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ABSTRACT  
This work introduces and investigates a generalization of extending 

semimodules via weak-supplement subsemimodules. An S-semimodule L is 
called weakly-supplement extending (shortly,    —semimodule) if every 
subsemimodule of   is essential in a weakly-supplement subsemimodule of  . 
We asserted that the class of     semimodules properly contains both 
extending and lifting semimodules. Analogously to extending semimodules, this 
paper gives many characterizations of     semimodules. We showed that   is 
    semimodule if and only if each closed subsemimodule of L is a weakly 
supplement subsemimodule of  . Moreover, we discussed the relation of 
    semimodule and its relation with other known classes of semimodule, 
such as  -supplemented, lifting, and uniform semimodules. We inspected 
whether the     semimodule property is satisfied under direct sum, 
subsemimodule, epimorphic image, and inverse image. 
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   Introduction  
As algebraic structures, semirings and their applications in various fields 

have motivated many authors to explore new concepts in semirings and 
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semimodules. In his book, Golan [1] presented interdisciplinary applications of 
semirings. The concept of injective semimodules over semirings has been 
studied extensively (for details, see [2]). Following [3], extending semimodules 
were introduced as a generalization of injective semimodules. Recently, many 
papers have appeared providing new characterizations, generalizations, and 
related work on extending semimodules (cf. [4], [5], [6],[7]). The main focus of 
this paper is devoted to introducing and studying extending semimodules via 
weakly-supplement subsemimodules.  

For the sake of wholeness, we give some definitions and results that are 
relevant to our work. Let L be a semimodule over a semiring S. A 
subsemimodule   of   is called subtractive if         and      imply 
that      [1]. A subsemimodule   of   is said to be small if for any 
subsemimodule    of   such that        implies    , denoted by     
[8]. An epimorphism       (where A and B are S-semimodules) is called 
small if    ( )    [1]. An  - semimodule   is called the direct sum of 
subsemimodules   , and    of  , if each element     can be uniquely written 
as         where       and       [8] and denoted by        . Also, 
T1 is said to be the summand of   if there is a subsemimodule    of T such that 
       . A semimodule   is called lifting if for every subsemimodule     
of   there exist subsemimodules   and  such that       with     and 
      [9]. Let   and   are subsemimodule of a semimodule  . Then   is 
called a supplement of   in   if       and      . A subsemimodule 
  is called a supplement subseminodule in   if it is a supplement of some 
subsemimodule of  . A semimodule   is said to be supplemented if every 
subsemimodule of   has a supplement [10]. Moreover, a subtractive 
subsemimodule   of a semimodule   is supplement if and only if it is minimal 
with the propriety       [11]. Let   and   be subsemimodules of a 
semimodule   such that       ,       then we say that   is a weak 
supplement of   in   [10]. A semimodule   is called weakly supplemented if 
every subsemimodule of   has a weak supplement in  [10]. It is clear from the 
definitions that each direct summand is a supplement subsemimodule and every 
supplement subsemimdoule is weakly supplement. A non-zero subsemimodule   
of   is called an essential subsemimodule of  , if      ( ) for each nonzero 
subsemimodule B of   and dented by      [12]. A semimodule   is called 
extending if every subsemimodule of   is essential in a direct summand of   [3]. 
The left annihilator of x in S is defined by    ( )  *          + and the 
set  ( )  *       ( )                 +. It is easy to see that  ( ) is a 
subsemimodule of   and we will call it the singular subsemimodule of  . If 
 ( )    then   is called singular, and if  ( )   , then   is called nonsingular 
[1]. A semimodule   is said to be uniform if any subsemimodule of   is essential 
[7]. A semimodule   is referred to as strongly extending if closed 
subsemimodules of   are invariant summands [13]. A semimodule   is said to 
be semisimple if it is a direct sum of its simple subsemimodules [14]. Let   be a 
subsemimodule of a semimodule  , then we say     is a quotient semimodule 
of   by   , defined by     *, -      + [10]. A subsemimodule   of   is said 
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to be fully invariant if  ( )    for each endomorphism   on   [14]. A 
semimodule is said to be duo if each subsemimodule of   is fully invariant 
[14],[18]. A semimodule C is said to be injective if, for any  -semimodules   
and  , any  -monomorphism         , and any  -homomorphism       
  , there is an  -homomorphism          in which       [15]. If   is an 
injective  -  emimod le and an essential extension of a semimodule  , then   is 
said to be an injective hull of  , denoted by  ( ) [3]. The Jacobson radical of a 
semimodule  , denoted by  ( ), is the intersection of all maximal 
subsemimodules of   [16]. A semimodule   is referred to as stable-extending 
whenever a stable subsemimodule of   is contained essentially in a summand of 
  [16]. A semimodule   is called distributive if, for all subsemimodules    , 
and   of  , the following equality holds   (   )  (    )  (   ) 
[17],[19]. 

