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Abstract

In this work, we employ the L — space in order to study some notions such as £ —
interior operator and £ — exterior operator. Many properties of these notions have been
studied, and they are important theorems and propositions in topology. The applications
of the present notions are in cryptography, particularly in schemes that leverage topological
concepts to enhance security or to create new cryptographic primitives.
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1. Introduction

Recent studies in 2025 [1] have explored several notions in fuzzy set
theory that play significant roles in cryptography and set theory [2].

There are many generalizations for the open sets, such as @ —open, 8
— open, semi-open, and L —open.

The a —open was first studied by Njastad [3], where the subsets T in the
universal V' is named the & — open iff ¥ € (Int(cl(Int(F)))).

A subset Fin the universal V will be named S —open if
F < (cl(int(cl(T)))), which was studied in 2014 [4]. The concept of semi-open
sets was introduced in 1963 [5]. Then the idea of £ —open as generalization for
the open set, where the subsets ' i the universal V is said to be £ —o pen if
F € KUInt(F) VKeF & K # @, for any topology & on V and we write Ly to
represent the set for every £ — open and the (V, Loy) is called the £ —space [6-
7]. The exterior point is essential concept in topology, if (V, &) is the topological
space & F' € V. A point be V is said and exterior point for the I if there is
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Ke & such that beK € F¢. The set for every exterior points for the set T is
known as the exterior for F and is denote as ext (F) [8].

2. The £ —interior operator

Definition 2.1: Assume V is the any nonempty set and (V, Loy) is the £ —
space. Then a L —interior operator is a map A : (V, Loy) — (V, Loy) which
satisfies the following axioms:

I. A(V)=V.

2. A(F) c F vFeLoy.

3. IfF,,F,, .., Freloy, then A(N[=, F;) = N, AF).
4. A(A(F)) = A(T) VFeLoy.

Proposition 2.2: Suppose V is the any nonempty set and fi : (V, Loy) — (V, Loy)
is the £ —interior operator. Assume that ¥, ZeLoy. Then

1. IfF C 7, then A(F) € A(2).

2. AF)UA(EZ) € A(FUZ).
3. A(@) =a.

4. A(F) cV.

Proof:

1. Suppose that F € Z, then FNZ = T,
hence A(F) = A(FNZ).
Therefore, A(F) = A(F)NA(Z) Since A is a L —interior operator, then
A(FNZ) = AF)NA(Z).
Therefore, A(F) = AF)NA(Z) < 4(Z).
2. Since F € FUZ and Z € TUZ, then from (1) we get,
A(F) € A(FUZ) and A(Z) © A(FUZ).
Hence A(F)UA(Z) < A(FUZ).
3. From the definition of £ —interior operator we get:
h(®) € &. But @ € A(d), then A(P) = .
4.  Since I' €V, then by (1), we have:
A(F) € A(V). But A(V) =V becasuce f is a £ —interior operator, then
A(F) c V.

Theorem 2.3: If' V is the any nonempty set and f : (V, Loy) = (V, Loy) is the
any L —interior operator. Define a class § as follows:

& = {FeLoy: F = A(F)}. Then § is a topology on V and
A(F) = Int (F) for all FeV.

Proof: Since VeLoy and h is a L —interior operator, then A(V) = V, hence Vey.
Now, ®eLoy and h(P) = & by [Proposition (2.2) — 3], then Pe §.
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Assume that {F;};c2€E. Then FieLoy and F; = A(F;) VieA. But Loy is

satisfies the conditions of topology on V, then U; F; €Loy.

Now, F; € U;aT; VieA, then by [Proposition (2.2) — 1] we have:
A(F;) € A(U;ea Fy), but A(F;) = F;VieA, then F; € A(U;ep F;)VieA.
Hence Ujea F; € O(Ujea Fy)-
From the definition of a £ —interior operator we have:
A(Uiea i) S Uiea Fi-

Therefore, A(U;ea F;) = U;ea T this implies that U;p F; €F.
Let¥,,F,, ..., F,e®. Then F;eLoy and F; = A(F) Vi =1, ..., n.
Hence, N}=, F; €Loy.
To prove NiL, F; = A(NTL, Fy).
Now, Njz, A(F;) = N, F; since F; = A(F;) Vi = 1,2, ..., n.
By the definition of £ —interior operator we have

A(NZ, F) = N AFD = NiZ Fie
Consequentially, Nj=, F; €§.
Therefore, § is a topology on V.
To prove A(T) = Int (T') for all FeV.
Let FeLoy. Then A(F) € T and
ﬁ(ﬁ(f‘)) = A(TF) since h is L —interior operator. Hence by construction of

%, we have:

s,

A(F)eg, that is, A(F) is an open set in F.

