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Abstract

In the context of automorphism o defined on a prime I'-ring Q, we explored various
results related to commutativity within Q by examining a generalized reverse o-derivations
H and G of Q that satisfy any one of the properties:

(@) HHQ) <z(Q).

(ii) If [H(r), G(s)], = 0 and H is commuting.

(iii) If G is commuting s.t. (F(r)as + H(s)ar) + (raG(s) + saG(r)) = 0.

(iv) If [H(r), s], = [H(s), r], and H is commuting. For each 1, s belongs to Q and e in I,

hence Q is commutative.

This study aims to analyze the commutativity of the primitive gamma ring (I'-ring)
by introducing the concept of generalized reverse o-derivatives associated with the
automorphism o. Also explore the properties of two of these derivatives, H and G, and
investigate the conditions that guarantee I'-ring commutativity. The main results include
an analysis of the relationship between these derivatives and their influence on the
Iring structure, while generalizing previous results in this field. The study provides a
comprehensive theoretical framework for a deeper understanding of the behavior of these
I'-rings under the influence of generalized reverse o-derivatives, opening new research
horizons in the theory of non-commutative rings.
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1. Introduction

In 1964, the notion of a I'-ring was proposed as a more general structure
than a ring [1]. Extensive studies on I'-rings have led to several results that
extend classical concepts from ring theory (see [1]-[6] and [7]). The
commutativity of prime rings with generalized reverse derivations was also
investigated in 2019 [3]. Furthermore, reverse derivations have been studied in
various algebraic contexts on I'-ring M (I'-ring,,) was characterized as additive
mapping in 2013 d:M — M in order thatd(xay) = axd(y) + yad(x), for
every X,y € M and a € I' [8]. In 2015, the notion of reverse derivations on a
prime I'-near ring M was used to investigate the commutativity conditions of a
nonzero invariant subset U of M [1]. In 2014, the definition of generalized
reverse derivations on a I'-ring M was introduced, as a supplementary mapping
f:M — M with a reverse derivation d: M - M s.t (xay) = f(y)ax + yad(x),
VXx,y €M, a €' [6]. Then, the concepts of skew derivation and generalized
skew derivation associated with an automorphism were introduced 0 of I'-ringy,
by an supplementary map d,F:M - M and s.t d(xay)=dx)ay+
6(x)ad(y), and F(xay) = F(x)ay + 08(x)ad(y), for allx,y € Mand a € I',
additionally, they demonstrated some commutativity results for prime I'-ring,,
that accepts a generalized skew derivation F that satisfies certain requirements
[9], the commutativity of a prime I'-ring, by introduce some properties of two
generalized reverse o-derivations H and G of Q with an automorphism ¢ of Q.
Addition we studying the relationship between H and G. The study consists 3-
sections. begins with an introduction that explains the theoretical background of
I'-rings and the importance of studying them. This is followed by the basics
section, which presents the basic definitions and concepts used in the study. This
is followed by the main results section. The research concludes with the
conclusions section, which summarizes the most important findings reached
[10].

2. Preliminaries

Definition 2.1: Take Q be I'-ring and g be a supplementary mapping from Q
into Q itself. g is namely the reverse o-derivation on Q if Vx,y belong Q, g
holds g(xay) =g(y)ax + c(y)ag(x), for every x,y€Qanda €rl, a o
automorphism on Q used here.

Definition 2.2: Take Q to be a I'-ring with a reverse c-derivation g, and ¢ is an
automorphism on Q. An additive mapping G: Q — Q, namely generalized
reverse c-derivation of Q with g, if G(raz) = G(z)ar + o(z)ag(r), for each,
EQ.,ac€El.

We will assume in our results (*) razps = rfzos Vr, z, s € Q and a, B in T,
and make advantage of the identities [rBy, s], = B[z, s], t [r, s](Bz and [r, zPs],
= zB[r, s]o + [r, z]Ps.
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3. The Results
Lemma 3.1: If G is a nonzero generalized reverse o-derivation of a prime T'-

ring (P-I'-ring) Q with a nonzero reverse o-derivations g, and let t€ Q. If
tT'G(Q)=(0) or G(Q)T't=(0), hence t = 0.

Proof: Suppose that tI'G(Q)= 0, for t€Q.

Take r in Q and a in T, then we have taG(r) = 0 (1)

Replacing r by rfs in (1), we get

taG(rBs)= taG(r)Ps + tac(r)Bg(s)= 0 (2), for all r,s€Q and o,B in T

Through the use of (1) in (2), we obtain tao(r)Bg(s)= 0, and since ¢ is an
automorphism, we obtain ta r fg(s)= 0, Vr,s€Q and a,B€I. Since Q is prime and
g+ 0, obtain t=0. If G(Q)I't= 0, some reasoning applies.