2. Weakly Supplement Extending Semimodules 
Firstly, we introduce the following concept: 

Definition 2.1: An  -semimodule   is called weakly-supplement extending 
(abbreviated as     semimodule) if every subsemimodule of   is essential in 
a weakly-supplement subsemimodule of  . 

The next result provides as a characterization of     semimodule. 

Proposition 2.2: An  -semimodule   is a     semimodule if and only if 
every closed subsemimodule of   is weakly-supplement subsemimodule in  . 

Proof: Let   be a closed subsemimodule of  . Since   is a     semimodule, 
then      , where   is a weakly-supplement subsemimodule of  . However, 
  is a closed subsemimodule of   (that is,   has no proper essential extension in 
  ), hence    . So   is a weakly-supplement subsemimodule in  . 
Conversely, let   be a subsemimodule of   and, by [5],   is essential in a closed 
subsemimodule   of  . By the assumption,   is a weakly-supplement 
subsemimodule in  , and so   is a     semimodule. 

Remarks and Examples (2.3):  
1. Every weakly supplemented semimodule, and hence every supplemented 

semimodule, is a     semimodule. The reverse direction is not always 
true. The   as   -semimodule is not weakly-supplemented (and hence is 
not supplemented). For example, the subsemimodule    of     has no 
weakly-supplement in    . But   as   -semimodule is 
    semimodule. 

2. Every extending semimodule is a    -semimodule, while the opposite is 
not generally true. Actually,       as an   -semimodules is a 
    semimodule (since it is weakly supplemented) which is not an 
extending semimodule [5]. 
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3. Every  emi- imple  emimod le i  a      emimod le. The conver e i  
not tr e generally. For example,   a   - emimod le i       emimod le 
b t i  not  emi- imple. 

4. Every  niform  emimod le i  a      emimod le, while the oppo ite i  
not alway  tr e. For example,     a      emimod le i  
     emimod le, b t it i  not  niform. 

5. Extending  emimod le  and lifting  emimod le  are incomparable; 
however, every lifting  emimod le i  a      emimod le. Moreover,   
a    - emimod le i       emimod le, and it i  not lifting.  

6. Every  -  pplemented  emimod le i  a      emimod le, while the 
conver e i  not alway  tr e. For example,   a    - emimod le i  
     emimod le and i  not  -  pplemented. 
 
The next re  lt provide  a   fficient condition for      emimod le . 

Proposition 2.4: An  - emimod le   i  a      emimod le if and only if 
every   btractive   b emimod le of   i  e  ential in a weakly-  pplement 
  b emimod le of  . 

Proof: The nece  ary part follow  directly from the definition of 
     emimod le. Conver ely, let   be a   b emimod le of  . By [5], there i  
a clo ed   btractive   b emimod le   of     ch that     . By the 
a   mption, there exi t  a weakly-  pplement   of     ch that     . Hence, 
     . Therefore,   i       emimod le.□ 

Proposition 2.5: Let   be a   btractive  - emimod le which ha  an injective 
envelope. Then   i       emimod le if and only if     i  weakly-
  pplement   b emimod le in   for each   mmand   of  ( ). 

Proof: Let   be a   mmand of the injective h ll  ( ) of  . P t  ( )      , 
where   i    b emimod le of  ( ).S ppo e that       , where   i  a 
  b emimod le of  . Let    , then       for  ome     and    . 
Since   i  a   mmand of the injective h ll  ( ), by [18, corollary 3.2],   i  
  btractive. Now, if         and     then    , and thi  contradict  
      . Th       and  o,      . Since   i  e  ential in  ( ) ( by [19, 
Lemma 2]) then there i        ch that        . Now            
   . Again  ince   i  a   btractive and           , then      and 
      . B t     i  e  ential in  ,  o ( )  (   )          . 
Then       which i  a contradiction. Th       i  a clo ed   b emimod le 
of  .By Propo ition (2.2),     i  a weakly-  pplement of  . Conver ely, let   
be a   b emimod le of   and Let   be a complement of   in  . By [20, 
Definition 2.1],   i  a   btractive   b emimod le of  . Al o by [20, propo ition 
2.4], then     i  an e  ential   b emimod le of  .and by [21, lemma 2.2.3], 
 ( )   ( )  ( )   (   )   ( ). Then,  ( ) i  a   mmand of  ( ), 
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and by hypothe i ,  ( )    i  a weakly-  pplement of  . B t   i  e  ential in 
 ( ) and   i  e  ential in  , then by [12, Propo ition 3.3]       i  
e  ential in the weakly-  pplement  ( )    in  . Then   i  
     emimod le. 

