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Abstract
The class of 𝑚𝑜𝑑𝑢𝑙𝑒s is introduced in this paper. We study and discuss the classes for 

the 𝑚𝑜𝑑𝑢𝑙𝑒, named Endo-Greatly Bounded module, which is briefly introduced as (Endo-
G.B. 𝑚𝑜𝑑𝑢𝑙𝑒s) and 𝑚𝑜𝑑𝑢𝑙𝑒s Homomorphism. It also gives some examples and properties. 
Moreover, we studied relations among this type of 𝑚𝑜𝑑𝑢𝑙𝑒s and certain 𝑚𝑜𝑑𝑢𝑙𝑒s, such as 
Prime 𝑚𝑜𝑑𝑢𝑙𝑒s, compressible 𝑚𝑜𝑑𝑢𝑙𝑒s, monoform 𝑚𝑜𝑑𝑢𝑙𝑒s, retractable 𝑚𝑜𝑑𝑢𝑙𝑒s, and quasi-
Dedekind 𝑚𝑜𝑑𝑢𝑙𝑒s. We present results that are proven to explain this relationship. In this 
paper, compressible and monoform 𝑚𝑜𝑑𝑢𝑙𝑒s play a major role in order to obtain  Endo-G.B. 
𝑚𝑜𝑑𝑢𝑙𝑒s. Also, retractable 𝑚𝑜𝑑𝑢𝑙𝑒s and a quasi-Dedekind 𝑚𝑜𝑑𝑢𝑙𝑒 are both related to  Endo-
G.B. 𝑚𝑜𝑑𝑢𝑙𝑒s, we shall show this relationship.
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Abstract  
The class of 𝑚𝑚𝑜𝑜𝑑𝑑𝑢𝑢𝑙𝑙𝑒𝑒s is introduced in this paper. We study and discuss the 

classes for the 𝑚𝑚𝑜𝑜𝑑𝑑𝑢𝑢𝑙𝑙𝑒𝑒, named Endo-Greatly Bounded 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚, which is briefly 
introduced as (Endo-G.B. 𝑚𝑚𝑜𝑜𝑑𝑑𝑢𝑢𝑙𝑙𝑒𝑒s) and 𝑚𝑚𝑜𝑜𝑑𝑑𝑢𝑢𝑙𝑙𝑒𝑒s Homomorphism. It also 
gives some examples and properties. Moreover, we studied relations among this 
type of 𝑚𝑚𝑜𝑜𝑑𝑑𝑢𝑢𝑙𝑙𝑒𝑒s and certain 𝑚𝑚𝑜𝑜𝑑𝑑𝑢𝑢𝑙𝑙𝑒𝑒s, such as Prime 𝑚𝑚𝑜𝑜𝑑𝑑𝑢𝑢𝑙𝑙𝑒𝑒s, compressible 
𝑚𝑚𝑜𝑜𝑑𝑑𝑢𝑢𝑙𝑙𝑒𝑒s, monoform 𝑚𝑚𝑜𝑜𝑑𝑑𝑢𝑢𝑙𝑙𝑒𝑒s, retractable 𝑚𝑚𝑜𝑜𝑑𝑑𝑢𝑢𝑙𝑙𝑒𝑒s, and quasi-Dedekind 
𝑚𝑚𝑜𝑜𝑑𝑑𝑢𝑢𝑙𝑙𝑒𝑒s. We present results that are proven to explain this relationship. In this 
paper, compressible and monoform 𝑚𝑚𝑜𝑜𝑑𝑑𝑢𝑢𝑙𝑙𝑒𝑒s play a major role in order to obtain 
Endo-G.B. 𝑚𝑚𝑜𝑜𝑑𝑑𝑢𝑢𝑙𝑙𝑒𝑒s. Also, retractable 𝑚𝑚𝑜𝑜𝑑𝑑𝑢𝑢𝑙𝑙𝑒𝑒s and a quasi-Dedekind 𝑚𝑚𝑜𝑜𝑑𝑑𝑢𝑢𝑙𝑙𝑒𝑒 
are both related to Endo-G.B. 𝑚𝑚𝑜𝑜𝑑𝑑𝑢𝑢𝑙𝑙𝑒𝑒s, we shall show this relationship.  