Theorem 3.2: For a nonzero generalized reverse o-derivation H of a P-TI'-ring
O with a nonzero reverse o-derivations h, If H(Q)c Z(Q), then Q is
commutative.

Proof: If H(r)€Z(Q), r € Q, for z € Z and a € I', we have H(r) az = z aH(r) (3)
Replacing r by rfs in (3), we have H(rfs) az = z aH(tPs), hence (H(s)pr +
o(s)Bh(r)) az = za (H(s)Br + o(s)Bh(r)), this lead H(s)praz - zaH(s)Pr
+o(s)ph(r)az - zao(s)Bh(r)) = H(s)B[r,z], + o(s) P[h(r), z], = 0, Vr, s, z €Q,
a,fET (4)

Replacing h(r) by z in (4), we have H(s) B[r, z], = 0, By Lemma (3.1), we
obtain [r, z], = 0, for eachr, z € Q, @ € I' Consequently, Q is commutative.

Theorem 3.3: Let H and G be two nonzero generalized reverse o-derivations of
a P-TI'-ring Q with a nonzero reverse a-derivations h and g respectively. If [H(7),
G(s)], = 0, for each r, s € Q, a €I, and H is commuting, then Q is
commutative.

Proof: Let [H (1), G(s)],= 0, for eachr, s €Q, a € T (5).

Replacing s by rBs in (5), we have [H(r), G(rBs)], = [H(r), G(s)pr], + [H(x),
o(s)Bg(r)]. =0, foreachr,s € Qand a, B € I' (6).

By using (5) in (6), we get

Gi(s)B [H(1), 1], +o(s)B [HD), ()], + [H(D), o(s)]. Be®)=0 (7)

By hypotheses H is commuting, (7) become

o(s)B[H(r), g(1)], + [H(r), o(s)]s Pg(r)=0, for eachr,s € Qand a, f € I' (8)

Replacing g(r) by G(s) in (8) and applied (5), we get [H(r), 6(s)], B G(s) =

By lemma (3.1), we have [H(r), 6(s)], =0, for eachr,s € Qand a € I" (9)
Replacing H(r) by H(r)Bt in (9), and using (9) we have

H(r)B [t, o(s)], = 0, By lemma (3.1), and since o is automorphism, we have
[t,s]o =0, foreach s, t € Q and a € I', therefore Q is commutative.
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Theorem 3.4: If O is a prime I'-ring., and H, G are two nonzero generalized
reverse o-derivations of Q with a nonzero reverse o-derivations h and g
respectively. If G is commuting on Q such that (H(r)as + H(s)ar) + (raG(s) +
saG(r)) = 0, for each r, s €Q and a € T, implies Q is commutative.

Proof: Let (H(r)as +H(s)ar) +(raG(s) + saG(r)) = 0, Vr,s €Q and a € I' (10)
Replacing r by spr in (10), we have (H(spr)as + H(s)aspr) + (spraG(s) +
saG(sPr)) = (H(r)Bsas + o(r)Bh(s)as+ H(s)asPr) + (spraG(s) +saG(r)Bs +
sao(r)Bg(s)) =0, foreachr,s €EQand a, f € I" (11)
On the other hand by multiplying (1) with Bs from right, we have
(H(r)asPs + H(s)arps) + (raG(s)Bs + saG(r)Bs) = 0 (12)
By combining (11) and (12), this implies
o(r)Bh(s)as+H(s)asPr -H(s)arfs+ spraG(s) -raG(s)Bs+ sac(r)Ba(s)=0 (13)
If we replacing r by s in (13), and sine G is commuting, this implies
o(s)ph(s)as+ sac(s)Pa(s)=0, for each s EQ and a, € I' (14)
Replacing o(s) by rdo(s) in (14), we have,
rdo(s)ph(s)ast sardo(s)Pg(s)=0 (15)
Multiplying (14) with rd from left, we have
rdo(s)Bh(s)as+ rosac(s)Bg(s)=0 (16)
Combining (15) and (16), we have [s, r], do(s)Bg(s)=0, for each s, re Q
and a, 3,8 € I' . But, ¢ is an automorphism, and by primeness of Q, we get [s,
r], =0, for each s, r € Q and a € I', therefore, Q is commutative.

Corollary 3.5: Suppose that Q is a prime I'-ring, H and G be two nonzero
generalized reverse o-derivations of Q with a nonzero reverse o-derivations , h
and g respectively such that [H(r), s], = [H(s), ], for each r, s € Q and a €
I'Hence, Q is commutative when H commutes.

Proof: Same proof of theorem (3.4) with substitute G by H.