Lemma 2.6:  et       be an epimorphism image of semimodules   and  . If 
  is a closed subsemimodule of  , then    ( ) is a closed subsemimodule of  . 

Proof: Let       be an epimorphi m, and   be a clo ed   b emimod le of 
 . By the fir t f ndamental theorem of homomorphi m for  emimod le  [22, 
Theorem 4.2],      ( )⁄   . Let      ( )  which i  a   b emimod le of 

 , then        ( )⁄ . S ppo e that     ( )         , then   ⁄  
     ( )      ( )⁄⁄⁄ . By [6, propo ition 4.2]   ⁄  i  a  ing lar  emimod le, 
and  ince   i  non- ing lar, then      ( )   ⁄      ( )⁄ . Th  , 
    ( )  ⁄      ( )⁄  by [12, propo ition 4.2], hence      which mean  that 
     ( ) i  a clo ed  emimod le of  .□ 

Proposition 2.7: Let   be a      emimod le, then every non- ing lar image 
of   i  a      emimod le.  

Proof: Let       be an epimorphi m of  emimod le  with       – 
 emimod le and   a non- ing lar image of  . Let   be a clo ed   b emimod le 
of  , then by Lemma 2.6,    ( ) i  a clo ed   b emimod le of  . By 
propo ition (2.2),  ince   i  a      emimod le, then    ( ) i  a weakly 
  pplement   b emimod le of  ,  o there i  a   b emimod le   of     ch that 
       ( ) and      ( )    . then we have     (     ( ))  
  ( )    (   ( ))    ( )     and by [15] and  ince   i  epimorphi m 
then    ( )     ( ) we have by [16]  (     ( ))    ( )  
  (   ( ))    ( )       ince (     ( )   . Then   i  a weakly-
  pplement   b emimod le of  , and  o   i  a      emimod le of  . 

The next re  lt a  ert  that a      emimod le i  clo ed  nder the 
i omorphic property. 

Proposition 2.8: Let    and    are  - emimod le. If    i  a      emimod le 
and      , then    i  a      emimod le . 

Proof: Let         be an i omorphi m and   be a   b emimod le of    , 
Then    ( ) i  a   b emimod le of    Since    i       emimod le of  . 
Then    ( ) i  e  ential in a weakly-  pplement   b emimod le   of   , B t 
 (   ( ))    i  an e  ential in   ( ). Since   i  weakly-  pplement 
  b emimod le in    then there i    i  a   b emimod le of      ch that 
       , and        Then by [16]   (  )    ( )     ( ). And  o 
     ( )    ( ),  ince        and         homomorphi m, then 
 (   )     [16],  ince   i  i omorphi m then   i  monomorphi m and 
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        and we have       , then by [16],   (   )    ( )  
  ( )    , then  ( ) is weakly-supplement subsemimodule of    , hence    is 
a     semimodule. 

Proposition 2.9: Let       be a small epimorphism and   be a 
    semimodule, such that for every nonzero closed subsemimodule   of   
with        . Then   is     semimodule.  

Proof: Let   be a     semimodule, and       be a small epimorphism, 
and   be a closed subsemimodule of  , since        by [16] and   is an 
epimorphism. Then by the first fundamental theorem of homomorphism for 
semimodules [7, Theorem 2.4],   ( )             is closed in           , 
then        is a     semimodule, so  ( ) is a weakly-supplement 
subsemimodule of  , then   is a weakly-supplement subsemimodule of  . Then 
  is     semimodule.□ 

Proposition 2.10: Let   be a weakly-supplement subsemimodule of 
    semimodule   such that the intersection of any two weakly-supplement 
subsemimodule in   is weakly-supplement in  . Then   is     semimodule.  

Proof: Let   be a weakly-supplement subsemimodule in   and let   be a 
subsemimodule in  . Since   is a     semimodule,   is essential in a 
weakly-supplement subsemimodule   of  . By hypothesis,     is a weakly-
supplement subsemimodule in   since   is essential in   and   is essential in 
 . Then we have     is essential in     and       is essential in 
   . Then   is     semimodule.□  

Proposition 2.11: Every direct summand of a     semimodule is a 
    semimodule.  