Subject Classification: Primary 16D10, Secondary 16D90. 
Keywords: Endo-greatly bounded m𝑜𝑜𝑑𝑑𝑢𝑢𝑙𝑙𝑒𝑒, Compressible m𝑜𝑜𝑑𝑑𝑢𝑢𝑙𝑙𝑒𝑒s, 

Quasi-dedekind m𝑜𝑜𝑑𝑑𝑢𝑢𝑙𝑙𝑒𝑒s. 
 
 
 
 
 
 

1. Introduction  
Assume   is the  𝑖𝑖𝑖𝑖𝑖𝑖𝑖, and it is commutative contains identities &   a 

unitary (left) S-𝑚𝑚𝑜𝑜𝑑𝑑𝑢𝑢𝑙𝑙𝑒𝑒s. A bounded 𝑚𝑚𝑜𝑜𝑑𝑑𝑢𝑢𝑙𝑙𝑒𝑒 notion in terms for its annihilator 
was introduced by Carl Faith in 1976, when S-𝑚𝑚𝑜𝑜𝑑𝑑𝑢𝑢𝑙𝑙𝑒𝑒   named bounded if 
     s.t  𝑛𝑛𝑛𝑛  ( )   𝑛𝑛𝑛𝑛 ( )    . 

In this paper, we consider several approach to connect these classes of 
𝑚𝑚𝑜𝑜𝑑𝑑𝑢𝑢𝑙𝑙𝑒𝑒s with others kinds for the 𝑚𝑚𝑜𝑜𝑑𝑑𝑢𝑢𝑙𝑙𝑒𝑒s, like as retractable 𝑚𝑚𝑜𝑜𝑑𝑑𝑢𝑢𝑙𝑙𝑒𝑒, 
compressible 𝑚𝑚𝑜𝑜𝑑𝑑𝑢𝑢𝑙𝑙𝑒𝑒, critically compressible 𝑚𝑚𝑜𝑜𝑑𝑑𝑢𝑢𝑙𝑙𝑒𝑒, and quasi-Dedekind 
𝑚𝑚𝑜𝑜𝑑𝑑𝑢𝑢𝑙𝑙𝑒𝑒. This work introduces several new conditions and establishes properties 
and corollaries. This paper is considered another solution to Zelmanowitz's 
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problem [1]. Actually, the Endo - G.B. S-𝑚𝑚𝑜𝑜𝑑𝑑𝑢𝑢𝑙𝑙𝑒𝑒 plays major role in our work, 
which we needed for the definitions for the Endo-G.B. 𝑚𝑚𝑜𝑜𝑑𝑑𝑢𝑢𝑙𝑙𝑒𝑒. Moreover, an 
Endo-G.B 𝑚𝑚𝑜𝑜𝑑𝑑𝑢𝑢𝑙𝑙𝑒𝑒s gives us directly three different 𝑚𝑚𝑜𝑜𝑑𝑑𝑢𝑢𝑙𝑙𝑒𝑒s: a bounded 
𝑚𝑚𝑜𝑜𝑑𝑑𝑢𝑢𝑙𝑙𝑒𝑒, a finitely annihilated 𝑚𝑚𝑜𝑜𝑑𝑑𝑢𝑢𝑙𝑙𝑒𝑒, and a retractable 𝑚𝑚𝑜𝑜𝑑𝑑𝑢𝑢𝑙𝑙𝑒𝑒. 

