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Abstract

This work introduces the important result related to a concepts for maximal prime
and minimal prime ideals in a non-commutative near ring. We determined the relations
among these notions with other kinds for the ideals. Also, we proved several propositions
concerning pseudo-weakly completely prime ideals and prime ideals. In addition, we
studied their properties in a near ring.
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1. Introduction

Foundational concepts and relationships in near ring theory have been
extensively developed [1]. The properties of maximal and minimal ideals have
also been defined and studied in detail [1] and [2], in those paper, it is shown
that the intersection and union of maximal ideals in a non-commutative near ring
are not maximal ideals. Additionally, the concepts of maximal prime (max.p.)
ideals and minimal prime (min.p.) ideals are introduced, and the relationships
between max.p. ideals and other types of ideals in symmetric, non-weakly
commutative near rings are investigated. It is further proven that the union of
non-maximal ps.w.com.p. ideals in a near ring forms a ps.w.com.p. ideal,
provided their intersection is non-empty. Moreover, the relationship between
min.p. ideals and completely prime ideals in non-zero symmetric near rings is
established.
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2. Preliminary

In this section, many important definitions for our work are presented.

A near rings (right near - rings) and ideals were studied in [1]. Where, N
named weakly commutative near ring if Xxyz = xzy , V xyzeN.

(Groenewald [3]) the ideals F for N named com. prime ideals when u. vef
so ueF or vef.

(Anderson and Smith [4]) the proper ideals F for the N be the weakly
prime (w.p.) ideals where K, M are ideal for the near rings N implies that
P+KMCS FthenKES ForM CF.

The authors in [5], the ideal F for N named prime ideal (p.ideal) when a,
be ideal in any near - rings N with a. § S F , eithera € For 3 C F.

The authors in [6], the non - trivials near - rings named symmetric where
x.0 =0, for any xin N.

In [1] An element y is called idempotent of N if y2 =y, for heof N, and
the ideals F in N named radical when

\/F = {teN: €], for some neZ*} , the authors in [2], the ideals J for the
N named maximal (max.ideal) where f € F € N implies F = N.

A minimal ideal (min. ideal) is a non-zero ideals that minimal in sets for
each non-zero ideals of N, that’s: let F # {0} be the ideals for the N if /£ € N be
the ideals s.t {0} € H < F then either {0} = H or I = F.

And we can generalize it with other ideals [7-9] and [10-13].

3. Main Result

Proposition 1: The zero ideal F = {0} of a non-symmetric integral domain N is
a com.p. ideal.

Proof: Let £, jeN 3 h.jeF, then 0= £.4 (asF = {0}) , since F no zero divisor
so £=0 or j=0, therefore Z€F or jefF.
Hence F is com.p. ideal.

Proposition 2: If F # {0} is p. ideals for non-symmetric N so is com.p ideal.

Proof: Let g 0aeN DeoaefF, and let THCSN 3 T.H subsetof F and
eeTand a e H.

So,e.0eT.HCS F, T C ForH C F (as F is p. ideal), then €€f or aef, hence
F com. p. ideal.

Remark 3: An opposite for proposition (2) be true if N be the non-symmetric.

Proposition 4: Let F; # {0} and F, # {0} are w. p. ideals of a non-symmetric
integral domain N then (F;NF,) is com.p. ideal.

Proof: 1f (F,NF,) = {0} then proof is complete (Proposition 1.).
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If (F1NF,) # {0}, Let B, peN 3 B.p €F1NF,, then B. pefF; & B. peF,, since
Fi is w.p. ideal, hence VK H S N&BeK,peH 3 0 = K H CF;, then
K € F, or H € F; and then Bef; or pef;.

In the same manner, we prove BeF, or peF,, so Be(F;NF,) or p
€(F1NF,), hence (FNF,) is com.p. ideal.

Example 5: Let N={0, s, t, k} is near rings with operations (+) & (.) define in
Table 1. If F; = {0,s} and F, = {0, t} are ideals of N.

Table 1
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We can see the w.p. ideals F; = {0,s} and F, = {0, t} such that F;NF, =
{0} is com.p. ideal.

Proposition 6: Let F;&F, # {0} two max. ideals of a non-commutative N
where F; € F, and F, € F; so (F1NF,) is non-max. ideal.

Proof: If (F{NF;) = {0} the proof is complete.

