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Abstract  
This paper investigates the concept of annihilator essential injectivity in the 

setting of R-modules, where   is unital ring. An R-module    is termed 
annihilator essentially   -injective if every R-homomorphism from      to 
   with an annihilator essential kernel can be extended to   . We prove that 
this injective property is closed under taking submodules and factor modules of 
  , as well as direct products. By providing illustrative examples, we 
demonstrate the distinction between annihilator essential injectivity and other 
classical forms of injectivity. These findings provide new insights into the study 
of relative injectivity and the classification of modules.  
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1. Introduction  
In [1], introduces the concept of essential submodule: a submodule 

      is essential, if       for all       (denoted by     . A 
module is called uniform if all non-zero submodule is an essential. Furthermore, 
a module   is said to be non-singular if  ( )    and singular if  ( )   , 
where  ( )  *         for some   is essential ideal of  +. The set 
   ( )  *        + is the annihilator of ideal   of a ring  . 

In [2], introduces the concept of annihilator essential submodule (denoted 
by      or ANN-essential), a submodule       is ANN-essential if 
      then    ( )     for all    . In equivalent terms, a submodule 
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      is ANN-essential if       such as    ( )     for any   
 . Where     has no proper ANN-essential extension, then is called 
annihilator closed submodule (denoted by ANN-closed or     ). 

In [3], introduces the concept of injective modules. Let     and   are an 
 -modules, if for any monomorphism   from   to   and any homomorphism 
 from   to  , there is a homeomorphism   from   to   such that      . 
Many researchers have extensively explored various generalizations of injective 
modules. For further details, see [4-5]. 

In [6], the author introduces two concepts of injective modules: the first 
concept nearly injective. A module   is nearly  -injective, if all homomorphism 
      where     and        can be extended to a homomorphism 
     . the second concept is essentially injective, the module   is essentially 
 -injective if        . On related and generalized structures within module 
theory, see [7-9]. 

This research introduces and characterizes a generalization of injective and 
essentially injective modules using ANN-essential submodules. We explore the 
relationships between this new class and existing concepts, supported by 
illustrative examples. Finally, key theorems are established to characterize the 
properties of these modules. 

2.  ANN-Essentially Injective Modules 
Definition 2.1: Let    and    be modules. The module    is annihilator 
essentially   -injective (denoted by ANN-essentially   -injective) if every 
homomorphism       , where   is a submodule of   and (         ), 
can be extended to a homomorphism         . 

Remarks and examples 2.2 
1) Every injective module is ANN-essentially injective module. This 

relationship does not imply the reverse; for example:    ⁄  is ANN-
essentially     ⁄ -injective module but it is not injective (by [8]). 

2) Every ANN-essentially injective module is essentially injective module.   
3) Every nearly injective module is ANN-essentially injective module. This 

relationship does not imply the reverse; for example:  is ANN-essentially 
(   )-injective (by proposition 2.9), but   is not nearly (   )-injective 
(by [8]). 

4) For every     modules. Then   is ANN-essentially  -injective, if   is 
simple module. This relationship does not imply the reverse; for example: 
  is ANN-essentially  -injective. 
The following diagram summarizes the relationships between the key 

concepts discussed in the previous remarks. 
Injective  Nearly injective   ANN-essentially injective   Essentially 

injective. 
In the following results, we will examine the necessary conditions for the 

converse of the previous relations to hold: 
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Proposition 2.3: Let   a non-singular module. Then   is essentially  -injective 
if and only if   is ANN-essentially  -injective. 

Proof: Assume   is essentially  -injective module and let    , and     
  be any homomorphism with          . Since   is non-singular module 
then  ( )   . It follows that  ( )     ( )   . Consequently   is non-
singular, then         ,  -. So, by hypothesis there exist a homomorphism 
      that extend  . Therefore   is ANN-essentially  -injective module. The 
other direction, it is clear by remark 1.2 (2). 