2.  Endo - Greatly Bounded 𝑚𝑚𝑚𝑚𝑜𝑜𝑜𝑜𝑑𝑑𝑑𝑑𝑢𝑢𝑢𝑢𝑙𝑙𝑙𝑙𝑒𝑒𝑒𝑒 
Definition 2.1: The  -𝑚𝑚𝑜𝑜𝑑𝑑𝑢𝑢𝑙𝑙𝑒𝑒s   named Endo-G.B. 𝑚𝑚𝑜𝑜𝑑𝑑𝑢𝑢𝑙𝑙𝑒𝑒s where proper’s 
sub𝑚𝑚𝑜𝑜𝑑𝑑𝑢𝑢𝑙𝑙𝑒𝑒 for the   be the Endo-G.B, where K called Endo-G.B. sub𝑚𝑚𝑜𝑜𝑑𝑑𝑢𝑢𝑙𝑙𝑒𝑒 
if         𝑛𝑛𝑛𝑛    s.t   (x)   𝑜𝑜𝑜𝑜 (x)       , implies that  𝑛𝑛𝑛𝑛  (   𝑜𝑜𝑜    )  
 𝑛𝑛𝑛𝑛      

Example 2.2: Let  =        as the Z-𝑚𝑚𝑜𝑜𝑑𝑑𝑢𝑢𝑙𝑙𝑒𝑒,  
Hence, N be the Endo-G.B. sub𝑚𝑚𝑜𝑜𝑑𝑑𝑢𝑢𝑙𝑙𝑒𝑒,   not Endo-G.B. modul. 

3. Results 
Proposition 3.1: If H the compressible S-𝑚𝑚𝑜𝑜𝑑𝑑𝑢𝑢𝑙𝑙𝑒𝑒, so H the Endo-G.B.S-
𝑚𝑚𝑜𝑜𝑑𝑑𝑢𝑢𝑙𝑙𝑒𝑒. 

Proof: If      𝑛𝑛𝑛𝑛    & defined         as                      
Consider the following Figure 1.  

 

Figure 1 
Identity endomorphisms on  . 

 
Since H is a compressible 𝑚𝑚𝑜𝑜𝑑𝑑𝑢𝑢𝑙𝑙𝑒𝑒, for all nonzero sub𝑚𝑚𝑜𝑜𝑑𝑑𝑢𝑢𝑙𝑙𝑒𝑒s N for the 

H there is monomorphism       such that  𝑜𝑜𝑜   𝑜𝑜𝑜 when   be inclusion 
maps.  

Thus       𝑜𝑜𝑜      𝑜𝑜𝑜              Therefore         if 
   𝑛𝑛𝑛𝑛    𝑜𝑜𝑜      implies that  ( 𝑜𝑜𝑜   )      (    )    means that 
     =0. Then                  and hence                , therefore 
                implies that            since g is a monomorphism   
Therefore,    𝑛𝑛𝑛𝑛      𝑛𝑛𝑛𝑛    , since H is a prime 𝑚𝑚𝑜𝑜𝑑𝑑𝑢𝑢𝑙𝑙𝑒𝑒. 
Hence,  𝑛𝑛𝑛𝑛 ( 𝑜𝑜𝑜   )   𝑛𝑛𝑛𝑛    . 

Proposition 3.2: Assume H the multiplication-injective S-𝑚𝑚𝑜𝑜𝑑𝑑𝑢𝑢𝑙𝑙𝑒𝑒. So H be the 
Endo-G.B. 𝑚𝑚𝑜𝑜𝑑𝑑𝑢𝑢𝑙𝑙𝑒𝑒 if H be the compressible 𝑚𝑚𝑜𝑜𝑑𝑑𝑢𝑢𝑙𝑙𝑒𝑒. 
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Proof: If H the Endo-G.B. 𝑚𝑚𝑜𝑜𝑑𝑑𝑢𝑢𝑙𝑙𝑒𝑒, so H be the finitely annihilated 𝑚𝑚𝑜𝑜𝑑𝑑𝑢𝑢𝑙𝑙𝑒𝑒 [2-
3]. H is finitely generated. Thus, we conclude that H be the scalar 𝑚𝑚𝑜𝑜𝑑𝑑𝑢𝑢𝑙𝑙𝑒𝑒 [3-4]. 
Now, let      Then N be the scalar S-sub𝑚𝑚𝑜𝑜𝑑𝑑𝑢𝑢𝑙𝑙𝑒𝑒 ,thus        𝑛𝑛𝑛𝑛( ) such 
that         defined by  ( )      ( )          Consider the following 
Figure 2.  