If (F1NF,) # {0}, so (F,NF,) the ideals.
since F; is max. ideal, so there is asunset]; ofthe N an ideal
3 Fiproper subset of J; then F; =], or]; =N, since F, is max. ideal, then
3], S Nanideal 3 F, cJ,thenF, =J,0or], =N,

(F1NF2) € F1 €]y and (F1NF,) € Fa €]y,
iffy =) &Fa =]z, 80 (F1NF2) € 1 & (F1NF2) €z,
so (F1NF2) € J1NJz € N & (F1NF2) # J1N]2,

if y =N and J; =N, then (F;NF;) € F; c]; =N and (F1NfF) cF, ), =
N, so (F;NF,) is non-max. ideal.

Proposition 7: Let F; # {0}and F, # {0} are two max. ideals of a non-
commutative N where F; € F, and F, € F, so (F; UF,) is non-max. ideal.

Proof: 1f (F1 U F5) = N the proof is complete.

If (F; UF,) # N, since the union for the ideals is not ideals, then (F; U F,)
non-max. ideals.
(FL UF,) ={0,1,2,4,5,6} are non-max. ideals.

Definition 9: An ideal F of N is called ps.w-com.p. ideal if V v, § € N, 0=y. 6€F
then either y € F or 6 € F.
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Proposition 10: Let F # {0} be an ideal of a non-symmetric N if F is p. ideal
then is ps.w- com. p. ideal.

Proof: Let T, YeN3 0 =t.yeF ,and let R, M C N3 R.M C F and teR ,YeM,
0 0 =1.YeR.M C F or R C F (since F is p. ideal), then teF or yeF, hence F
ps.w- com. p. ideal.

Example 8: In example (5) the ideals F; = {0,s} and F, = {0, t} are p. ideals
then they are ps.w.com.p. ideals of a non- symmetric of N.

Proposition 12: If F is the max. ideals for the N then is ps.w.com.p. ideal.

Proof: Since every max. ideal is p. ideal, and from proposition (10), then F ideal
is ps.w.com.p. ideal.

Remark 13: A reverse for the Proposition (12) not true.

Example 9: In the Example (8) as F; = {0,2,4,6} is ps.w.com.p. ideal but non-
max. ideal.

Proposition 15: Let F # {0} be an ideals in non - zero symmetric for the near
rings N, when 0 # 8€f important element satisfying 5.« = § , V aeN then F be
the weakly prime ideal.

Proof: Assume F not weakly prime ideals & 'K, B are ideals for the near rings N
st KBS FthenKZ€ FandB £ F,

Let 8€ K and aeBs.t8.ae’K.B so we get 0 # 6.aef , so 6 = 6.aef
as 6.a = &,V ae N then S¢€f but 6 K £ F ,s0 6 € F, contradictions.
So F be the weakly prime ideals.

Example 10: In example (5) as F; = {0, s} be an ideal containing an idempotent
element satisfying s.x = s, V xeN so F; be the weakly prime ideal

Proposition 17: If F,,F, # {0} are max. ideals of a symmetric weakly
commutative N containing nilpotent elements such that @ # (F;NF,) is
ps.w.com.p. ideal, if

1) (Fi-F2) = (F1NF,) then F;.F, is ps.w.com.p. ideal.
i) (Fy-F2) € (F1NF,) then F;.F, is non-ps.w.com.p. ideal.

Proof:

i) Directly as (F;NF,) is ps.w.com.p. ideal then F;.F, is ps.w.com.p. ideal.

ii) Let p,ueN 3 0 = p.ue(F;.F,) so0 = p.ue(F,NF,), and pe(,Fl.ﬂFZ) or
ne(F1NF2) ¥ p, ueN, then (FiNF) = ((F1.F2) U (F1NF2)), since Fy

and F, are max. ideals containing nilpotent elements, then 3 pe(F;NF,)
3 p & (F1.F,) and p? = 0€(F;.F,), and similarly for u & (F;.F>).
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Hence (F;.F,) is non ps.w.com.p. ideal.

Example 11: In example (8) as F; = {0,1,2,4,6},F, = {0,2,4,5,6} and F5; =
{0,2,4,6,7} are max. ideals of N s.t (F;NF,) = {0,2,4,6} & (F3NF;) = {0,2,4,6}
are ps.w.com.p.ideals. And (F;.F,) = {0,2,4} is a non-ps.w.com.p. ideal as

(F1-F2) € (F1NF,), also (F3.F1) = {0,2,4,6} is ps.w.com.p. ideal as (F3.F;) =
(FsNF,) is ps.w.com.p. ideal.

Definition 19: A prime ideal F is a max.p. ideals for the near rings N if there is
prime ideals ] s.t F € ] then = ], so that: Ideal - prime — maximal.

