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Abstract

This paper presents a quantification of the complex geometry of symmetric A4-graph
constructed from Conway group Co, and a particular category of Co, by calculating its
complete topological descriptors. The primary objective is to characterize this graph using
molecular topology by calculating a suite of significant topological indices. Furthermore, we
derive the Hosoya and Schultz polynomials, which serve as generating functions for the full
distance graph and degree spectra. A principal result is the establishment of closed-form
relationships between these topological descriptors and fundamental group characteristics,
notably conjugacy-class cardinality and vertex-degree distribution, revealing that the graph’s
metric architecture is predetermined by its algebraic origin.
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1. Introduction

Topological indicators yield an objective statistic that reflects the degree of
interconnectedness within the network. The numerical results serve as tools for
analyzing and evaluating the characteristics associated with methodological
frameworks. Graph descriptors are organized according to core structural
attributes, such as node valence, geodesic distance, and vertex eccentricity. The
preliminary pair of species captures close association, while the latter type deals
with broad-spectrum communication. Consequently, three principal indices
exist: distance-dependent (DISI), evaluated from shortest-route arrays; degree-
dependent indices (DEGI), built from degree sequence arrangements; and
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eccentricity-dependent (ECCI), which fuse central distance with valency or
path-length factors, see [1-9]. Many recent studies address the calculation of
topological descriptors for graphs constructed from the components of a given
group. Some are presented in [10-15]. Pick a subset § of group G, the A4 -graph,
officially called A4(G,S) see [16-18]. In this graph, the nodes set is §, and an
arc is established across vertices ¢ and k whenever (ck™!) comprises an
involution. Computational techniques implemented in Gap [19] supply a
complete depiction of the disc designs in the graph A4(Cos, S), in case S = 3B.
This research intends to elucidate this graph through molecular topology. To
accomplish this, we will compute a set of essential topological indices and
subsequently determine their Hosoya and Schultz polynomials. A key outcome
is the formulation of proper formulae that connect these descriptors to essential
group parameters, particularly the enumeration of conjugacy classes and the
ordering of vertex degrees. This shows that the structure of the graph distance
arises from its algebraic basis. Moreover, the technique can be applied to study
other types of graphs, such as the one mentioned in [20]. The important works
contain further information about these topological indices [14].

2. Topological Indices for 4,(Co3, 3B)

Our procedure proceeds as follows: we initially identify the core features
of the A,-graph layout, which then establishes the calculation of the connectivity
index of VA = A,(Cos,3B). Observe that p,(c) denotes the number of nodes
sitting at a distance of no more than r from the node c. The initial part of the
preceding proposition employs techniques identical to [16], whereas the latter
part derives from the vertex-transitivity of V.

Proposition 1: The graph VA , holds the following properties for any ¢, k €

V(VA):

1- Diam (VA)=4, for any c€V(Va), p.(c) takes the values
1701, 1679967, 15319901, 30 when r = 1,2,3,4 respectively.

2- deg (c)= 1701, e(c) =4, and TD(c) = yoram(™

—y r* p.(c) where
TD(c) represents the overall distance c.

Now, by using Proposition 1, it follows that |E(VA)| = 14460370800
and | E(VA)¢| =14459860800. And |V (VA)| = 17001600.

2.1 Computing DEGI of VA
Here, we outline the calculation of the DEGI for Va :
(1) The first Zagreb index:
M1(VA) = ¥ eyva deg(c)® = (1701)% x 17001600
= 49192446441600 2)
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(2) The second Zagreb index:
M2(VA) = ¥ ck ex(va) deg(c)deg(k) = (1701)? * 14460370800
= 41839651333090800 2)
(3) The forgotten topological index or F-index:
F(VA) =X cev(va deg(c)® = (1701)3 ¥ 17001600
= 83676351397161600 3)
(4) The first Zagreb co-index:
F1(VA) = S envn(deg(c) + deg(k)
= 2(1701) * 14459860800 = 49192446441600 4)
(5) The second Zagreb co-index:
M2(VA) = Soi ex(v) deg(c)deg(k)
= (1701)? x 14459860800 = 41838175698580800 (5)
(6) The reduced second Zagreb index:
RM2(VA) = ek epvnldeg(c) — 1][deg(k) — 1]
= (1700)? = 14459860800 = 4.178899712000000 (6)
(7) The Narumi-Katayama index:
Nk(VA) = [l evvr deg(c) = 1701 « 17001600
= log,, 34.54530900 @)
(8) The first multiplicative Zagreb index:
[T:(VA) = [c envn deg(c)? = (1701)% x 17001600
= log,0 7-787656500 ®)
(9) The second multiplicative Zagreb index:
[12(VA) = ek exeva deg(c) deg(k) = (1701)? * 14460370800

=log, 51.1056564090 )
(10) The Randic index:
1 1
R(VA) = Yk erva) des(edeato = aron 14460370800

= 4997.70713 (10)
(11) The reciprocal Randic index:
RR(VA) = Yk envr /deg(c) deg(k) = 1701 * 14460370800
= 245970907308000 (1)
(12) The reduced reciprocal Randic Index:
RRR(VA) = Xk ex(vr) +/ [deg(c) — 1][deg(k) — 1]
= 1700 * 14460370800 = 245826303608000 (12)
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(13) The ABC-index or Atom-Bond-Connectivity index:

deg(c)+deg(k)-2
ABC(VA) = Soencun | B0rdes02

= \/W* 14460370800 = 495695041.25
2893401

(14) The harmonic index:

H(VA)

