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Abstract

The theoretical construct of a T-pure sub hyper module also T-pure sub hyper module
relative to a sub hyper module are introduced. Varies attributes of these constructs are
currently under investigation.
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1. Introduction

Hyperalgebraic structures represent a natural extension of algebraic
structures. In algebra, when we take two elements, their composition yields a
single element, whereas in hyperalgebraic structures, it yields a set of elements
[1-2]. These hyperstructures find broad applications across various domains of
applied mathematics, including cryptography, geometry, automata theory,
lattices, graph and hypergraph theory, fuzzy sets, probability theory, and rough
set theory, among others. The concept of a hypergroup was first introduced in
1934 [3]. Later, hyperrings were introduced, where addition is defined as a
hyperoperation while multiplication remains a classical operation. Furthermore,
hypermodules over hyperrings generalize the classical notion of modules over
rings. Let H# @, and denote P*(H) the set of all nonempty subsets of H. If there
exists +: H xH — P*(H) satisfying the following conditions, then a canonical
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hypergroup is (H, +). Associativity: For alla,b,c € H, a, + (bt c)=(a+b) t c.
Commutativity: For all a, b €H, a + b =b + a . Identity element: 30 EH3 0 +a=
{ a} for all a €H. Inverse element: For every a €H , there exists a unique a ' €EH
(denoted - a ) such that 0 €z + z °. Reversibility: Forall z, t,c €EH ,ifc €z +t,
thent € - z+ c and a € ¢ — b. A subhypergroup is A € H and, if 0 €A, (A, +)
also forms a hypergroup. A hyperalgebraic structure (R, +, .) is called a Krasner
hyperring if: ( (R, +) is a canonical hypergroup .(R, .) is a semigroup with zero
as a bilaterally absorbing element (i.e., a.0=0.a=0). Distributivity: For all a,
b, ¢ € R, multiplication distributes over hyperaddition: a.b + a.c = a. ( b+ ¢) and
a.ct+b=c(a+b).c[4-6].

2. Main Results

Definition 2.1: A sub hyper module X of Q is defined as T—pure (TPSHM) sub
hyper module if z* X = X N z*Q for each individual z € R.

Remark 2.2: Put Q hyper module, X is a TPSHM in Q.
1- PisTPSHM in Q, if P is TPSHM in X.
2-  XisaTPSHM in W, if W is a sub hyper module of Q containing X.

3- § is a TPSHM in % If P is a TPSHM in X.

4-  Put X, P sub hyper modules in Q, If X is TPSHM in P also ; is TPSHM in
2, then P is TPSHM of Q.

Proof:

1) Inasmuch as P is a TPSHM in X also X is TPSHM in Q, hence P N z* X =
ZZPand X N z2Q = 7’X, but P is a subhypermodule of X, therefore P N 7
QS X NZQ=2X.Since PN Z°Q € P N z’X =7’P, therefore PN 22 Q =
Z’P ,given any z € R.

2) Given that X is TPSHM in Q, therefore X N 22Q = z’X. Because a sub
hyper module in Q, X N ZZW € X N z’Q = z’X . In view of the fact that
22X € X NzZ*W , hence X N 22 W = z°X, given any z € R.

3) IT is establish that P is TPSHM in X, then P N z’X = z’P. Also % n
2(Q) _ X z2Q+P _ X N(z%2Q+P) _ X NzZ2Q+P _ z2_x _2(X
Z(P)_Pn P P - 3 _(P)_Z()’

3
therefore, = N 72 (9) =z? (5)
P P P

Definition 2.3: Put Q a hypermodule, Q have the T-pure sub yper module
intersection property (T-PIPSH|M), if we have the intersection of two TPSHM is
again TPSHM.

Proposition 2.4: Put Q a hyper module.
1. Put X TPSHM in Q. Q has T-PIPSHM, if and only is, % has T-PIPSHM.
2. IfQ owns the T-PIPSHM, then each TPSHM in Q has the T-PIPSHM.



T-PURE SUBHYPERMODULES 1929

Proof:
1. Suppose that % ,X are TPSHM in % , where z € R . Aim to demonstrate

that (5 n 5) N z2 (2) =z2 (5 n f). We claim that each one is TPSHM. To
X x X X X
substantiate this claim, let ¢ € L N z2Q. Because %is TPSHM in %, thus

L L 2 2 2
En 2@ = 22¢), therefore L ZUX _ZLHX pen L0(ZOHX)
X X X X X

X
2 2 2
22X (LNZ2Q+X 2z l),(+X’ thus (L Nz2Q)+ X = z2L + X, and therefore

X X
(L nz2Q) = z%L.Sincece€L n z2Q < (L nz2Q) + X, thus c € z?L + X.
Letc =t+s, t belongs to z2L , where s € X . Consider for instance s = ¢ —t
€ X n z2Q = z?X < z?X also thus L is TPSHM. But Q has the T-PIPSHM,
hence L N F is TPSHM in Q. Therfore (L NF) n z2Q = z2(L N F ). Now,

let ¢ E()L—(r‘lj—() nzzg,therforetJrX:c,thzQandc=x+X=y+X,

when x €L,y €F. Thus c—x €X CF,c—y€X S F and therefore
teELNF. Thuste (L NF) N z2Q = z?(L NF). Therfore c=t+XE€

