domination number on middle graphs and
induced subgraphs. The domination became familiar in graph theory. In 2017,
Chelvam and Sivagami [8] was discussed domination in Cayley graphs and
given a review about the results on dominating sets in Cayley graphs. In 2019,
Domination on Cayley digraph and its complement discussed and concluded the
results by Rajeswari, Udhayashree, and Nirmala [7]. The concept of dominator
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coloring in prism graph and labelling of Cayley digraph and its line digraphs
was investigated in 2015 [3], [4]. Major concept on dominator coloring number
of some classes of graph was concluded in the year 2018 [6]. Nema and Alwan
[9] introduced the co-intersection graph of subsemimodules of a semimodule.
The study presented mathematical models designed to reduce noise during
image acquisition and transmission in IoT environments, improving processing
accuracy [10]. Mathematical models are widely used to understand the dynamics
of infectious diseases and evaluate preventive strategies. In particular, Jaafar,
Mohammed, and Hussein [11] proposed a mathematical model to analyse how
vaccination rates influence the spread of respiratory viruses, highlighting the
importance of vaccination in controlling outbreaks. Recent research has
explored the relationship between topology and game theory. In particular,
Sadek and Karim [12] analysed different types of games using semi-generalized
regular spaces and discussed their mathematical properties.

A graph is said to be a regular graph if every vertex in a graph G has the
same number of neighbours (degree). A graph in which each vertex is of degree
k is called a k-regular graph or regular graph with degree k.

The double graph D(G) of a given graph G is constructed by making two
copies of G and adding edges u, v, & v;u, for every edge u;u, of G.

A set of Vertices D in a graph G dominates G, if every vertex in G is either
in D or adjacent to a vertex in D is known as domination. A cardinality of any
smallest dominating set is called domination number y of G denoted by y(G).

Here, we emphasis on the domination of double graph of some regular
graphs which is constructed using an algorithm (Llama New, 2016) [5]. The
domination number y of connected 2 - regular graph on n nodes are determined.
Further, the domination of regular graphs on odd and even orders are
determined.

2. Algorithm for construction of regular graph (Llama New, 2016) [5]
Let a graph G has n nodes and let the degree of each node of G be k, where
0 < k < n. The procedure to construct k-regular graph is explained below.
First all the nodes are placed in a circle.
If n is odd:
For i in range (1, k):
If i is odd:
Make edge for each node x steps away (i)
If n is even:
If k is even:
Count Even numbers = g

For i in range (Count Even numbers):
Make edge for each node x steps away(i + 1)
Else if k is odd:

Count odd numbers = nT_l +1

For i in range (Count odd numbers):
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Make edge for each node x steps away (g) -1
That is, a regular graph is constructed as explained below.

Case 1: n is odd and k must be even.

All the nodes are placed in a circle. Then the nodes are joined x positions
away where x is all odd numbers between 1 to k.

Table 1
Procedure for construction of k - regular graph of odd order where k is even.
n k Procedure for construction of k - regular graph
11 2 Produce edge for each node x steps away 1

Produce edge for each node x steps away 1
Produce edge for each node x steps away 3
Produce edge for each node x steps away 1
11 6 Produce edge for each node x steps away 3
Produce edge for each node x steps away 5
Produce edge for each node x steps away 1
Produce edge for each node x steps away 3
Produce edge for each node x steps away 5
Produce edge for each node x steps away 7

11 4

11 8

Case 2: nis even and k is even

All the nodes are placed in a circle. Then the nodes are joined x positions
away where x is a range of numbers from 1 to g and the range of these numbers
is limited by the number of even numbers from 1 to k including k.

Table 2
Procedure for construction of k - regular graph of even order where k is even.
n k Procedure for construction of k - regular graph
12 2 Produce edge for each node x steps away 1

Produce edge for each node x steps away 1
Produce edge for each node x steps away 2
Produce edge for each node x steps away 1
12 6 Produce edge for each node x steps away 2
Produce edge for each node x steps away 3
Produce edge for each node x steps away 1
Produce edge for each node x steps away 2
Produce edge for each node x steps away 3
Produce edge for each node x steps away 4

12 4

12 8

Case 3: nis even and k is odd

All the nodes are placed in a circle. Then the nodes are joined x positions
away where x is a range of numbers from g to 1 and the range of these numbers
is limited by the number of odd numbers from 1 to k including k.
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Table 3
Procedure for construction of k - regular graph of even order where k is odd.
n k Procedure for construction of k - regular graph
14 1 Produce edge for each node x steps away 7
14 3 Produce edge for each node x steps away 7

Produce edge for each node x steps away 6

Produce edge for each node x steps away 7
14 5 Produce edge for each node x steps away 6
Produce edge for each node x steps away 5

Produce edge for each node x steps away 7
Produce edge for each node x steps away 6
Produce edge for each node x steps away 5
Produce edge for each node x steps away 4

14 7

3. Domination number on regular graphs
3.1. Domination number of double graph of 2 — regular graph

A 2 - regular graph is a regular graph with all the degrees of a graph are 2.
In this section, for a double graph of 2 - regular graph G with n nodes, the
domination number is determined, when G is connected.