Theorem 3.6: If O be a P-I'-ring, H and G be two nonzero generalized reverse
o-derivations of Q with reverse o-derivations i and g respectively. If H(s)aG(r)
= rao(s), for each r, s €Q and a € I'Hence, H commutes with g, or g = 0.

Proof: Let H(s)aG{(r) = rac(s), for eachr, s EQ and a € I' (17)
Replacing r by spr in (17), we have
H(s)aG{(sPr) = sproc(s), for eachr, s €Q and a, § € I, this implies
H(s)aG(r)ps+ H(s)a o(r)Bg(s) - sProc(s) = 0 (18)
By substituting (17) in (18), we get [r, s] ac(s) + H(s)ac(r)Bg(s) = 0 (19)
Replacing r by sor in (19), we have [sér, s]g ac(s) + H(s)ao(sdr)Bg(s) =
so[r,s]g ao(s) + H(s)ac(s)do(r)Bg(s) =0, Vr, s EQ and a, B, 6 € I' (20)
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Substitute (19) in (20), we get, - sd H(s)ao(r)Bg(s)+ H(s)ac(s)do(r)Bg(s) =
0, since o is an automorphism, we have [H(s), s], 6o(r)pg(s)=0, for each s,r € Q
and a, 3,6 € I', by primness of Q, [H(s), s], =0, that’s H is commuting, V s€ Q
and a €T, or g(s)=0,V s €Q, that’s g=0.

Theorem 3.7: Let H and G be two nonzero generalized reverse o-derivations of
a P-T-ring Q with a nonzero reverse o-derivations h and g respectively. If G is
commuting on Q such that [H(r), o(s) ], = [G(r), 5], = 0, for each r,s € Q and
a €T, then H is commuting.

Proof: Suppose that [H(r),6(s)].-[G(r),s],=0, for all r, sEQ and a €I (21)
Replacing s by rBs in (21), we have ,[H(r), 6(ps) ], - [G(r), tBs], =o(r)p [H(r),
o(s)]o* [H(1), 6(0)], Po(s)- tB[G(r), sle- [G(r), r]uPs (22) Left multiplying (21)
with 1B, we get, tf [H(r), 6(s)]- rB[G(T), s],= 0 (23) Subtract (22) from (23), and
o is automorphism, we have, [H(r),o(r)]. Po(s) - [G(1), r]. Bs= 0 (24), Since G is
commuting, we get , [H(r), o(r)], Bo(s)= 0 Replacing o(s) by tdo(s), we have,
[H(r), o(r)]s B t & o(s)= 0, since Q is a prime and o(s) # 0, get [H(r), o(r)], =0,
for each r€ Q and a € I', and o is automorphism, we have H is commuting.

A slight modification in the proof of the theorem (3.7) yields the following.

Theorem 3.8: Let H and G be two nonzero generalized reverse o-derivations of
P-T'-ring Q with a nonzero reverse o-derivations h and g respectively. If H is
commuting on Q such that [H(s), r], = [G(s), o(r)], = 0, for each r, s € Q and
a €T, hence G'is commuting.

Theorem 3.9: Let Q be a P-T'-ring, H and G be two nonzero generalized

reverse o-derivations of Q with reverse o-derivations h and g respectively. If
H(c(Q)) £ o(G(Q)) = 0, consequently, h+g = 0.

Proof: Suppose that H(c(Q))-o(G(Q))= 0.

For r € Q, let H(o(r))-o(G(1))= 0 (25)

Replacing r by sar in (25), hence this implies, H(o(sar)) - o(G(sar)) =
H(o(s)a o(r)) - o(G(1)as + o(r)ag(s)) = H(s(m)a o(s))+ o(o(r) a h(o(s)) -
o(G(1)) & o(s) -6(a(1))o: 5(g(s))= 0 (26)

Substitute (25) in (26), get, o(o(r))a (h(c(s)) - o(g(s)) =0 (27)

o is automorphism, we have o(r)a(h(s)- g(s) ) = 0 (28)

Replacing o(r) by o(s)pt in (28), we have

o(s)B t a(h(s) - g(s)) = 0. By primness of Q,
we get h(s) - g(s) =0, for eachh s € Q. then h=g.

4. Conclusions

In this study, we examined the commutativity of a prime I'-ring Q by
present the concept of generalized reverse o-derivations of Q, An additive
mapping G:Q—Q namely generalized reverse c-derivation of Q with a reverse
o-derivation g, and an automorphism o on Q, if G(xay) = G(y)ax +
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o-derivation g, and an automorphism o on Q, if G(xay) = G(y)ax +
o(y)ag(x), for each x,y € Q and a € I'. We studied some properties of Q that
make it commutative via the relationship between two generalized reverse o-
derivations, denoted H and G, of Q.
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