 

Figure 2 
Endomorphisms        ( )acting on the sub𝑚𝑚𝑚𝑚𝑜𝑜𝑜𝑜𝑑𝑑𝑑𝑑𝑢𝑢𝑢𝑢𝑙𝑙𝑙𝑙    . 

 
Then there exists a S-homomorphism g like that  𝑜𝑜𝑜     It remains to 

prove that g is a monomorphism. ( 𝑜𝑜𝑜)   ( )  ( 𝑜𝑜  )( )  
Let  (  )   (  )  then( 𝑜𝑜  )(  )  ( 𝑜𝑜  )(  ) implies that     

    so        Therefore, g is an S-monomorphism, and we conclude that H is 
a compressible 𝑚𝑚𝑜𝑜𝑑𝑑𝑢𝑢𝑙𝑙𝑒𝑒. Conversely, using proposition (3.1). 

Next, we discuss relations among monoform 𝑚𝑚𝑜𝑜𝑑𝑑𝑢𝑢𝑙𝑙𝑒𝑒s & Endo-G.B. 
𝑚𝑚𝑜𝑜𝑑𝑑𝑢𝑢𝑙𝑙𝑒𝑒s. Also, from the mono form 𝑚𝑚𝑜𝑜𝑑𝑑𝑢𝑢𝑙𝑙𝑒𝑒, we infer that H is prime uniform 
and  𝑛𝑛𝑛𝑛 ( ) is a prime ideal of S [5, 6]. 

Proposition 3.3: Every monoform S-𝑚𝑚𝑜𝑜𝑑𝑑𝑢𝑢𝑙𝑙𝑒𝑒 be the Endo-G.B. S-𝑚𝑚𝑜𝑜𝑑𝑑𝑢𝑢𝑙𝑙𝑒𝑒s 

Proof: Since H is a monoform 𝑚𝑚𝑜𝑜𝑑𝑑𝑢𝑢𝑙𝑙𝑒𝑒, it is a uniforms prime 𝑚𝑚𝑜𝑜𝑑𝑑𝑢𝑢𝑙𝑙𝑒𝑒, &each 
nonzero sub𝑚𝑚𝑜𝑜𝑑𝑑𝑢𝑢𝑙𝑙𝑒𝑒 A for the H be the dense. if      𝑛𝑛𝑛𝑛( ) & defined 
        by  ( )        ( )                    Then       
since H is a uniform 𝑚𝑚𝑜𝑜𝑑𝑑𝑢𝑢𝑙𝑙𝑒𝑒. Thus, we have that  𝑛𝑛𝑛𝑛 ( )   𝑛𝑛𝑛𝑛 ( 𝑜𝑜𝑜)( )   

If    𝑛𝑛𝑛𝑛 (( 𝑜𝑜𝑜)( )) implies that  (  )    and   ( )     
But    𝑛𝑛𝑛𝑛 ( ) since A is a dense sub𝑚𝑚𝑜𝑜𝑑𝑑𝑢𝑢𝑙𝑙𝑒𝑒 &  𝑛𝑛𝑛𝑛 ( ) be the prime 

ideals for the S, so    𝑛𝑛𝑛𝑛 ( )   𝑛𝑛𝑛𝑛 ( )   𝑛𝑛𝑛𝑛 ( )  
Therefore,  𝑛𝑛𝑛𝑛 (( 𝑜𝑜𝑜)( ))   𝑛𝑛𝑛𝑛 ( ) so H be the Endo-G.B. 𝑚𝑚𝑜𝑜𝑑𝑑𝑢𝑢𝑙𝑙𝑒𝑒. 

Proposition 3.4: Assume H the cyclic quasi-Dedekind S-𝑚𝑚𝑜𝑜𝑑𝑑𝑢𝑢𝑙𝑙𝑒𝑒, so H be the 
Endo-G.B. S-𝑚𝑚𝑜𝑜𝑑𝑑𝑢𝑢𝑙𝑙𝑒𝑒s. 

