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Abstract

In this research, we presented new types of modules, which are F -extending modules,
F-Goldie extending (F-G-extending module) and a unique F-closure module (UFC -module),
Which are generalizations for each of extending modules, Goldie extending module and a
unique closure module.

In this work, we introduce a new type of modules that is 1,-G-extending modules
and we define a module M is called 1-G-Goldie-extending iff for all submodule V of M that
containing F, where # <., M, F < # satisfies and V 1. 7. We provide many characteristics
related to this kind. In a module M, we define the relationships on the group of submodules
of M:

i. VU, B iff K <M satisfies V <, X and B <, K.

ii. Vg,Biff YNnB<,VandVNB <y B.

A module M is called F -Goldie extending (F-G-extending module) if for every V <
M that contains F, where a F-direct summand # of M satisfies F < H and V ¢, H and we
introduce some Characteristics and Features for this kind module.
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1. Introduction

All rings appearing in this work are understood to have identity, R be a ring and per
modules are left R- modules has unity. In [1-3], for a module M, rename for relations on
the group of submodules of M.
(1) VaB iff where H <, M satisfiesV <, H and B <, H.
(2) VBBiffYNB <, VandVNB <, B.

Recalled M is named a module extending if for all V < M where H <g M
satisfies a H. A module M is name Goldie extending V V < M one can find

H <g M satisfies [ H [4]. Recalled V is FE — small submodule of M
V Kpg M), if for all X <, M such that F € V + K implies that F € X [5].

In this paper, we define new relations i, @ on modules and ¥ — G — extending
modules, also we give many results on Y, Q.

In a module M, we define the relationships on the group of submodules of M:
(i) VyY£BiffIK < M satisfies V <z K and B <gp XK.
(i) VegB iff VN B <pg VandV N B <pp B [6-7].

We have introduced new types of modules based on these relationships.

A module M is called F -extending, whenever VA € Sz there is D <zg M and
D € Sg satisties A <gg D. A module M is named F -Goldie extending (F-G-extending
module), whenever for every V < M that contains F, there is H <gq M satisfies F <
H and V @5 H. A module M is said to be a unique F-closure module (UFC -module)
whenever each A < M has a unique F-closure in M. we introduce some characteristics
and features therefore kind modules.

2. The Relation P ¢

This section is devoted to examining the properties of submodules
P requivalent to a direct summand.

Definition 2.1: Let F < M and Sz ={ B< M : F < B }. Let A and B € S, we say
AYsB where a submodule V of M satisfies A <zp V and B <z V.

Amodule M is define F — extending, if VA € S¢,there is H <g M and
H € S satisfies A <z H.
(Notes H <pg M (M = HD5H;) >M =H +H; and X NH; < F)

Examples 2.2:
(1) Let Z, be as Z-module and suppose U = Z,, V = {0,2} and F = {0}. Since
v S.’FE Z4 and U STE 24, then vl,[)y:fu

(2) Consider Z;, as Z-module and let U = {6,5,3,5}, F={0,6} and

relate to U by Y.
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Proposition 2.3: Suppose ¢ < M. Then Vi, B iff%l[) g forall V and B € S,

Proof: Suppose Vi B. Then we can find C < M satisfies V <gg C and D <gg C. Then
e v B
ey then glp P
A, B . ¢ M
Conversely, glp ? then there is a submodule i f ry such that

B_ ¢
3 Se 5 - Then V <¢r Cand B <y C. Thus V 1) B.

v B v
—_ < = —-_<<
3 Se and¢_

<. —and

S0

4
¢

<

Remark 2.4: The 1)+ relation is a symmetric relation and reflexive relation.
Proof: The proof follows directly from the definition.

Definition 2.5: Consider submodules V, F and ‘U of an module . Thus U is F-
closure of V+F in N if V + F <z U and U is a F -closed in V.

A module IV is said to be a unique F-closure module(UFC-module)
whenever for each submodule A of V" has a unique F -closure in V.

Examples 2.6:

(1)  Consider Zgas Z-module and let F={0}, since {0,3} is F-essential in {0,3}and
{0,3} is not F-essential inZ, then {0,3} is F-closed in Zs. Now since {0,2,4} is
F-essential in {6, 2, Z}and {6, 2, Z}is not F -essential in Zg, then {6, 2, Z}is F -closed
in Zs. And Zgis F-essential and F-closed in Zs. Since {0} is F-essential in {0 }and
{6 }is not F-essential in Zg, then {6} is F-closed in Zg. Thus Zg4is UFC-module.

(2) The module as Z-module, where p is a prime integer. Let F = 0 and since the
module is not UC-module, it follows that is not a UFC-module.

Proposition 2.7: Let F < M. Then 1 is a transitive iff M is UFC-module.

