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Abstract

Let S be a commutative ring with identity and let U be an (left) unitary S-module (for
brief S-mod). This paper presents a detail and study the concepts of purely small compressible
(pu-s-comp) and purely small retractable (pu-s-retract) as a generalization of compressible
S-mod and retractable S-mod, and give some of their properties, characteriztions, and
examples. On the other hand, we study the relation between pu-s-comp and pu-s-retract and
provide illustrative example to support the obtained result.
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1. Introduction

A commutative ring S with identity, let U be an (left)unitary S-mod. It is
widely known that a sub-mod V of U is termed pure if IlU NV = 1V for all ideal
I of § [1]. In [2], We present and study the concept of purely small (pu-s), such
that a sub-mod V of an S-mod U is called pu-s sub-mod (V <, U) if for any
pure sub-mod C of U, V + C = U implies C = U. Also [3] study some properties
of a pu-s sub-mod. An S-mod U is called pu-s-comp if there exists a
monomorphism (for brief mono) from U in to each of it's non-zero pu-s sub-
mod. In addition, an S-mod U is called pu-s-retract if Homg(U, V) # 0 for each
non-zero pu-s sub-mod V of U.
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In this paper, we introduce and study the concept of pu-s-comp and pu-s-
retract as generalization of compressible module and retractable modules. We
investigate their properties, characterizations, and interrelations. In addition, we
see that under conditions, pu-s-comp, small compressible (s-comp) and
compressible (comp) are identical. Moreover, we study the relationship between
pu-s-comp, pu-s-retract and several of class of module.

2. Preliminaries

Definition 2.1: Take U be an S-mod and V < U:

(1) V is termed small sub-mod (s-sub-mod) of U, (V K U) if V+C=U
implies C = U, for each sub-mod C of U [1].

(2) An S-mod U is termed hollow if for all a proper sub-mod is small in U [4]

(3) A sub-mod V of U is termed pure if IlU NV = 1V for every ideal I of S [1].

(4) A sub-mod V is termed pu-s sub-mod of U, (V' <, U)if V + C = U, if for
any pure sub-mod C of U, implies C = U [2].

(5) An S-mod U is called purely hollow (pu-hollow) if for all proper sub-mod
in U is pu-s, [3].

(6) An S-mod U is said to be s-comp if there exists a mono from U in to each
of it's non-zero small sub-mod of U, [5], [6].

(7) An S-mod U is termed retractable if Homg(U,V) # 0 for each non- zero
sub-mod V in U, [6], [7].

(8) An S-mod U is termed small retractable (s-retract) if Homg(U,V) # 0 for
each non- zero small sub-mod V in U, [6], [8].

Remark 2.2: [3] Each small sub-mod is pu-s. But in generally, the opposite is
untrue. As instance: 27 is pu-s sub-mod of the Z-mod Z. In fact, the only pure
sub-mod of Z is (0) and (0) + 2Z # Z. But 2Z is not s-sub-mod with 37Z +
27 = 7., while 27 + Z.

3. Purely Small Compressible Modules

Herein, we present the notion of pu-s-comp S-mod in general of comp S-
mod; give some of basic proparties, illustrations and characteriztions of this
concept.

Definition 3.1: Let U be an S-mod is called pu-s-comp if for each non-zero pu-s
sub-mod Vof U there exists a mono f:U — V.

A ring S is called pu-s-comp if the S-mod S is pu-s-comp.

Examples and Remarks 3.2.

(1) Every comp S-mod is pu-s-comp but in generally, the opposite is untrue.
As instance: as Z-mod Zg4 is not comp however Z is pu-s-comp since 0 is
only pu-s sub-mod of Zg.
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(2) as Z-modZ, is not pu-s-comp, since ((2) is a pu-s-sub-mod of Z,
however Z, cannot be embeded in (2)).

(3) Per simple module is pu-s-comp converse not holed, since Z as a Z-mod is
pu-s-comp but not simple.

(4) Every pu-s-comp module is s-comp.