Proof: For      𝑛𝑛𝑛𝑛( ) &         defined by  ( )      ( )         
if A the propers sub𝑚𝑚𝑜𝑜𝑑𝑑𝑢𝑢𝑙𝑙𝑒𝑒 for theH, so A the cyclic sub𝑚𝑚𝑜𝑜𝑑𝑑𝑢𝑢𝑙𝑙𝑒𝑒 such that 
     for some     since H is cyclic. Therefore,  ( )    
implies that  𝑛𝑛𝑛𝑛 ( )   𝑛𝑛𝑛𝑛 (( 𝑜𝑜𝑜)( ))  
if    𝑛𝑛𝑛𝑛 (( 𝑜𝑜𝑜)( )) so we have:  (( 𝑜𝑜𝑜)( ))     then  (( ( ))( )) 
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=0, and  (  )     But H the quasi-Dedekind 𝑚𝑚𝑜𝑜𝑑𝑑𝑢𝑢𝑙𝑙𝑒𝑒 [5]. So we have      
So we conclude that    𝑛𝑛𝑛𝑛 ( )   𝑛𝑛𝑛𝑛 ( )   𝑛𝑛𝑛𝑛 ( )  

Proposition 3.5: If H the Endo-G.B. S-𝑚𝑚𝑜𝑜𝑑𝑑𝑢𝑢𝑙𝑙𝑒𝑒s. so for each nonzero 
sub𝑚𝑚𝑜𝑜𝑑𝑑𝑢𝑢𝑙𝑙𝑒𝑒s N for the H, getten  𝑜𝑜𝑜𝑜(   )     

Proof: Assume N the nonzero sub𝑚𝑚𝑜𝑜𝑑𝑑𝑢𝑢𝑙𝑙𝑒𝑒s for the End-G.B. 𝑚𝑚𝑜𝑜𝑑𝑑𝑢𝑢𝑙𝑙𝑒𝑒s, so 
         𝑛𝑛𝑛𝑛( ) & S-homomorphism         defined by  ( )  

    ( )          s.t  ( )   &  𝑛𝑛𝑛𝑛 (( 𝑜𝑜𝑜)( ))   𝑛𝑛𝑛𝑛 ( )  
Suppose that  𝑜𝑜𝑜𝑜(   )    and consider the inclusion map        
Then    𝑜𝑜𝑜𝑜 where 𝑓𝑓     𝑓𝑓     
Therefore,  ( )  ( 𝑜𝑜𝑜𝑜)( )   (𝑓𝑓( ))    implies that 
 𝑛𝑛𝑛𝑛 ( 𝑜𝑜𝑜 ( ))   𝑛𝑛𝑛𝑛 ( ) which is a contradiction. Thus  𝑜𝑜𝑜𝑜(   )  

  
For each of nonzero sub𝑚𝑚𝑜𝑜𝑑𝑑𝑢𝑢𝑙𝑙𝑒𝑒s for the H. 

Proposition 3.6: An Endo-G.B. S-𝑚𝑚𝑜𝑜𝑑𝑑𝑢𝑢𝑙𝑙𝑒𝑒s be the retractable S-𝑚𝑚𝑜𝑜𝑑𝑑𝑢𝑢𝑙𝑙𝑒𝑒s. 

Proof: By the previous proposition, we have for any nonzero sub𝑚𝑚𝑜𝑜𝑑𝑑𝑢𝑢𝑙𝑙𝑒𝑒s Nfor 
the H,  𝑜𝑜𝑜𝑜(   )    Thus, H is a retractable S-𝑚𝑚𝑜𝑜𝑑𝑑𝑢𝑢𝑙𝑙𝑒𝑒. 

The next proposition is considered to be an equivalent of proposition (3.2) 
by using a retractable 𝑚𝑚𝑜𝑜𝑑𝑑𝑢𝑢𝑙𝑙𝑒𝑒 in the proof. 

