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Abstract
In this research, we presented new types of modules, which are ℱ -extending modules,  

ℱ-Goldie extending (ℱ-𝒢-extending module) and a unique ℱ-closure module (𝒰ℱ𝒞 -module), 
Which are generalizations for each of extending modules, Goldie extending module and a 
unique closure module. 

 In this work, we introduce a new type of modules that is ψF-G-extending modules 
and we define a module M is called ψF-G-Goldie-extending iff for all submodule 𝒱 of M that 
containing F, where 𝓗 ≤F⊕ M, F ≤ 𝓗  satisfies  and V ψF 𝓗. We provide many characteristics 
related to this kind. In a module M, we define the relationships on the group of submodules 
of M:

i.	  Vψℱ B  iff 𝒦 ≤ M   satisfies 𝒱 ≤ℱE 𝒦 and  B ≤ℱE 𝒦. 
ii.	   Vφℱ B iff  𝒱 ∩ B ≤FE 𝒱 and 𝒱 ∩ B ≤FE B.
A module ℳ is called ℱ -Goldie extending (ℱ-𝒢-extending module) if for every 𝒱 ≤ 

ℳ that contains ℱ, where a ℱ-direct summand 𝓗 of ℳ satisfies ℱ ≤ 𝓗 and 𝒱 φℱ 𝓗  and we 
introduce some Characteristics and Features for this kind module.
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1. Introduction  
All rings appearing in this work are understood to have identity, R be a ring and per 

modules are left R- modules has unity. In [1-3], for a module M, rename for relations on 
the group of submodules of M. 
(1)   𝛼𝛼𝐵𝐵 iff            satisfies      and 𝐵𝐵    . 
(2)      iff          and         . 

 
Recalled   is named a module extending if for all     where      

satisfies  𝛼𝛼  . A module   is name Goldie extending       one can find 
     satisfies      , -. Recalled                submodule of   

(     ), if for all      such that       implies that     [5]. 
In this paper, we define new relations   ,    on modules and       extending 

modules, also we give many results on   ,   .  

In a module M, we define the relationships on the group of submodules of  : 
(i)      iff       satisfies       and         
(ii)    𝐵𝐵 iff   𝐵𝐵      and   𝐵𝐵    𝐵𝐵 [6-7].  

 
We have introduced new types of modules based on these relationships. 
A module   is called   -extending, whenever       there is       and 

     satisfies      . A module   is named   -Goldie extending ( -𝒢𝒢-extending 
module), whenever for every     that contains  , there is       satisfies   ≤ 
  and       . A module   is said to be a unique  -closure module (    -module) 
whenever each     has a unique  -closure in M. we introduce some characteristics 
and features therefore kind modules. 

2. The Relation    
This section is devoted to examining the properties of submodules 

  equivalent to a direct summand. 

Definition 2.1: Let     and    ={     :     }. Let   and     , we say 
           a submodule   of   satisfies       and      . 

           is define            , if         there is      and 
     satisfies      .  

(            (       )  
 
⇒                 )  

Examples 2.2: 
(1)  Let    be as  -module and suppose     ,   *   + and   * +. Since 

       and       , then     . 
(2)  Consider     as  -module and let    {         }  =*    + and  

 
  *                + and since        , and as        , hence   is not 

relate to   by   .  
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Proposition 2.3: Suppose    . Then      iff    
 
  for all   and     . 

Proof: Suppose     . Then we can find     satisfies       and      . Then 
 
   

 
  and     

 
 , then    

 
   

Conversely,    
 
  then there is a submodule       

 
  such that     

 
  and 

 
   

 
  . Then       and      . Thus         

Remark 2.4: The    relation is a symmetric relation and reflexive relation.  

Proof: The proof follows directly from the definition.  

Definition 2.5: Consider submodules     and   of an module  . Thus   is  -
closure of   +   in   if         and   is a   -closed in  . 

A module   is said to be a unique  -closure module(   -module) 
whenever for each submodule   of   has a unique   -closure in  . 