But A(F) € T, then A(TF) is an open set contained in .

Now, let Z is an open set in & such that Z € F. Then A(Z) = Z.

Since Z € T, then A(Z) < A(F), hence Z < A(F).

This implies that A(F) is the largest open set in § that contained in F, that

A(F) = Int (F).
Therefore, A(F) = Int (F) for all FeV.

3. The £ — exterior operator

Definition 3.1: Let us assume that V' is any nonempty set and (V, Loy ) is the any
L — space. Then a L — exterior operator on a (V, Loy) is amap t : (V, Loy) =
(V, Loy) which satisfies the following axioms:

1.

o wn

E(V) = o.

8(P) = V.

t(F) € ¢ VFeLoy.

IfFy, Fy, ..., FpeLoy, then (U™, Fy) = N, t(F)).
t((B(F)°) = t(F) VFeLoy.

Proposition 3.2: Suppose that V' is the nonempty set and £ : (V, Loy) — (V, Loy)
is the L — exterior operator. If F € Z, then £(Z) < £(F) VF, ZeLoy.
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Proof: LetT,ZeLoy and F € Z. Then FUZ = Z.
Hence t(Z) = t(FUZ).
Since t is a L — exterior operator, then t(FUZ) = t(F)Nt(2).
Therefore, £(Z) = t(F)Nt(Z) < t(F).

Theorem 3.3: Let t be a L — exterior operator on (V, Loy) such that Loy is
closed under complements. Define a class § as follows:

& = {FeLoy: T = t(F°)}.
Then & is a topology on V and t(F) = ext(F) VFeg¥.

Proof: Since @, VeLoy and t is a L — exterior operator, then
(V) = @ and (@) = V then @, Ve F.

Let {‘Fi}iEAE%' Then FiELOV and Fi = E(Ff) VlEA

But Loy, is satisfies the conditions of topology on V, then U, T; €Loy.

NOW, 'Fi c UiGA 'Fi ViEA, then (UieA FL‘)C c Ff ViEA,
hence by Proposition (3.2) we have t(F{) S t((U;a F)€) VieA,
thus ‘Fi c t’((UieA Fi)c) VieA,
therefore UieA Fi c t’((UieA Fi)c).

Since t is a L — exterior operator, then

B((UieaF)) S ((UieaT)) = Ui Ty

Hence Ujea Fi = £((Ujea £

Therefore, U;p T €F.

Let ¥, Fy, ..., F,,€d. Then by the definition of §, we get

FieLoy and F; = £(Ff) Vi = 1,2 ..., n. Hence, N}, F; eLoy.

To prove N7, F; = t((NL, F)O).

From De- Morgan Laws, we get (M7=, F;)¢ = U TY.

So, we have

E((NZ1 F)) = t(Uiea )
= N}, t(Ff) Since ¢ is a L — exterior operator
=N, FsinceF; =t(Ff)vi=12..,n

Consequentially, Ni=, F; €§.

Therefore, § is a topology on V.

To prove t(F) = ext(F) for all Feg.

Let Fe§. Then FeLoy and F = t(F°¢ ).

Now, FeLoy and t is L — exterior operator, then we get

t((£(F))€) = £(F) and t(F) < F°. So, we have

t(F)ed and £(F) < Fe.

Hence t(F) is an open set contained in F¢.

We claim t(F) = int(F¢).

LetZ e and Z € F¢. Then ZeLoy and Z = t(Z¢ ).

Since Z € F¢, then T < 7€.
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Hence by Proposition (3.2) we have, t(Z¢ ) < t(F).

ButZ = t(Z¢), then Z < ().

That is t(F) is the largest open set in & that contained in F€.
Thus t(F) = int(F°).

But int(T¢) = ext(F). So, we have t(F) = ext(T).

4. Conclusion

We considered the idea for the interior operator and the exterior operator in
the £ —spaces that are extensions of the classical topological space. We obtained
an important result, which is, if V' is any nonempty set and

f: (V, Loy) = (V, Loy), is the any L —interior operator. Define a class & as
follows:& = {FeLoy:F = A(F)}. Then § is a topology on V and

A(F) = Int (F) for all FeV.

In the future, we plan to characterize novel types of sets related to the

L —open by employing soft sets.
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