Proposition 3.7: If H the multiplications torsion-free S-𝑚𝑚𝑜𝑜𝑑𝑑𝑢𝑢𝑙𝑙𝑒𝑒s where 
(S be the integrals domain). So, statement in below equivalents: 

1-  H be the Endo-G.B.𝑚𝑚𝑜𝑜𝑑𝑑𝑢𝑢𝑙𝑙𝑒𝑒s. 
2-  H be the compressible 𝑚𝑚𝑜𝑜𝑑𝑑𝑢𝑢𝑙𝑙𝑒𝑒s. 

Proof: (1)  ( ) 
If H the Endo-G.B. 𝑚𝑚𝑜𝑜𝑑𝑑𝑢𝑢𝑙𝑙𝑒𝑒s, so by [4], H be the scalar 𝑚𝑚𝑜𝑜𝑑𝑑𝑢𝑢𝑙𝑙𝑒𝑒 and every 

     ( ) is monomorphism. 
Now, by the assumption, H is a retractable 𝑚𝑚𝑜𝑜𝑑𝑑𝑢𝑢𝑙𝑙𝑒𝑒, then for nonzero 

sub𝑚𝑚𝑜𝑜𝑑𝑑𝑢𝑢𝑙𝑙𝑒𝑒s N for the H,   the nonzero homomorphisms       and let 
      be an inclusion map. Thus, the composition  𝑜𝑜    is a 
monomorphism, and clearly h is a monomorphism. Thus, H is a compressible 
𝑚𝑚𝑜𝑜𝑑𝑑𝑢𝑢𝑙𝑙𝑒𝑒. 

(2)  ( ), By proposition (3.1). 

4.  Discussion and Conclusion 
This article introduces the novel classes for the S-𝑚𝑚𝑜𝑜𝑑𝑑𝑢𝑢𝑙𝑙𝑒𝑒s, which named 

Endo-Greatly bounded 𝑚𝑚𝑜𝑜𝑑𝑑𝑢𝑢𝑙𝑙𝑒𝑒s, and their 𝑚𝑚𝑜𝑜𝑑𝑑𝑢𝑢𝑙𝑙𝑒𝑒 homomorphisms. We 
established a behavior for a Endo-G.B. 𝑚𝑚𝑜𝑜𝑑𝑑𝑢𝑢𝑙𝑙𝑒𝑒 with respect to prime and quasi-
Dedekind 𝑚𝑚𝑜𝑜𝑑𝑑𝑢𝑢𝑙𝑙𝑒𝑒s, we derive some propositions and corollaries.  

 



ENDO-GREATLY BOUNDED MODULES AND MODULE HOMOMORPHISMS� 2087

References 

	 [1]	 V. S. Rodrigues and A. A. Sant’Ana, “A note on a problem due to Zel-
manowitz,” Algebra and Discrete Mathematics, vol. 3, pp. 85–93 (2009).

	 [2]	 M. S. Murad and B. N. Shihab, “A New Class of Endo-RB module and 
Its Relationship with modules,” Iraqi Journal for Computer Science and 
Mathematics, vol. 6, no. 2, p. 15 (2025).

	 [3]	 M. A. Ahmed, “Quasi-invertibility monoform modules,” Iraqi Journal 
of Science, pp. 4058–4069 (2023).

	 [4]	 M. S. Murad and B. N. Shihab, “Endo-restricted bounded submod
ules related to prime submodules and scalar modules,” AIP Confer-
ence Proceedings, vol. 3264, no. 1, p. 050087 (Mar. 2025).

	 [5]	 C. Faith, Ed., Algebra II Rings Theory, vol. 191, Berlin, Heidelberg: 
Springer Berlin Heidelberg (1976), doi: 10.1007/978-3-642-65321-6.

	 [6]	 S. A. Al-Ameedee and A. J. Obaid, “New results and application 
of differential quasi subordinations for higher-order derivatives of 
meromorphic multivalent functions,” Journal of Interdisciplinary Math-
ematics, vol. 26, no. 4, pp. 643–650 (2023), doi: 10.47974/JIM-1483. 

	
		  Received November, 2025