Proposition 3.1.1: If C, is a cycle on n nodes where n € Z,, n = 3 then its
domination number y of double graph is given by

7 n = 0mod 4
y(D(C) = n
IEJ +1, n % 0mod4

Theorem 3.1.2: If a double graph D (G) with n nodes (n = 3) is connected and
2 - regular graph then its domination number y is given by

n

oy n = 0mod 4
y(D(G)) = :
FJ +1, n % 0mod 4
2
Proof: Given G is a connected 2 - regular graph on n nodes. uq, Uy, Uz, .... U,

and vy, v,, V3, .... U, be the nodes of the first and second copy of G respectively.
Here double graph of G is constructed by connecting the nodes u;v, & v,u, for
every edge u,u, in G. Since G is connected and each node has degree 2 exactly,
there exists a Eulerian cycle Figure 1. Thus, all connected 2 - regular graphs
with n nodes are isomorphic to n cycle. Hence by proposition 3.1.1 we have

n

oy n = 0mod 4

ro@) = EJ +1, n % 0mod 4
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7 (D(G) =3

Figure 1
Domination number y (D(G)) of n # Omod 4

3.2 Domination number of double graph of regular graph of even order

A graph is said to be regular graph with even order, then all the nodes of
the graph need to have the same degree and the degree needs to be even. This
section determines y(D) of some regular graph G with even order.

Theorem 3.2.1: If a graph G with n nodes where n > 4 and n is even, is regular
with degree n — 2, then its domination number of double graph is y = 2.

Proof: Let {u;/ 1 < i < n} be the collection of nodes of the regular graph G.
The edges of the n — 2 regular graph is constructed using algorithm (Table 2)
for each copy. The double graph of G is created by taking another copy a regular
graph whose nodes are represented as {v;/ 1 < i < n} and connecting the nodes
u,v, and v;u, for every edge u,u, of G.

As G is n — 2 regular, the node u; dominates all the nodes of first and

second copy except {un, ., v and v, }. To dominate those nodes, we choose
2

u, which dominates all the above 3 undominated nodes. Therefore, all the nodes
in the double graph are dominated by u; and u, Figure 2. Hence, domination
number of double graph of n — 2 regular graph on n nodes, n even and n > 4 is
2.

n
s Vi1
+1 2+1



2304 R. UDHAYASHREE AND R. RAJESWARI

Y (D(G)) =2
Figure 2
Domination number y of double graph of regular graph of degree n — 2

Theorem 3.2.2: If a graph G with n nodes where n > 4 and n is even, is
regular with degree g then its domination number of double graph is

_{2 when n =2 (mod 4) and n = 4
"3 whenn=0(mod4)andn * 4

Proof: Let {u;/ 1 < i < n} be the collection of nodes of the regular graph. The
edges of the g regular graph is constructed using algorithm (Table 2) for even

degree and algorithm (Table 3) for odd degree in each copy. The double graph
of G is created by taking another copy a regular graph whose nodes are
represented as {v;/ 1 <i < n} and connecting the nodes u,v, and v,u, for
every edge u;u, of G.

Case 1: When n = 2 (mod 4)
In this case, since it was a regular graph u, dominates all the adjacent
nodes of the corresponding graph and its copy. In order to dominate the

remaining nodes, we takeun, , which dominates all the nodes of the
2

corresponding graph and its copy respectively Figure 3. Thus, the domination
number v of double graph of G with n= 2 (mod 4) is always 2.

Case 2: Whenn=4

In this case, u; dominates u,, u,, v, and v, but it will not dominate u;, v,
and v;. So, we take u, as the dominating vertex to dominate the above 3
undominated nodes. Now all the nodes are dominated by the two vertices.
Therefore, the domination number will be 2.
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Case 3: whenn = 0 (mod 4) and n + 4

In this case, since it was a regular graph u, dominates all the adjacent
nodes of the corresponding graph and its copy. In order to dominate the
remaining nodes, we take, un+s+ which dominates all the adjacent nodes of the

4
corresponding graph and its copy respectively. Then for the remaining vertices

we need to take un,,, which dominates all the remaining nodes of the
2

corresponding graph and its copy Figure 4. Thus, the y(D(G)) with n=
0 (mod 4) is always 3.

T (D(G)) =2
Figure 3

Domination number y of double graph of regular graph of degree g and n =
2 (mod 4)
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3.3 Domination number of regular graph of odd order
A graph is said to be regular graph with odd order, then all the nodes of the
graph need to have the same degree and the degree needs to be odd. This section

determines the domination number of double graph of some regular graph G of
odd order.

Theorem 3.3.1: If a graph G with n nodes where n = 7 and n is odd, is regular
with degree n — 3 then its domination number y of double graph is 2.