(5) A homomorphic image of a pu-s-comp S-mod not be pu-s-comp in general
for example as Z -mod Z is a pu-s-comp and % = Z,1s not pu-s-comp see
point (2) above.

Proposition 3.3: A pu-s sub-mod of pu-s-comp module is also pu-s-comp
module.

Proof: Let 0 +# V «,, U and U be pu-s-comp module and let 0 # C <
V KLpy U, then by [2] € <, U. Since U is pu-s-comp, so there exists a mono
f:U — C and 4:V — U is the inclusion homomorphism (inclu-hom), implies
that f o 4: V — C is a mono. Hence V is a pu-s-comp module.

Proposition 3.4: Let U; and U, be isomorphic S-mod. Then U, is pu-s-comp if
and onlyif U, is pu-s-comp.

Proof: Assume that U,is pu-s-comp and let 0 # V <, U;. Let ®: U; — U, be
an isomorphism. Then 0 # @ (V) <, U, by [2]. Put C = @(V) Kpy Uy, so
a: U, — C is a mono (from the assumption), let g = ¢~ | c > then g: C —
U, is a mono. g(C)=® Y(@(V)) =V. Hence g:C — V, then we have
Y =goaod, hence ¥:U; — V is a mono. As a result U, is pu-s-comp.

Remark 3.5: The direct sum of pu-comp module need not be pu-s-comp.
Observe the following as instance let Z,® Z, = Z, as Z-mod, Z, is pu-s-com
mod, since Z, as Z —mod is not pu-s-comp module see (3.2) point (2).

Proposition 3.6: Take U be a pu-holow S-mod. It follows that statament are
equivelent.

(1) U is comp module.
(2) U is pu-s-comp module.
(3) U is s-comp module.

Proof: (1)= (2) It's essay by (3.2) point (1).

(2) = (3) It's clear by remarks and examples (3.2) point (4).

(3)= (1) Let 0 # V <U. Since U is pu-hollow S-mod and s-comp
module then, there exists a mono f:U — V. Therefor U is comp module.

Proposition 3.7: An S-mod U is called pu-s-comp if and only if over there a
mono 0 # g € Ends(U) such that g € V for each V <, U.
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Proof: =Assume that U is pu-s-comp. Let 0 # V <, U, f:U - V be a non-
zero mono. So there exists a mono g = jf € Endg(U) where j:V — U be the
inclu-homand Im g = jf(U) = f(U) € V.

&Let 0 # V <, U. By hypothesis, there exists a nonzero mono g €
Endg(U) and g(U) € V. Therefore, g: U — V is a nonzero mono. Thus is U pu-
s-comp.

Proposition 3.8: Let U be pu-s-comp S-mod such that every non-zero pu-s sub-
mod of U is simple. Then U is simple.

Proof: Assume that U is pu-s-comp and let C be a non-zero pu-s sub-mod of U.
Then U can be embedded in C, so U is isomorphic to any sub-mod of C. Since
by hypothesis C is simple and U = C, implies U is simple.

Corollary 3.9: Let U be a faithful S-mod such that every non-zero pu-s sub-mod
of U is simple. If U is pu-s-comp, then S is pu-s-comp.

Proof: Assume that U pu-s-comp. Then by above proposition U is simple, so by
[8], Endg(U) is a division ring. Since U is a faithful S-mod, Ends=S implies S
is a division ring. Thus S is pu-s-comp.

Proposition 3.10: Let U be a regular S-mod, so U is s-comp if and onlyif U is
pu-s-comp.

Proof: Assume that U is pu-s-comp and let 0 # V <, U, then by [2], V K U
and since U is s-comp module, therefor U is pu-s-comp. Conversely, it's essay
by Remarks and Examples (3.2) point (4).

Proposition 3.11: A direct summand of a pu-s-comp S-mod is also pu-s-comp.

