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Abstract
This paper presents a quantification of the complex geometry of symmetric A4-graph 

constructed from Conway group Co3  and a particular category of Co3 by calculating its 
complete topological descriptors. The primary objective is to characterize this graph using 
molecular topology by calculating a suite of significant topological indices. Furthermore, we 
derive the Hosoya and Schultz polynomials, which serve as generating functions for the full 
distance graph and degree spectra. A principal result is the establishment of closed-form 
relationships between these topological descriptors and fundamental group characteristics, 
notably conjugacy-class cardinality and vertex-degree distribution, revealing that the graph’s 
metric architecture is predetermined by its algebraic origin. 
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Abstract  
This paper presents a quantification of the complex geometry of symmetric   -graph 

constructed from Conway group     and a particular category of     by calculating its complete 
topological descriptors. The primary objective is to characterize this graph using molecular topology 
by calculating a suite of significant topological indices. Furthermore, we derive the Hosoya and 
Schultz polynomials, which serve as generating functions for the full distance graph and degree 
spectra. A principal result is the establishment of closed-form relationships between these 
topological descriptors and fundamental group characteristics, notably conjugacy-class cardinality 
and vertex-degree distribution, revealing that the graph's metric architecture is predetermined by its 
algebraic origin.  
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1.  Introduction  
Topological indicators yield an objective statistic that reflects the degree of 

interconnectedness within the network. The numerical results serve as tools for 
analyzing and evaluating the characteristics associated with methodological 
frameworks. Graph descriptors are organized according to core structural 
attributes, such as node valence, geodesic distance, and vertex eccentricity. The 
preliminary pair of species captures close association, while the latter type deals 
with broad-spectrum communication. Consequently, three principal indices 
exist: distance-dependent (DISI), evaluated from shortest-route arrays; degree-
dependent indices (DEGI), built from degree sequence arrangements; and 
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eccentricity-dependent (ECCI), which fuse central distance with valency or 
path-length factors, see [1-9]. Many recent studies address the calculation of 
topological descriptors for graphs constructed from the components of a given 
group. Some are presented in [10-15]. Pick a subset   of group  , the    -graph, 
officially called         see [16-18]. In this graph, the nodes set is  , and an 
arc is established across vertices   and   whenever (    ) comprises an 
involution. Computational techniques implemented in Gap [19] supply a 
complete depiction of the disc designs in the graph   (   ,  ), in case     . 
This research intends to elucidate this graph through molecular topology. To 
accomplish this, we will compute a set of essential topological indices and 
subsequently determine their Hosoya and Schultz polynomials. A key outcome 
is the formulation of proper formulae that connect these descriptors to essential 
group parameters, particularly the enumeration of conjugacy classes and the 
ordering of vertex degrees. This shows that the structure of the graph distance 
arises from its algebraic basis. Moreover, the technique can be applied to study 
other types of graphs, such as the one mentioned in [20]. The important works 
contain further information about these topological indices [14].  

2.  Topological Indices for            
Our procedure proceeds as follows: we initially identify the core features 

of the   -graph layout, which then establishes the calculation of the connectivity 
index of             . Observe that       denotes the number of nodes 
sitting at a distance of no more than   from the node  . The initial part of the 
preceding proposition employs techniques identical to [16], whereas the latter 
part derives from the vertex-transitivity of   .  

Proposition 1: The graph    , holds the following properties for any     
        
1- Diam (     , for any        ,       takes the values 

    ,        ,         ,    when           respectively. 
2- deg (        ,       , and   (   ∑                

    where 
  (   represents the overall distance  . 
 