Proof: Let {u;/ 1 < i < n} be the collection of nodes of the regular graph. The
edges of the n — 3 regular graph is constructed using algorithm (Table 1). The
double graph of G is created by taking another copy a regular graph whose
nodes are represented as {v;/ 1 <i < n} and connecting the nodes u,v, and
v U, for every edge u,u, of G.

The node u; dominates all the nodes of the graph except us, u,,_;, v; and
Vn_1- So, we take u, as the dominating vertex to dominate the above 4
undominated nodes. Therefore, all the nodes in the double graph are dominated
by u; and u, Figure 5. Hence, domination number of double graph of n — 3
regular graph on n nodes, n odd and n > 7 is 2.

Y (D(G)) =2
Figure 5
Domination number y of double graph of regular graph of degree n — 3

Theorem 3.3.2: If a graph G on n nodes where n>5, n(mod4) =1 is

regular with degree EJ then its domination number is y = 3.

Proof: Let {u;/ 1 < i < n} be the collection of nodes of the regular graph G.
The edges of the BJ regular graph is constructed using algorithm (Table 1).

The double graph of G is created by taking another copy a regular graph whose
nodes are represented as {v;/ 1 < i < n} and connecting the nodes u,v, and
VU, for every edge u u, of G.
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Let q be E] For every 1 < i < q, the node u; dominates u; and v;,

whenever i(mod 2) = 0 and for every q <i< n, the node u; dominates u; and v;,
whenever i(mod 2) = 1.

Then to dominate other undominated vertices u, was taken. For every 1 <i
< q, the node u, dominates u; and v;, whenever i (mod 2) = 1, and for every q+1
<1i<n, the node u, dominates u; and v;, whenever i (mod 2) = 0.

The only vertices which were not dominated are U, and vg44, i€, u[%] 1

and v[g] +1- To dominate those vertices if we choose u3, which dominates all the
2

above 2 undominated nodes. Therefore, all the nodes in the double graph are
dominated by u, ,u,and u; Figure 6. Hence, domination number of double

graph of EJ, regular graph on n nodes, n > 5, n(mod 4) = 1 is 3.

Y(D(G) =3
Figure 6

Domination number y of double graph of regular graph of degree EJ

Theorem 3.3.3: If a graph G on n nodes where n =5, n(mod 4) =3 is
regular with degree E], then its domination number y of a double graph is

y = 2.

Proof: Let {u;/ 1 < i < n} be the collection of nodes of the regular graph G.
The edges of the [g] regular graph is constructed using algorithm (Table 1).
The double graph of G is created by taking another copy a regular graph whose
nodes are represented as {v;/ 1 < i < n} and connecting the nodes u;v, and
v U, for every edge u u, of G.

Let q be E] . For every 1 <1i < q, the node u; dominates u; and v;,

whenever i(mod 2) = 0 and for every q <i < n, the node u,; dominates u; and v;,
whenever i(mod 2) = 1
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Then to dominate other undominated vertices u, was taken. For every 1 <1i
< q+1, the node u, dominates u; and v;, whenever i (mod 2) = 1, and for every
qt1 <i<n, the node u, dominates u; and v;, whenever i (mod 2) = 0.

Therefore, all the nodes in the double graph are dominated by
u, and u, Figure 7. Hence, domination number of double graph of E] regular

graph on n nodes, n = 5, n(mod 4) = 3 is 2.

Y (D(G)) =2
Figure 7

Domination number y of double graph of regular graph of degree E]

Theorem 3.3.4: If a graph G on n nodes where n =5, n(mod4) =1 is
regular with degree E] + 1, then its domination number y of a double graph is
givenbyy = 2.

Proof: Let {u;/ 1 <i < n} be the collection of nodes of the regular graph G.
The edges of the E] + 1 regular graph is constructed using algorithm (Table 1).

The double graph of G is created by taking another copy a regular graph whose
nodes are represented as {v;/ 1 < i < n} and connecting the nodes u,v, and
v u, for every edge u u, of G.

Let q be E] . For every 1 <1 < q, the node u; dominates u; and v;,
whenever i(mod 2) = 0 and for every q+1 <i<n, the node u; dominates u; and
v;, whenever i(mod 2) = 1.

Then to dominate other undominated vertices u, was taken. For every 1 <i
< q, the node u, dominates u; and v;, whenever i (mod 2) = 1, and for every q+1
<1i<n, the node u, dominates u; and v;, whenever i (mod 2) = 0.

Therefore, all the nodes in the double graph are dominated by
u, and u, Figure 8. Hence, domination number of double graph of E] +

1 regular graph on n nodes, n = 5, n(mod 4) = 3 is 2.
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7 (D(G)) =2
Figure 8

Domination number y of double graph of regular graph of degree E] +1

4. Conclusion

The domination number y of 2-regular graph on n nodes were found and

the domination number y of regular graphs on even order and odd order are
determined. In Further research we have planned to study different type of
dominations for the above graphs and relation between them.
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