Proof: Let U =A@ D be an pu-s-comp S-mod and let 0 # C <, A. Then
C @0 <Ky, U [3], and hence there exists a mono g:U — C @ 0, clearly
CPO0=C,s0 g:U — Cis amono and the composition f o j: A — U — Cis
amono and j,: A — U is the inclu-hom. There for A is pu-s-comp.

Proposition 3.12: Let U be a faithful-finitely-generated multiplication S-mod.
Then U is pu-s-comp S-mod iff S is pu-s-comp ring.

Proof: Let 0 # 11 K, S, but U is a faithful-finitely-generated multiplication,
then by [2] 0 # C = 1U K, U. But U is pu-s-comp, then there exists a mono
g:U - C. Put g(u) = bu for some 0=+b €landu € U. Define f:S — 1 by
f(s) =b Vs €S. It can be easily checked that f is well-define mono. Implies
that S is pu-s-comp ring.

Conversely, assume that S is pu-s-comp ring. Let 0 # V <, U. Then
V = 1U for a particular nonzero ideal 1 of S (since U multiplication S-mod). But
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V K,y Uand U is a faithful finitely generated multiplication S-mod, then by [2],
I <,y S. Therefor there exists a mono g:§ — 1 (since S is pu-s-comp). Put
g(1) =b for some b €1 and b # 0. Define f:U - V by f(u) = bu for all
u € U. Can be easily check that f is well-defineed mono. Therefor U is pu-s-
comp module.

4. Purely Small Retractable Modules

Herein, we present pu-s-retract S-mod in general of retractable module and
present their properties, examples and characterzations.

Definition 4.1: S-mod U is called pu-s-retract if Hom(U,V) # 0 for each non-
zero pu-s sub-mod V of U.

That means, U is pu-s-retract if there exists a non-zero homomorphism
g:U -V whenever 0 #V <, U.

A ring S is called pu-s-retract if the S-mod S is pu-s-retract.

Examples and Remarks 4.2.
(1) Every retractable S-mod is pu-s-retract, however in generally, the opposite
is untrue. As instance:

c d

we show that B = {(0 0

) ¢,d € S} is not retractable [6], however the
only
pu-s sub-mod of B is the zero sub-mod, hence B is pu-s-retract.

(2) Q as a Z-mod is not pu-s-retract since Zis pu-s sub-mod of Q but
Homg(Q,Z) = 0.

(3) Every semi-simple module is pu-s-retract because it is retract, however in
generally, the opposite is untrue. As instance: Z is pu-s-retract Z -mod
however it is not semi-simple.

(4) Every pu-s-retract module is s-retract.

(5) Every pu-s-comp is a pu-s-retract module, however in generally, the
opposite is untrue. As instance: Z-mod, Z;, is pu-s-retract however, not
pu-s-comp since (6) is the only pu-s sub-mod of Z,, and f:Z;, - (6),
such that f(X) = 6x,V X € Z,, is ahomomorphism which is not mono.

Proposition 4.3: A pu-s sub-mod of pu-s-retract module is also pu-s-retract
module.

Proof: Let 0 # C K, U and U be pu-s-retract module and let 0 = W <
C Lpy U, then W L, U [3]. Since U is pu-s-retract, then there exists a
homomorphism g: U — W and 4: C — U is the inclu-hom, then goi:C —
U — W be a homomorphism. Therefore C is a pu-s-retract module.
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Proposition 4.4: Let U; and U, be isomorphic S- mod. Then U, is pu-s-retract if
and only if U, is pu-s-retract.

Proof: Let 0 # C <, U; and suppose that U, is pu-s-retract. Let ¥: U; —
U,be an isomorphism. Then by [2] 0 # W(C) K,, U,. Put W=
Y(C) Kpy Uy, we get g: U, — W is a non-zero homomorphism (from the
assumption), let f = L[J‘1|W, then f:W — U;is a homomorphism.
f(W) =¥~ (P(C)) =C. Hence f:W — C, then we have a composition
¢ = fogoW. Hence, ¢:U; — C is a homomorphism if ¢ =0, then 0 =
f(g(‘P(Ul))) = f(g(U,)) implies that g(U,) € ker f € ker¥ = 0, then
g(U,) = 0 this is contrition, then ¢ # 0. Therefore U, is pu-s-retract module.