2(L0F) _ 2(L A F i i
z ( " ) =z (x n X). From another perspective, put P , W is TPSHM,

assume that X is a sub hyper module of P and X is a sub hyper module in W,

thus ; , % are TPSHM of % But % owns the T-pure intersection property, then
= n < =22 is TPSHM . Thus, P N W is TPSHM in hyper module Q.
Theorem 2.5: A hyper module Q possesses the TPIPSHM if and only if (z*L N
z?F) = z?(L N F)forall z € R also for all TPSHM F, L in Q.

Proof: Imposing Q possesses the T-PIPSHM therefore, F N L is TPSHM. z € R,
thus (LN F) N z2Q = z?(L NF). Clearly that z2(L N F) < (z?L n z?F).
But z2Lnz?F € L n(Fn z?Q) =(L n F)n z2Q= z?(L NnF). Then
z2L N z?F = z?(L NF). From another perspective, z € R, and N , M is
TPSHM in Q, thus (N N M) N z2Q =N N (M N z2Q) =N N z2M. Similarly( N
N M) N z2Q =M N z2N. But N, M are T-pure subhypermodules in Q. Then ( N
NM) N z2Q S z2N N z2M=1z2 (N N M).

Theorem 2.6: Put Q hypermodule. Q possesses the T-PIPSHM, if and only if,
for each TPSHM, P and X sub hyper modules of a hyper module Q with for
each homorphism O : (PNX) — Q when (Im O N P) +( (Im O +P) N z?Q ) =
{0} and P + Im O is TPSHM of Q and ker O is TPSHM in Q.

Proof: Let Q be possesses the T-PIPSHM. Put L, D TPSHM in Q with © : L N
D — Q is homomorphism where L N Im O = 0 also Im O + L which is TPSHM
in Q. Put W= {gc)+c|ceLlLND} Wisasub hyper module. To
demonstrate that W is TPSHM in Q. z€ Rand t=Y", 1 ,m € WNz2Q, 1, €
R, m; € Q. Hence t=)jL; r,m=m+ O (m), m € (L N D) for some m. So t
=, rrm=m+0Om) ELN(ImO+D)<SImO+LandImO+Lis
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TPSHM in Q. Thus c =YL, r;m; € (ImO + L) N z* Q = 7" (ImO +L) N Z°Q).
Therefore YL, rnm =i, 1 (ztk)+ts,z €L, k €ImO, for eachi=
1,....n. where s € ((ImO + L) N 2°Q). Therefore t =y, rm=Y1, riz+

Lo Tnikts,hencec—XL, rm=X)i, rk-0O(c)+tkemONL)+
((Im O+ L) N 2°Q) =0. Thus ¢ € (L N D) N z2L. While (L N D) is TPSHM in
hyper module Q, thus L is TPSHM in Q. Therefore (L N D) N z2L =2z2 (L N
D) by theorem (2.5). Hence m € z> (L N D). Letc =1y, wi+h,w;€ (LN
D), h € (L N D) Nz2D). Then O(c) = ¥ ; 1;O(w;) + O(h). Now r = ¢ + O(c)
= in=0 I Wi +Zin:0 I O( Wi ) + O(h) = Zin:() T (Wi +O(Wl)) + O(h) € ZZW.
Thus W N z2Q = z?W and W is TPSHM in Q. Now we want to prove, ker® =
(L N D) N W. Presume that ¢ € kerO, thus ¢ € (L N D) also O(c)= 0 . Therefore
c € W, Nowletc € (LN D)N W, thus c=t+ g(t), t€ (L N D), then c —t = g(t)
€L NImO S (L N ImO) + (L + ImO N z2Q) = 0. Therefore O(c) = O(t) = 0 so
¢ €kerO. Since Q has the T-PIP, then (L N D ) N W = kerO is T-pure in Q.
Reciprocally, let L, D be two TPSHM in Q. We define g : (L N D) — Q by g( ¢)
=0, Vce (L NF).So (L NImg) +(Img+L) N z2Q=0 and Img + L = L is
TPSHM in Q, thus kerg = (L N D) is TPSHM in Q.

Theorem 2.7: A hyper module Q posseses the T-PIPSHM, if and only if, for
each TPSHM W, a sub hyper module X in hyper module Q, for all
homomorphisms g : (W N X) = D, where D is a sub hyper module in Q, for this
reason, (WN D)+ (W + D N z2Q ) = 0 and W + D are TPSHM, and D is a
TPSHM.

3. Discussion and Conclusion

Various properties have been formally derived and verified within this
famework. Put Q hyper module also X is TPSHM of Q if P is T-pure in X, we
get P is TPSHM in Q also, if W in Q containing X, then X is a TPSHM in W,

and also prove that if P is TPSHM in X, then % is TPSHM in %.
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