Proof: Assume that i is a transitive and suppose V € Sz such that V < U
and V <zp C, where U and C are F-closed submodules of M. To showlU = C.
Since V <z U and U <zp U, then VipzU. Since V <z; C and <zp C , then
Vi£C. But 5 is transitive, therefore UYrC. Hence there exists a submodule
D € Sy satisfies U <zp D and C <z; D. But each of U and C are F-closed,
therefore, U + F = +F =D . Hence U = C = D. Hence M is UFC -module.
Conversely, suppose that M is UFC -module and let V,U and C € Sz such that
ViU and U #C,we have to prove VixC. Since VipU andU+C, then there
exists submodules V, and U, € S such that <z; V, ;U <z V;, U <¢g U, and
C <gp U,. Let H; , H, and H5 are F-closed submodules of M contain F
satisfies V <zp Hy, U <5p Hrand C <zp H;3. Since VNU <z V; and UNC
STE ’Ul, hence nU STE v STE }[1, nU Sf‘E U STE j‘[z, YNnC STE Uu
<gg H, and U N C <gg C <¢g H3. But M is UFC-module, therefore H; =
H, = H3, hence VipC. Thus i is transitive.
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Theorem 2.8: Let F < M. Hence M is F-extending iff VA € S¢ there is
U <gg M satisfies AprU.

Proof: =) Assume M is F-extending and A € Sx. As M is F-extending, therefore
where a U <gg M ,U € Sy satisfies A <zg U, since for every U a submodule of M,
then U <z¢ U, hence AYPFU.

&) Let A € Sg, In our hypothesis, there is a U <gzg M , U € S¢ satisfies
AYzU. Thus where a submodule B € S satisfies A <zp B and U <zp B. to
show B <zqg M. Let M = UP+U,, whereU; < M. Since U < B thus

M =B+ U,;. Since U N U, < F, then(B NnU) N U, < F.therefore

UNn (U, NB) < F.ButU <z B, therefore, (U, N B) < F. Hence

M = B®+U,, therefore M is a F-extending module.

Proposition 2.9: Let F submodule of M and let V, U € §z. If V YU, then there
exist C < M satisfies % and % are singular.

Proof: Suppose that ViU, then there is C € Sf satisfies U <z C and V < C,

4 ¢ U ¢ . .
therefore FSFE T and 7 SFE 5 Now consider the following two short exact sequences:
v 91 ¢ f1ie/F

0> = > =—>——

F F V/F

U 92 ¢ 2 ¢/F
—_ = ——

0—z—>3 Uu/F

— 0
—0

Where g,, g, are inclusion map and f;, f, are the natural epimorphisms.
Because

v _ ¢ u_ ¢ ¢/F c/F . .
< = < = il =
e and FSer o then vIF and wF e singular. By the third
. . e e C/F _¢C c c .
isomorphism theorem, GF L £ E7 =% Thus < and & are singular.
V/F TV /F T U v U

Definition 2.10: Suppose that F, V and U be submodules of M. Then ViU
where § < M satisfies (V + F) <gp S and (U + F) <z5 S.

Examples 2.11: Let Z,, as Z-module, U = Zy,, F = {0, 6}and V = {0,4,8} .
Since Z;, is a F-essential in Z;,. But V+F ={0,2,4,6,8,10} is not F -
essential in Z,, therefore V is not related to Z;, by Pz .

Remark 2.12: Let P, V and U be submodules of M, then ViU iffvfﬁ P u?%?.
Proposition 2.13: Assume F < M. Then 1z is transitive iff M is UFC-module.

Proof: we can prove by the same argument of the proof of (2.7).

3. The Relation @:
This section is devoted to examining the properties of submodules
@ equivalent to a direct summand.



UNIQUE F-CLOSURE MODULES (UF € -MODULE) AND F-G-EXTENDING MODULES 2143

Definition 3.1: Assume M be a module, F < M and V,U € S, then VU if
VNU) <gg Aand (VNU) <z U.

A module M is name F -Goldie extending (F-G-extending module)
whenever for all V < M that containing F, one can find H <zg M satisfies F
<HandV @pr K.

Cleary, if F = 0 then (F-G-extending module) iff G-extending module.

F =1{0,6} and B = Z,,, thus A NB =V <z B. As V is not F-essential
in Z;, . Hence V is not related to Z;, by ¢«

Theorem 3.3: Let F,V and H be a submodule of M satisfies V,H € Sz. Then
VK
VorH lﬁ‘; Pr 7

VnH

Proof: =) assume VozH then VNH <zp Vand V N H <z H.Then e
M < ﬂ then Z E
F oTeF F 7

v
<. - and
F

v H VnH v VnH H
&) Let j—r(pT;,thenT <e ;andT <e 7 ThenV N H <z V and
VOH <z H.Thus VozH.

Remark 3.4: The @ relation is an equivalence relation.

Proposition 3.5: Suppose P,V and U be submodules of M for where V and
U € Sp. Then Vo, U iff YN C <P whichimpliesUNC<PandUND <P
consequently V N D < P, for all submodules € and D of M.