Proposition 4.5: Let U be pu-hollow S-mod, the following statements are
equivalent.

(1) U is retractable S-mod.

(2) U is pu-s-retract S-mod.

Proof: (1) = (2) clearly by (4.2) point (1).

2)= (1) Let 0 # W < U and U be pu-hollow module.

Thus W <, U, but U is pu-s-retract, then there exists a homomorphism
f: U — W. Therefore U is retractable module.

Proposition 4.6: An S-mod U is called pu-s-retract if and only if over there
0+ g€Endg(U)suchthatimg € V,V 0 #V L, U.

Proof: = Suppose that U is pu-s-retract. Let 0 #V <, U.  Then
Homg(U,V) # 0. Let f:U — V be a nonzero hom and g = jf where j:V - U
be the inclu-hom, then g € Endg(U) andIm g = jf(U) = f(U) € V.

& Let 0#V <, U. From the hypothesis, over there a nonzero
endomorphism g € Endg(U) and Im g € V. Then g:U — V is a nonzero hom
this U is pu-s-retract.

Proposition 4.7: An S-mod U is pu-s-retract. If for all nonzero endomorphism
of U is mono, then for each nonzero element of Hom,(U, C) is mono from a
nonzero pu-s sub-mod C of U.

Proof: Let 0 # C <p, U and g:U — C be anon-zero homomorphism. Then
jg € Endg(U) and jg # 0. For if jg =0, then jg(U) = g(U) = 0 implies
g = 0 which is a contradiction. Hence 0 # jg € Ends(U) and (by hypot) jg is a
mono, which gives that g is mono.

Corollary 4.8: Let U be a pu-s-retract S-mod such that every non-zero of U is a
mono then U is pu-s-comp.
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Proposition 4.9: An S-mod U is pu-s-retract if and only if for all 0 # x € U
with Sx &, U, Homg(U, Sx) # 0.

Proof: =By Proposition (4.7).
& Let 0 #V <, U and let 0 # x € V, then Sx <, U, so by hypothes,
Homg(U,Sx) # 0, impliies that Homg(U,V) # 0 and therefor U is pu-s-retract.

Proposition 4.10: Let S be a pu-s-retract and U be faithful-finitely-generated
multiplcation S-mod. Then U is pu-s-retract.

Proof: Assume that 0 # C <, U. Then C =1U for some 0 # 1 ideal of §
(since U multiplication S-mod). But € <, U and U is a faithful finitely-
generated multiplication S-mod, by [8] U is a cancellation module implies that
I <py S [2] therefor Hom(S,1) # 0 (since S is pu-s-retract). Let g: S — 1 be a
nonzero homomorphism. Put g(1) = b for some b €1 and b # 0. Define
f:U - C by f(u) =bu for all u € U. Can be easily check that f is well-
defineed homomorphism, if f =0, then bu =0 for all u € U and therefor
b € anng(U) (since U is fathful) but b # 0, therefor a contradiction and hence
Homg (U, C) # 0. Therefor U is pu-s-retract.

Proposition 4.11: Every faithful cyclic S-mod is also pu-s-retract.

Proof: By [6], every faithful cyclic S-mod is retractable and hence is pu-s-
retract.

Proposition 4.12: Let U be a regular S-mod, then U is s-retract iff U is pu-s-
retract.

Proof: Suppose that U is s-retract and let 0 # V <, U, then by [2], V « U and
since U is s-retract module, therefor U is pu-s-retract. Conversely, it's essay by
Remarks and Examples (4.2) number (4).

5. Conclusion

In the current research, extended the theory of comp and retract modules
by introducing pu-s-comp and pu-s-retract modules. In addition to examining
their essential properties, the study identified the sufficient conditions for these
new classes to coincide with traditional comp and retract modules.
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