— Z 2 = 2
T ek €E(VA) Geg(c)+deg(k)  2(1701)

= 8501099.82
(15) The augmented Zagreb index:

AZI(VA) = Berexcom

/2893401
= ( 3400
(16) The geometric-arithmetic index:

GA(VA) = Xk ervn)

* 14460370800

deg(c)deg(k) )3
deg(c)+deg(k)—2

)3 * 14460370800 = 8911549889

2,/deg(c) deg(k)

deg(c)+deg(k)

— 2/AT0D% 4 446037080014460370800

2(1701)
(17) The sum-connectivity index:

1
SCI(VA) = Xk €6V Jaeatorraence)
= —1 % 14460370800 = 247920406.237

" 58326

2.2 Computing DISI of VA
Here we outline the calculation of the DISI for Va :
(1) Wiener index:

W(VA) = S rperwn d(c, k) = 2 (TD(c)) = 8500800
(1701 + 3359934 + 45959703 + 120) = 67848778166400
(2) Wiener polarity index:
Wp(VA) = d((VA),3) = 1445986000 * 15319901
= 22155156777786000
(3) The terminal Wiener index:

TW(VA) = Z{c,k}QVI(VA)d(C: k)=10
(4) The hyper Wiener index:

WW (VA) == e cywald(c, k) + d(c, k)?]
= 2([1%p1() + 2% py(0) + 3 % p3(0) + 4% py ()]
+[17 % py (€) + 2% % pa(c) + 3% % p3(c) + 42 * pa()])

(13)

(14)

(15)

(16)

(17)

(18)

(19)

(20)
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= 121402543046400 21
(5) The reciprocal complementary Wiener index:
1
RCW(VA) = Eicpjevvn diam((VA))—1+d(ck)
= 2(9 4 2200 4 229 249 = 5041500000000 (22)
2 4 5 6 7

(6) The old Harary index:

1 © © (© ©
HOld(V/\) = Z{C,R}QV(VA) W = 5(1711_25 + pzz_zC + p33_2c + pz_zc)
= 5039229492733300 (23)
(7) The Harary index:
1 (© © © (©
= 50565500000000 (24)

(8) The Schultz index or degree distance index:
DD(VA) = Xczx(deg(c) + deg(k))d(c, k)

= 17°°216°° (3402)(TD(c)) = 230821543322092800 (25)
(9) Gutman index:
GUt(VA) = Tesp deg(c) deg(k)d(c, k) = 2222 (2893401) (TD(c))
= 196313722595439926400 (26)
(10) The additively weighted Harary index or reciprocal degree distance index:
Hy(VA) = Sens (deg(;‘)(:i;g(k)) _ 170021600 (3402)
(22 4 2209 4 22O 1 2419) — 172023912616587296 27)

(11) Multiplicatively weighted Harary index:

(deg(c) deg(k)) _ 17001600
Hu(VA) = Zexi— g0~ =5 (1701)?

(294 2200 4 22O 1 2219) — 1456403086436695823466.4  (28)

2.3 Computing ECCI of VA
Here we outline the calculation of the ECCI for Va :
(1) Total eccentricity:

E(VA) = Xcevwn e(c) = 4% 17001600 = 68006400 (29)
(2) The first Zagreb eccentricity index:
E;(VA) = Y evva(e(©))? = 4%+ 17001600 = 272025600 (30)

(3) The second Zagreb eccentricity index:
E;(VA) = Yok ervn €(c)e(k) = 4% x 14460370800 = 231365932800

€2))
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(4) The eccentric connectivity:
EE(VA) = Yceva e(c)deg(c) = 4+ 1701 % 17001600
= 115678886400 (32)
(5) The connective eccentricity index:

deg(c) 1701
Cf(V/\) = Zcev(w) e(©) 4

(6) The eccentric distance sum index:
EUVA) =X evvn e(©)D(c) = 4v(TD(c)) = 3354174801331200 (34)
(7) The adjacent eccentric distance sum:

D 4
£ (V) = Zeevivn qore = 17001600 * - (TD(C))

= 134160000000000000000 (35)

* 17001600 = 7229930400 (33)

Corollary 1.

1- The Hosoya polynomial of VA is {17001600+1701b +1679967 b? +
15319901b3 + 30 b*}.

2-  The Schultz polynomial of Vais {1701 |3B]| |(H(VA,b) — |3B]))}.

Proof: Let c € V(V), then
HVAD) = X550 ™ d (V) y)bY=%4_0 d( Vs, y)bY
=17001600+p;(c) b +p,(c) b? + ps(c) b3
=17001600+1701b +1679967 b% + 15319901b3 + 30 b*.
Moreover,
Sc(VA,b) = ¥yzyesa(deg(c) + de g(k))b
=2 %1701 Y cskepvny b
=2+ 1701 28 (p, () b +p2(c) b2 + p3(c) b + p4(c) b*)

=1701 |3B| (1701b +1679967 b2 + 15319901b° + 30 b*)
=1701|3B| [(H(VA,b) — |3B])

3. Conclusion

We compute an extensive topological descriptor of symmetric A4-graphs
resulting from Cos. By illustrating this graph through molecular topology, we
obtain a vital connectivity index along with calculating the Hosoya and Schultz
polynomials as expanding functions from the distance and the degree parameters
of the graph. Our major study includes explicit formulations that link these
descriptors to group parameters, such as the size of the conjugacy class and the
distribution of vertex degrees. Consequently, the underlying algebraic structure
of the group directly determines the metric architecture of the graphs.
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