Proof: Let   be a direct summand of     semimodule    and   be a closed 
subsemimodule of  . By [5],   is a closed subsemimodule of  . Since   is a 
    semimodule and H is a closed subsemimodule of  ,   is a weakly 
supplement subsemimodule of  . Let   be a subsemimodule of   such that 
                 . Since every closed subsemimodule is subtractive 
[5], then by using the modular law for semimodules [20], then       
  (   )    (   ) and   (   )  (   )   . Since 
(   )        and      , so,   (   )   . Since   is a 
direct summand of  , then by [22],   (    )    and so   is a weakly-
supplement subsemimodule of  . Therefore,   is a     semimodule.□ 

Proposition 2.12: If    and    are semimodules such that         is a 
distributive semimodule. Then       is a     semimodule iff    and    
are     semimodules. 
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Proof: The necessary part is directly by proposition (2.11). Conversely, let   be 
a closed subsemimodule of      . Since       is distributive semimodule, 
then     (     )  (    )  (    )  So,      and      are 
closed subsemimodules of    and    respectively. But    and    are 
    semimodule. Thus there is subsemimodules    of    and    of    so 
      (   (    ))  (   (    )) such that (     )  
((    )  (    ))  (     )    , since (    )     and (   
 )     are (    )  (    )        , Hence   is weakly-supplement 
subsemimodules of       , therefore       is     semimodule.□ 

Proposition 2.13: Let           be a semimodule such that every closed 
subsemimodule in   is fully invariant. Then   is     semimodule iff each    
for each     is     semimodule . 

Proof: The necessary part is directly by proposition (2.11). Conversely, let   be 
a closed subsemimodule of   and since   is fully invariant then there is a 
mapping         define by   ( )     , where       and   ∑       such 
that   ( )    and   ( )     hence       (     )  Since       is 
direct summand then by [5, proposition 2.1.14]       is closed 
subsemimodules of  . But             then       is closed in   . 
Therefore       is a weakly-supplement subsemimodule of   . Thus   
    (     ) is     semimodule , Then   is     semimodule.□ 

Proposition 2.14: Every weakly-supplement subsemimodule is a direct 
summand. Then   is     semimodule if and only if   is extending.□ 

Lemma 2.15: [5] A subsemimodule of a semimodule is a complement if and only 
if it is closed.  

Lemma 2.16:  et   be an  - semimodule and    , then   is closed if and 
only if ,   - is a closed ideal in   

Proof: Let   be a closed subsemimodule of a semimodule  , then there exists a 
subsemimodule   of   such that   is a relative complement of   if      , 
where   is the maximal subsemimodule satisfies the condition and we get 
,    - is relative complement of ,    - in   , Also we suppose that ,  
  -    . Where   is ideal in   and since ,    -      and ( )  
(  ,     -  ,   -) hence ( )    ,    -. But ,   - is ideal in   
satisfies the relation ,   -  ,   -   , hence ,   -   , therefore ,   -   . 
conversely suppose that     such that      and so ,   -   ,   - and 
  is ideal in   such that   ,   - and ,   -     , So       , But 
     and      hence      when    , therefore ,   -   ,    - but 
,   - is closed ideal in  , we get ,   -  ,   - hence     and therefore   
be a closed subsemimodule of a semimodule of  .□ 
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Lemma 2.17:  et   be an  -semimodule and     if      then 
,  ( )-          . 

Proof: Let     and     is an ideal in   if       then    ( )   . But, 
   ( )  ,  ( )-. So ,  ( )-    then   ,  ( )-   , and if       then 
       . Hence     such that      then   ,  ( )-, so   
,  ( )-    and hence ,  ( )-           □ 

Proposition 2.18: Every finitely generated faithful multiplication  -semimodule 
over a commutative      semiring   is a     semimodule.  

Proof: Let   and   be subsemimodules of  , we set ,   -  *          +. 
It is clear that ,   - is an ideal of   [21]. Let   be a closed subsemimodule of a 
semimodule  , Since   is a closed subsemimodule in  , ,   - is a closed ideal 
in   by Proposition 2.16. Thus, by hypothesis, ,    - is weakly-supplement 
ideal in  . Then there exists an ideal   of   such that ,   -      and 
,   -     . Now by proposition 2.16, we have      (,   -   )  
,   -    . Let (,   - )    )      , since   is a multiplication 
semimodule [23] so ,(,   -   )   -    . But   is a finitely generated 
faithful multiplication  -semimodule. And      ,(,   -   )   -   then 
  (,   -   )    and since ,   -     , then we have     then 
     is     semimodule. 
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