Examples 2.6: 
(1)  Consider   as Z-module and let F={ }, since {   } is F-essential in {   }and 

{     } is not F-essential in  , then {    } is F-closed in   . Now since {      } is 
F-essential in {     }and {     }is not F -essential in   , then {     }is F -closed 
in   . And   is F-essential and F-closed in   . Since { } is F-essential in {  }and 
{  }is not F-essential in   , then {  } is F-closed in   . Thus   is UFC-module. 

(2)  The module as Z-module, where p is a prime integer. Let F = 0 and since the 
module is not UC-module, it follows that is not a UFC-module. 

Proposition 2.7: Let    . Then    is a transitive iff   is    -module. 

Proof: Assume that    is a transitive and suppose      such that       
and      , where   and   are  -closed submodules of M. To show   . 
Since       and      , then     . Since       and      , then 
    . But    is transitive, therefore     . Hence there exists a submodule 
     satisfies       and      . But each of   and C are  -closed, 
therefore,     =      . Hence   =    . Hence   is     -module. 
Conversely, suppose that   is     -module and let     and      such that 
     and     ,we have to prove     . Since      and    , then there 
exists submodules    and       such that       ,      ,        and 
      . Let    ,    and    are  -closed submodules of M contain   
satisfies       ,       and         Since          and     
     , hence             ,              ,           
       and             . But   is    -module, therefore    
      , hence     . Thus    is transitive. 
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Theorem 2.8: Let    . Hence   is  -extending iff             is 
      satisfies     . 

Proof: ⇒) Assume   is  -extending and     . As   is  -extending, therefore 
                    satisfies      , since for every   a submodule of  , 
then      , hence     . 

⇐) Let     , In our hypothesis, there is a             satisfies 
    . Thus       a submodule      satisfies       and      . to 
show      . Let        , where    . Since     thus  

      . Since       , then    )      ,therefore 
       )   . But      , therefore,      )   . Hence 
       , therefore   is a  -extending module.  

Proposition 2.9: Let   submodule of   and let  ,     . If      , then there 
exist     satisfies    and    are singular. 

Proof: Suppose that     , then there is      satisfies       and      , 
therefore      

 
  and      

 
  . Now consider the following two short exact sequences:  

        
    →     

    →   ⁄
  ⁄     

        
    →     

    →    ⁄
  ⁄     

Where   ,    are inclusion map and    ,    are the natural epimorphisms. 
Because  

 
   

 
  and  

   
 
  , then   ⁄

  ⁄  and   ⁄
  ⁄  are singular. By the third 

isomorphism theorem,   ⁄
  ⁄   

 
  and   ⁄

  ⁄   
 
  . Thus    and    are singular.  

Definition 2.10: Suppose that  ,   and   be submodules of  . Then       
          satisfies     )      and     )     . 

Examples 2.11: Let     as  -module,          {     }       {     } . 
Since Z12 is a  -essential in    . But     {                } is not   -
essential in    , therefore   is not related to     by     . 

Remark 2.12: Let P, V and U be submodules of M, then       iff          
 .  

Proposition 2.13: Assume    . Then     is transitive iff   is    -module. 

Proof: we can prove by the same argument of the proof of (2.7).  

3. The Relation   : 
This section is devoted to examining the properties of submodules 

   equivalent to a direct summand. 



UNIQUE ℱ-CLOSURE MODULES (𝒰ℱ𝒞 -MODULE) AND ℱ-𝒢-EXTENDING MODULES� 2143

Definition 3.1: Assume   be a module       and       , then      if 
(   )      and (   )     .  

A module   is name   -Goldie extending ( -𝒢𝒢-extending module) 
whenever for all     that containing  , one can find       satisfies   
≤   and       . 

Cleary, if     then ( -𝒢𝒢-extending module) iff 𝒢𝒢-extending module. 

Example 3.2: consider    as  -module and let  * ̅  ̅  ̅  ̅  ̅   ̅̅̅̅ + , 
  * ̅  ̅+ and      , thus          . As   is not  -essential 

in     . Hence   is not related to     by    

Theorem 3.3: Let           be a submodule of   satisfies       . Then 
     iff     

 
 . 

Proof: ⇒) assume      ,then         and        .Then       
 
  and 

   
   

 
  , then     

 
 .  

 )         
 
  , then       

 
  and       

 
 . Then         and 

       . Thus     . 

Remark 3.4: The    relation is an equivalence relation.  