Proof: =) Suppose that VppU and let C < M satisfies (VNC) <P. Then VN
(UNnE) <P, hence (UNC)N(VNU)<P. But(V NU) <pp U, therefore, (UN
C)<P. Now let (UND)<P,where D<M. Then WNU)ND <P and then
@PnwWn@nND)<P.But(VNU) <pg V, therefore, (VW ND) <P

&) To prove V@»U. Let L be a submodule of V satisfies V NUN L < P.
As VPN (UNL)<P, thus by our assumption VN (UNL)=UNUNL) <
P. Hence (VNL)<P. But L <A, hence L <P. Similarly, suppose that
¥ <U. Satisfies (W NU)NFK <P. By our assumption therefore VN K =
vn

(YPNX) <P. Hence UNXK < P. But X < U, therefore, K < P. Thus
VorU.

Proposition 3.6: Assume A, A,,B,,B; and F are submodules of a module M
satisfies By, B, , A, and A,, € §z. If A @B, and A,@5B,, then (A; N A,)
@r (By N By).

Easy
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Proposition 3.7: Let f: M - N be an homomorphism and onto and F,V and U be
submodules of V" satisfies V,and U € Sg. If VU, then f ~*(V ) @p -1 f ~H(U).

Proof: Let V and U be submodules of NV satisfies VozU, then VN U <zz V and
VNU<gg U then f TV NU) <p-1¢pyp f1(V), implies that £~ (V) n £~ (W)
<r-1e f (V). Since YV NU <gg U, then f 'V NU) <p-19 f (W), implies
that f 2 (V) N f 71 (W) Sp-amp £ (W, Thus £ 7 (V)@ -1 f ~HW.

Definition 3.8: Let F,V and U be submodules of M. Then VopzU if (V +F ) N
U+ F)<pg V+Fand V+F)N(U+F) <pg U+ F.

Clearly the @7 relation is an equivalence relation.

Examples 3.9: Let Z¢ as Z -module. Let F = {0,3}, A ={0,2,4} and U =
{0}, thus A+F =2Zgand U+ F ={0,3}. Since(A+F)N(U+F)=
{0,3} and {0,2,4} < Z, then {0,3}n{0,2,4} = {0} < F. But {0,2,4} £
F, then (A+F)N(U+F) is not F-essential in A + F. Thus A is not
related to B by ¢.

Proposition 3.10: Let I, W and U be a submodules of M satisfies W, U € Sx. Then

* oo WHK UK
W(px'u iff X T

Proof: =) Suppose that W @3 U, therefore W+K)N(U+K) <z V +
W +3)N(U+K) _ W+K

KandW+K)IN(U+K ) <ygg U+K. Then e Se % and
W +XK ))N(U+XK) U+K W+K  U+K
e Se - Thus ~ P
Conversely, let V+K ® ﬂ’ then W+ )N(U+X) <, W +K and (W +X)n(U+XK )
x x x X X

<. T Hence (W +K) 0 (U +K) Syp W+ K and (W + %) 0 (U +K)
<yxg U+ K.Then WeiU.

Theorem 3.11: Assume M be a distributive module, therefore M is ¥-&
extending module iff
A < M contains X, there is U <zq M contains K satisfies a‘lzp'f’u and
U; + K is K-complement for A, whereM = UDz(U; + K), where
U, <M.

Proof: <) Clear.
=) Assume that M is K-G-extending and A < M satisfying K < A.
Hence there is U <y q M satisfies X < U and A@yU. Let M = U4 (U, +

K), U, is a submodule of M. Since AN U <yp A and U; + K <U, + K,

ANU _ A Uy +% Uy +K AN U Uy +K A U +%
then <p=and =—— <, —2— So ( ) n ( . ) <z (—) n (1—)
x x % x % % % %

As M is a distributive, then
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(ﬂn’u) (u1+7c) _ ANN(U+K) _ (ANUNU+ANTDNK  _ [(AN UYNU,]+K
x x )= - -

X X X
A U +K
X X e

LX) = 0, implies that A N (7 + K) =
J.Now, suppose B <M satisfiesU; + K <B and ANB<K. Since

(AN _ U B B
(A NU) <z U and B <y4f B, then  SE %and% <k ¢

Theorem 3.12: Let;—{ be a nonsingular module. Then M is K -gG-extending if and
only if M is I -extending.

Proof: Suppose that M is K-G-extending module and let A4 be a submodule of M
satisfies K < A. Then there exists a K -direct summand D of M satisfies K < D and
A, D. Implies that (A ND) <gp A and (A ND) <y D. It is enough to show

A <LD. As % is singular. Now by the third isomorphism theorem we have ‘/;%D =
(A+D)/K _ M/K _ (DOD+F)/K POD+H)/K _  (Dy+K)  _ (Dy+K) _ M .
D/K s Y D/K » then DIK T @On0+Kx) T X = X which
is nonsingular where D; is a submodule of M ,But the only submodule which is singular
and nonsingular is the zero submodule therefore A + D = D. Hence A < D. Thus M is

JC-extending module. The converse is obvious.

4. Discussion and Conclusion

We defined and developed the concept of G-extending modules and
established fundamental properties and characterizations of this class. The
introduced relations provide useful tools for studying submodule structures and
extending properties in modules. Several results connecting G-extending
modules to extending, nonsingular, and distributive modules were obtained.
These results open the door for further research on this type of module and its
applications in module theory and ring theory.
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