Proposition 2.4: The following statements are equivalent for a uniform module 
 : 
1)   is nearly  -injective module. 
2)   is ANN-essentially  -injective module. 
3)   is essentially  -injective module. 

Proof: (1) (2) (3) it is clear by remark 1.2. (3)  (1) it is clear by[9]. 
The following lemma provides several equivalent characterizations of 

ANN-essentially injective. 

Lemma 2.5: Let    and    be modules and let         then the following 
conditions are equivalent: 
(1)    is ANN-essentially   -injective module. 
(2)    is (   ⁄ ) -injective, for every        . 
(3) For every     such that            and       , there is      

and     ,        . 
(4) For every        such that            and       ,       . 
(5) For every (ANN-closed)     such that           , there is      

and     ,        . 

Proof: (1) (2), Suppose that    is ANN-essentially   -injective module, and 
let        ,so   ⁄     ⁄  where      and     ⁄     be any 
homeomorphism. Let         ⁄  is natural  -homomorphism and       , 
then           is homomorphism. Since         and       , then 
       by ([8], (2.1.11)). Now     ( )   (  ( ))   ( )    hence 
      (    )   . This implies that     (    )       by ([8], (2.1.11)). 
Thus, by hypothesis there exist a homomorphism         such that      
     where    is inclusion map from   into   . Now  ( )      ( )  
 ( )   , then     ( )     ( ) and consequently there exist      ⁄     
such that        Then for every      (   )   ( ( ))   ( )  
 (  ( ))    (   ). So, we have   extends   and therefore    is (   ⁄ ) -
injective. (2) (1), Suppose that    is (   ⁄ )-injective, for every ANN-
essentially   of   . Let     and         be a homomorphism such that 
         . consider the homomrphism         ⁄     such that   (  
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    )   ( ) form    . Now let   be a complement of   in   , then 
              . consider the homomrfism   (     )⁄     ⁄  such 
that  (      )     , because          (   )       so   is 
monomorphism. Now by hypothesis    is (   ⁄ )-injective, then there exist a 
map      ⁄      such that   (      )    (      )   (   ), for 
   . Let         , so  (   )   ( ) then  ( )   ( ), for every      
(5)  (4), Suppose that condition (5) holds and let        such that   
         and       . Let us remark that         , because (  
  )          and        ,(    )    . Then, by hypothesis, there 
exists a submodule    of   such that       and        . We have 
        , because           and      (    ). Since        we 
can conclude that      and       . (4)  (3), It is clear by ([11], 
(2.1.1)). (3)  (5), Suppose that condition (3) holds and let     such that 
         . Let   be a complement of      in    . Then, (   )      
(    )   . Also, (    )  ,  (    )-    ,  (     )-    
    . As          ,   (    )    and, consequently, (   )     
 . By hypothesis, there is      such that        and        . 

Before presenting the next proposition, we need to establish the following 
lemma: 

Lemma 2.6: Let   be an  -module and      . If   ⁄       ⁄ , then 
      . 

Proof: Let       such that      , so      . Now we have 
     , then ,(   )  -⁄    ⁄  but     and       therefor 
    ⁄   . Since   ⁄       ⁄  then we get ,(   )  -⁄    ⁄    and 
   (    )⁄    . And by     ⁄      ⁄ , then    ( )     (  
  )    . Then       . 

Proposition 2.7: Let    and    be modules. If    is ANN-essentially   -
injective, then for every      ,    is ANN-essentially  -injective, and (   ⁄ )-
injective. 

Proof: Let     and        be any  -homomorphism with          . 
Now since    is ANN-essentially   -injective, then there exists a 
homomorphism         such that          , where         and 
        are inclusion maps. Let        is homomorphism, then        
and hence   is extend  . Then we have    is ANN-essentially  -injective. Let 
     be such that     and   ⁄        ⁄ , then by lemma 1.6        . 
Thus, by assumption and lemma 1.5 we get    is ANN-essentially (   ⁄ )-
injective. Therefor it is also [(   )⁄ (  )-⁄⁄ -injective since these tow modules 
are isomorphic, then    is ANN-essentially (   ⁄ )-injective. 