Proposition 20: Let F # {0} a max.p. ideal of a symmetric non-weakly
commutative N then F = rad(F).

Proof: Let aerad(F), then a"€F , since F is max.p. ideal then is prime, therefore
aeF and then rad(F) € F. Now, let a€F, so a®¢eF for some neZ*, then aerad(F),
hence F € rad(F), and then rad(F) = F.

Remark 22: The intersection (the union) of min. ideals for near rings not min.
ideal.

Example 23: In example (21) as F;={0,a} and F,={0,y} are min. ideals then
(F1NF,) = {0} is not min. ideal , also (F; U F,) = {0, a, v} is not min. ideal.

Proposition 24: Suppose F # {0} is ideals for non-symmetric N if F is min.
ideal such that F = F? then is p. ideal.

Proof: Let T,SS N 3 T.S CF, since F is min. ideal then either {0} = T.S € F
or{0} € T.S=F,

Case (1): If T=S={0}then TS ForSCF,

Case (2): If T = {0},S # {0} then T C F,

Case 3): If T#{0},S# {0} 2{0}=T.SCF=F?then TS Fand SCF, as
{0}ST.S=F,s0oT.S=F.F(asF=F?),soT=S=F,then TS ForSCF,
hence F is p. ideal.

Definition 25: A prime ideal F # {0} be the min. p. ideals for near rings N if
there exist prime ideals M s.t {0} € M € F then M = F, so that: Ideal — prime
— minimal.

Proposition 26: The min. p. ideal F # {0} of a non-symmetric N is com.p. ideal.

Proof: Since F is min. p. ideal, so F is p. ideal (according to proposition (2)),
then F is com.p. ideal.

Proposition 27: The intersection of min. p. ideals in N is not ps.w.com.p. ideal.
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Proof: Let K= {NF|F min.p.ideal}, suppose that K is ps.w.com.p. ideal,
V T, ueN, 0 = 1, peK, teK or peK, if teK , so te{NF| F min. p.ideal}, then tef ,
V min. p.ideal F, so K € F, contradiction (since F min. p.ideal).

In the same manner, we proved that peK. Hence, K is not ps.w.com.p.
ideal.

Example 12: In example (21) as F={0,a} and F,={0,y} are min.p. ideals of
symmetric non-weakly commutative N then (F;NF,) ={0} is not
ps.w.com.p.ideal.

Definition 29: An ideal F is said ps.w-com.2-p. ideal if 0= p.n €f so either
p?€eF or n%eF, V p,neN.

Proposition 30: Every min. p. ideal F in a near ring N is ps.w.com.2-p. ideal
whenever F = F2.

Proof: Let F min. p. ideal, and let y, weN 3 0 = y. weF, since F is p. ideal, then

HBCF, HSForBCFVH,B SN and yeH,weB, so0 =y.weH.B <

F,since F min. p. ideal, so we have {0} = #{.B < F or we have {0} € H.B =F.
Now, when {0}H.B S F

Case (1) If H =B ={0},asy=w=0,theny? =02 =0 =yeF,w? = 0% =

0 = weF,

Case (2): If X ={0},B+# {0}, as y=0,w # 0 , then y?> = 02 =0 = yeF,

similarly if H # {0}, B = {0},

Case (3): If £ # {0}, B+ {0} H.B={0}, then H L F,BZ F (since F

min.p. ideal containing only the zero ideal) and if {0} S H.B=F ,asH S For

BCF so YeF or weF, therefore, y.yeF.F=F? =Forw.wef.F=F2=F

(since F = F?) hence y?€F or w?€F, therefore F is ps.w.com.2-p. ideal.o

Example 13: In example (5) as F; = {0,s} & F, = {0, t} are min. p. ideals s.t
(F1)? =F1 & (F»)? = F, then F; and F, are ps.w.com.2-p. ideals.

4. Conclusion

We concluded that every ideals for non - zero symmetric near rings with
zero divisors be the ps.w-com.p. ideal as well as every ps. w-com. p. ideal is
ps.w.com.2-p while the converse is not. Moreover, in zero - symmetric weakly
commutative near rings, the non-trivial nilpotent elements are zero divisors
between them. Also, in a symmetric non-weakly commutative near ring, every
maximal prime ideals implies to prime ideals, but not conversely. In addition, a
completely prime ideals are contained in a symmetric non- weakly commutative
near ring, while they are not contained in a symmetric weakly commutative near
ring. Furthermore, the maximal ideals in a zero-symmetric weakly commutative
near ring are neither prime nor completely prime ideals.
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