Now, by using Proposition 1, it follows that         =              

and |       | =           . And                   

2.1 Computing DEGI of    
Here, we outline the calculation of the DEGI for    :  
(1)  The first Zagreb index: 
         ∑                                  
                  (2) 
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(2)  The second Zagreb index: 
         ∑                                              
                      (2) 
(3)  The forgotten topological index or F-index: 
        ∑                                    
                     (3) 
(4)  The first Zagreb co-index: 
   ̅      ∑                           
                                       (4) 
(5)  The second Zagreb co-index: 
   ̅      ∑                         
                                         (5) 
(6)  The reduced second Zagreb index: 
          ∑                                
                                          (6) 
(7)  The Narumi-Katayama index: 
         ∏                              
                     (7) 
(8)  The first multiplicative Zagreb index: 
  ∏       ∏                                   
                     (8) 
(9)  The second multiplicative Zagreb index: 
  ∏       ∏                                           
                      (9) 
(10)  The Randic index: 

        ∑  
                         

                    

               (10) 
(11) The reciprocal Randic index: 

         ∑ √                                        
                    (11) 
(12)  The reduced reciprocal Randic Index: 

          ∑ √                              
                                     (12) 
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(13) The ABC-index or Atom-Bond-Connectivity index: 

          ∑ √               
                       

   √     
                                  (13) 

(14)  The harmonic index: 

        ∑  
                         

                     

               (14) 
(15)  The augmented Zagreb index: 

          ∑ (              
               )

 
          

                                           (15) 

(16)  The geometric-arithmetic index: 

         ∑  √            
                        

    √       
                                (16) 

(17) The sum-connectivity index: 

          ∑  
√                       

    
                                  (17) 

2.2 Computing DISI of     
Here we outline the calculation of the DISI for    : 
(1)  Wiener index: 
        ∑         

 {   }                      

                                             (18) 
(2)  Wiener polarity index: 
          (      )                      
                      (19) 
(3)  The terminal Wiener index: 
         ∑       {   }           (20) 
(4)  The hyper Wiener index: 

          
 ∑                         
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                      (21) 
(5) The reciprocal complementary Wiener index: 

          ∑  
    (    )         {   }         

    
 (

     
       

       
       

 )                 (22) 

(6) The old Harary index: 

           ∑  
       {   }        

 (
     
        

        
        

  ) 

                     (23) 
(7) The Harary index: 

        ∑  
       {   }      

 
 (

     
       

       
       

 ) 

                   (24) 
(8) The Schultz index or degree distance index: 
         ∑                           

           
                                   (25) 

(9) Gutman index: 

          ∑                                
 

                 
                          (26) 
(10) The additively weighted Harary index or reciprocal degree distance index: 

         ∑                
                  

         

  (            
       

       
 )                      (27) 

(11) Multiplicatively weighted Harary index: 

         ∑               
                  

           

  (            
       

       
 )                            (28) 

2.3 Computing ECCI of    
Here we outline the calculation of the ECCI for    : 
(1)  Total eccentricity: 
        ∑                                   (29) 
(2) The first Zagreb eccentricity index: 
         ∑                                         (30) 
(3) The second Zagreb eccentricity index: 
            ∑                                                 
   (31) 



2136� E. H. MAHMOOD AND A. A. AUBAD

(4)  The eccentric connectivity: 
         ∑                                     
                 (32) 
(5) The connective eccentricity index: 

         ∑        
                 

                       (33) 

(6) The eccentric distance sum index: 
            ∑                                              (34) 
(7) The adjacent eccentric distance sum: 

          ∑         
                         

    (     ) 
                          (35) 

Corollary 1.  
1- The Hosoya polynomial of    is {        +      +           

                }. 
2- The Schultz polynomial of    is {                          }. 

Proof: Let          then 

          ∑                    
   =∑            

    
  =         +        +                  
  =         +      +                              

Moreover,  

           ∑                              
  =      ∑                    

  =              (        +                            
  =          (      +                           ) 
  =                           

3.  Conclusion 
We compute an extensive topological descriptor of symmetric   -graphs 

resulting from    . By illustrating this graph through molecular topology, we 
obtain a vital connectivity index along with calculating the Hosoya and Schultz 
polynomials as expanding functions from the distance and the degree parameters 
of the graph. Our major study includes explicit formulations that link these 
descriptors to group parameters, such as the size of the conjugacy class and the 
distribution of vertex degrees. Consequently, the underlying algebraic structure 
of the group directly determines the metric architecture of the graphs.  
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