In what following, we shall shift our focus to the study of direct products 
and direct sums of ANN-essentially injective. 
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Proposition 2.8: Let   and *        + be modules. Then ∏        is ANN-
essentially  -injective if and only if    is ANN-essentially  -injective for eac 
   . 

Proof: Suppose ∏        is ANN-essentially  -injective. Let     and        
be any homeomorphism for each     such that          . Let     
∏        such that        for all    , when        ∏        is injection 
mapping. Consequently   is homomorphism,         (    ),and by ([8],( 
(2.1.11)) we have          . since ∏        is ANN-essentially  -injective, 
then there is a homomorphism     ∏        such that      . Let          
such that   ( )      ( ) for all    , when     ∏           is a projection 
mapping. So    is homomorphism and for any      ( )   ( ), therefore    is 
extend of  , and so    is ANN-essentially  -injective for each    . The other 
direction, suppose that    is ANN-essentially  -injective for any    . Let     
and     ∏        be any homomorphism with          . Set        
such that       , whenever    is projection mapping from ∏        to    so   
is homomorphism and          . Thus, by hypothesis, there exist   be a 
homeomorphism such that       , where    is inclusion map. Now let 
     ∏        such that for     ,   ( )       ( ), where    is injection 
mapping from    to ∏       , for any    . Hence    is a homomorphism and 
extend  . Then ∏        is ANN-essentially  -injective. 

In [12], the following was clarified ∏              , if   is finite index 
set. Based on this, we get the following example and result every direct sum of 
ANN-essentially injective is ANN-essentially injective. For example,   is ANN-
essentially  -injective (since is injective), then (   ) is ANN-essentially  -
injective. 

Proposition 2.9: Let   and *        + be modules. Then   is ANN-essentially 
  -injective for each     if and only if   is ANN-essentially       -injective. 

Proof: Assume that   is ANN-essentially   -injective for any    , and let 
           . So            and by lemma 1.5 also with hypothesis we get 
  is ,      ⁄ --injective. Then by ([12], [1.5]), we have   is *    ,      ⁄ -+ 
- injective. Therefore   is *,      - ,    (    )⁄ -+-injective, and by ([12], 
(1.3))   is ,       ⁄ --injective. Also, by lemma 1.5 we get   is ANN-
essentially       -injective. The other direction, it is clear by proposition 1.7. 

If    is ANN-essentially   -injective, for all     *   + and    , then 
the modules    and    are relatively ANN-essentially injective. The following 
result gives an equivalent condition for relatively ANN-essentially injective. 

Proposition 2.10: Let   , and    be modules and let        .Then   , and 
   are relatively ANN-essentially injective if and only if, for all (ANN-closed) 
submodules   and   of   so that           and          , there exist 
       and        and        . 
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Proof: Suppose that   , and    are relatively ANN-essentially injective and let   
and   be (ANN-essentially) submodules of   such that           and 
         . Then by lemma 1.5 that there exist      and        . So 
   and    are isomorphic and we get    ANN-essentially   -injective. Also, by 
lemma 1.5, and since          , then there exists a submodule      and 
       . The other direction, let     such that         H and let 
    . By assumption, there exist        and        and   
     . So    (     )     (     )    and      (     )   . 
Therefore, by lemma 1.5 we get    is ANN-essentially   -injective. In the same 
way, we get    is ANN-essentially   -injective. 

5. Discussion and Conclusion 
This study concludes that every injective module is ANN-essentially 

injective, which in turn is essentially injective. We proved that ANN-essential 
injectivity is a hereditary property and is closed under direct products. These 
results establish relative ANN-essential injectivity as an effective criterion for 
classifying module structures and ensuring their decomposition. 
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