Proposition 3.5: Suppose     and   be submodules of   for where   and 
    . Then      iff       which implies       and       
consequently      , for all submodules   and   of  . 

Proof: ⇒) Suppose that      and let     satisfies (    )   . Then   
(   )   , hence (   )  (   )   . But(    )     , therefore, (  
 )   . Now let (   )   ,where    . Then (   )      and then 
(   )  (   )   . But (   )     , therefore, (   )     

⇐) To prove     . Let L be a submodule of   satisfies        . 
As   (   )   , thus by our assumption   (   )    (   )  
 . Hence (   )   . But    , hence    . Similarly, suppose that 
   . Satisfies (   )     . By our assumption therefore     
   

(   )   . Hence      . But    , therefore,    . Thus 
    .  

Proposition 3.6: Assume      ,  ,         are submodules of a module   
satisfies                 ,    . If                  , then (     ) 
   (     )  
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Proposition 3.7: Let    
 
→  be an homomorphism and onto and           be 

submodules of                        . If     , then     (  )      ( )    (  ). 

Proof: Let         be submodules of   satisfies     , then         and 
       . then     (   )      ( )     ( ), implies that      ( )        ( ) 
     ( )     ( ). Since          then     (   )       ( )      ( ), implies 
that      ( )        ( )      ( )      ( ). Thus     ( )     ( )    ( ). 

Definition 3.8: Let           be submodules of    Then       if (    )  
(    )            (   )  (    )          

Clearly the     relation is an equivalence relation. 

Examples 3.9: Let         -module. Let   *    +,   *      + and   
* +, thus        and     *    +. Since(    )  (    )  
*    + and {      }    , then *    +  {      }  * +   . But *      +  
  , then (    )  (    ) is not  -essential in    . Thus   is not 
related to B by   .  

Proposition 3.10:  Let           be a submodules of   satisfies        . Then 
       iff     

     
 . 

Proof: ⇒) Suppose that       , therefore (    )  (   )       
      (    )  (    )         Then (     ) (    )

   
    
  and 

(     ) (   )
   

   
  . Thus     

     
   

Conversely, let          
 , then (     ) (    )

   
    
 

 and (     ) (    )
 

 

   
   
  Hence (     )  (   )            (    )  (   )  
       . Then        

Theorem 3.11: Assume   be a distributive module, therefore   is  -𝒢𝒢-
extending module iff  

    contains  , there is       contains   satisfies    
   and 

     is  -complement for  , where     (    ), where 
    .  

Proof: ⇐) Clear. 
⇒) Assume that   is  -𝒢𝒢-extending and     satisfying    . 

Hence there is       satisfies     and     . Let      (   
 ),    is a submodule of    Since          and           , 
then         

 
  and         

     
 . So (     )  (      )   (

 
 )  (

     
 ). 

As M is a distributive, then 
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(    
 )  (     

 )       )      )
        )         )   

         )       
   

         
    

   . Hence (  )  (
     
 )   , implies that        )  

   Now, suppose     satisfies        and      . Since 
    )      and      , then     )

   
 
 

 and     
 
 .  

Theorem 3.12: Let  
 

 be a nonsingular module. Then   is  -𝒢𝒢-extending if and 
only if   is   -extending. 

Proof: Suppose that   is  -𝒢𝒢-extending module and let   be a submodule of   
satisfies    . Then there exists a  -direct summand   of   satisfies     and 
     . Implies that     )      and     )     . It is enough to show 
   . As      is singular. Now by the third isomorphism theorem we have       
    )  
        

              )  
   , then         )  

          )
        )        )

   
  which 

is nonsingular where    is a submodule of  ,But the only submodule which is singular 
and nonsingular is the zero submodule therefore      . Hence    . Thus   is 
 -extending module. The converse is obvious. 

4. Discussion and Conclusion 
We defined and developed the concept of 𝒢𝒢-extending modules and 

established fundamental properties and characterizations of this class. The 
introduced relations provide useful tools for studying submodule structures and 
extending properties in modules. Several results connecting 𝒢𝒢-extending 
modules to extending, nonsingular, and distributive modules were obtained. 
These results open the door for further research on this type of module and its 
applications in module theory and ring theory. 
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